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Every theoretical talk on turbulence in low Mach number fluids typically begins with the 

incompressible Navier-Stokes equation:

It is the wrong equation! The correct equation for molecular fluids at finite temperature 
is the fluctuating Navier-Stokes (FNS) equation (e.g. see Zarate & Sengers, 2006):

The dependence of statistics on the additional dimensional quantity, the thermal 
energy kBT, vitiates the 1941 dimensional analysis of Kolmogorov for the dissipation 
range of a turbulent flow, based solely on the kinematic viscosity ν and the kinetic 
energy dissipation per unit mass ε. This is in addition to the dependence upon the 
integral length L due to  turbulent intermittency, recognized by Kolmogorov in 1962.  



We consider the FNS equations as an effective field theory valid below a UV wavenumber 

cut-off Λ. The formal definition uses a projection operator PΛ defined by

The FNS equation is then given by  

where the cut-off spatial delta-function is given by  
The FNS equation will be physically relevant if the sufficient condition is satisfied  

that the cut-off length can be chosen arbitrarily between the gradient length 𝓁∇ and 

the mean-free-path length λm f p: 



Non-dimensionalizing the FNS equation with Kolmogorov dissipation-range length and 

velocity scales  

the FNS equation becomes 

with the dimensionless number groups

,

For example, for the atmospheric boundary layer (ABL) typical values are 
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How is this conclusion consistent with the scaling symmetry of incompressible Navier-Stokes?  

A “far-dissipation range’’ with exponentially decaying energy spectrum is a virtual-reality  
construct that does not exist in Nature. What occurs is a thermal equipartition spectrum!   

,      Re fixed

This symmetry is exploited to derive the (deterministic) Navier-Stokes equation from the 

Boltzmann equation (Bardos, Golse & Levermore, 1991, 1993) and from stochastic lattice

gases (Quastel & Yau, 1998) in the limit In a turbulent flow

so that and thermal noise at the Kolmogorov scale indeed vanishes! 

However, the relation                       that determines the crossover wavenumber k by   

                implies that 1/λ must be unattainably large.  E.g.               requires

In the ABL a doubled crossover kʹ= 2k would require a 4e11=651,019 times larger system!  

c

c c
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 Fundamental Questions on the Turbulent Dissipation Range

 1) Is the FNS indeed physically valid in turbulent flow, for any Reynolds number? 

In particular, turbulent intermittency leads to space-time fluctuating viscous cutoffs

(Paladin & Vulpiani, 1987). Does the separation of scales                                  hold? 

Also, is there a mathematically well-defined stochastic dynamics independent of Λ?                                                  

 3) What sub-Kolmogorov physical processes are affected? Formation of droplets in 

multiphase flows, relevant to cloud formation and precipitation, are known to be affected 

by thermal noise in quiescent laminar flow. Likewise, chemical reactions including combustion

are known to have transitions and rates altered by thermal noise. How do thermal noise 

and turbulence effects interact at small scales in flows such as turbulent atmospheres? 

 2) How can the fluctuating velocity be measured in the equipartition range? In principle

the fluid velocity at those scales is still defined by a local coarse-graining average, with 

Gaussian thermal fluctuations representing the central-limit-number effect of averaging 

over high-velocity molecules. However, standard tools such as PIV with neutrally bouyant

particles are subject to Brownian motion at submicron scales due to these same effects. 
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For Re≫1, the direct effect of the viscous diffusion and the thermal noise are negligible at

fixed ℓ and the inertial range is described by (weak) Euler solutions. However, both viscosity

and noise have strong indirect effects (e.g. dissipative anomaly)….               
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To understand the high-Re limit for FNS with ε, ρ, T fixed (and thus θK fixed) we can appeal

to a path-integral representation of the transition probability 

with the Onsager-Machlup action 

where                                      .  In fact, Quastel & Yau (1998) have rigorously derived

the above action as a large-deviations rate function for a stochastic lattice gas in the 

scaling limit              with Re fixed. However, this requires                          and also   

                          (the latter if both ρ and T are held fixed).                     

Instead the physically interesting limit for turbulent flow is                with both mean  
dissipation ε  and thermal noise θK  fixed.



A naive saddle-point approximation to the path-integral in this limit                would yield  

However, dissipative weak solutions of the Cauchy problem with empirically observed 

Hölder regularity are non-unique (“Nash non-rigidity”)!


Camillo De Lellis and László Székelyhidi, Jr, “On admissibility criteria for weak solutions of the Euler equations,” 

Archive for rational mechanics and analysis 195, 225– 260 (2010).  

Camillo De Lellis and László Székelyhidi, Jr, “High dimensionality and h-principle in PDE,” Bulletin of the 

American Mathematical Society 54, 247–282 (2017).  

Sara Daneri, Eris Runa, and László Székelyhidi, Jr, “Non-uniqueness for the Euler equations up to Onsager’s 

critical exponent,” arXiv preprint arXiv:2004.00391 (2020).  

so that, with probability going to one, the limit would be deterministic and governed by the 

solution of the Cauchy initial-value problem for the limiting incompressible Euler equation 



This is the setting in which one expects spontaneous stochasticity,  as originally

argued by:

The work of Bernard et al. (1998) considered turbulent Lagrangian particle trajectories;

Eulerian spontaneous stochasticity was pointed out by Mailybaev (2016) for shell models. 

D. Bernard, K. Gawędzki, and A. Kupiainen, “Slow modes in passive advection,” 

Journal of Statistical Physics 90, 519–569 (1998) 

There is a close analogy to zero-temperature phase transitions in equilibrium stat mech 

models, with non-unique solutions of the Cauchy problem (minima of the bare action) in 

dynamics playing the role of ground-states of the Hamiltonian in equilibrium stat mech. 



David Ruelle, “Microscopic fluctuations and  turbulence”, Physics Letters A, 72 (2), 
81-82 (1979)

Edward Lorenz, “The predictability of a flow which possesses many scales of motion,”

Tellus XXI (3), 289-307 (1969) 



David Ruelle, “Microscopic fluctuations and  turbulence”, Physics Letters A, 72 (2), 
81-82 (1979)

Edward Lorenz, “The predictability of a flow which possesses many scales of motion,”

Tellus XXI (3), 289-307 (1969) 



In order to perform simulations at high Re, we have devised a Sabra shell model 

of fluctuating hydrodynamics for discrete wavenumbers 

as its unique invariant, time-reversible measure, with energy equipartition ⟨|un|2⟩=2kBT/𝜚.

NUMERICAL  STUDIES

where ηn(t) is a complex Gaussian white noise for each shell n=0,…,N with covariance  

and 𝜚 has units of mass. Since the inviscid, deterministic shell model conserves kinetic 

energy and satisfies a Liouville theorem, the noise satisfies the fluctuation-dissipation 

relation so that the unforced model (fn=0) has a gaussian Gibbs distribution 

,



Slaved Taylor-Itō scheme (Lord & Rougemont, 2004)

The scheme has 3/2th strong order of 

convergence for T>0 and 2nd order for

T=0 (zero noise) 



Preliminary numerical results

The parameters of our simulations are chosen to match those of the ABL given earlier.  

Kolmogorov shellnumber is n=0   

  Similar effects are seen also in pth-order structure functions (even stronger for negative p).    



Spectra averaged over a Kolmogorov time show intermittency in the crossover 

shell-number where thermal equipartition is achieved! 

-15 -10 -5 0 5 10
-2

0

2

4

6

8

10

12

14

16

18
RMS velocity for case 19, tav=5.12

-15 -10 -5 0 5 10
-2

0

2

4

6

8

10

12

14

16

18
RMS velocity for case 23, tav=5.12

-15 -10 -5 0 5 10
-2

0

2

4

6

8

10

12

14

16

18
RMS velocity for case 435, tav=5.12

-15 -10 -5 0 5 10
-2

0

2

4

6

8

10

12

14

16

18
RMS velocity for case 206, tav=1.28

-15 -10 -5 0 5 10
-2

0

2

4

6

8

10

12

14

16

18
RMS velocity for case 228, tav=1.28

-15 -10 -5 0 5 10
-2

0

2

4

6

8

10

12

14

16

18
RMS velocity for case 313, tav=5.12



The K41 argument of Corrsin (1959) can 

be argument can be generalized to the 

fluctuating cut-off of Paladin-Vulpiani 

The highest crossover shellnumber is 64 times 

the Kolmogorov wavenumber. In the ABL this 

gives a crossover length 𝓁min=8.4 μm≃124 λmfp.

Validity of Fluctuating Hydrodynamics? 

Is 𝓁min ≫ λmfp with increasing Re?

with the result 

Thus scale separation holds even better 

with increasing Re for Hölder exponents

h>0 and marginally for h=0, but could 

fail if exponents h<0 exist. 



𝓁2-error growth for inviscid K41 initial data un=-i(ε/kn)1/3 with thermal noise 
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𝓁2-error growth for inviscid K41 initial data un=-i(ε/kn)1/3 with thermal noise 

To fully verify spontaneous stochasticity requires increasing Re…stay tuned!

Cf. Lorenz (1969), Figure 2!
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Minimal toy model of spontaneous stochasticity: 

Independent of noise-level, the long-time variance 


scales like the extremal solutions                                   

RG THEORY OF SPONTANEOUS STOCHASTICITY

,

,

The singular, deterministic dynamics for 
ℓ=0, D=0  

has a continuum of non-unique solutions: 



Effective initial-data x𝑤(b) with distribution Qb(x𝑤), effective drift 𝓋b(x) and effective noise εb defined by

G. L. Eyink & D. Bandak, “A Renormalization Group Approach to Spontaneous Stochasticity”,  Physical Review Research, 

to appear (2020), https://arxiv.org/abs/2007.01333 

satisfy RG flow equations 

whose fixed points determine the limiting spontaneously stochastic distributions as Re, Pe ➝∞ and 

the approach to the fixed RG fixed points gives the “singular large deviations’’. 



OUTLOOK

*Thermal noise may affect sub-Kolmogorov scale processes such as droplet formation and chemical reactions: 

Chaudhri, A., Bell, J. B., Garcia, A. L., & Donev, A. (2014). Modeling multiphase flow using fluctuating hydrodynamics. 

Physical Review E, 90(3), 033014.

 

Lemarchand, A., & Nowakowski, B. (2004). Fluctuation-induced and nonequilibrium-induced bifurcations in a thermochemical 

system. Molecular Simulation, 30(11-12), 773-780.

*Fluctuating Navier-Stokes is proposed as the correct microscopic model of low Mach number fluid turbulence 

in the hydrodynamic regime. Intermittency poses interesting physics and mathematics problems regarding the 

meaning and validity of such a hydrodynamic description at very high Reynolds numbers.  

*Thermal noise creates stochasticity that propagates up to integral scales in one large-eddy turnover time.

Not only the “flap of a butterfly wing” but even the “swerve of the molecules” leads to intrinsic unpredictability!


Palmer, T. N., Döring, A., & Seregin, G. (2014). The real butterfly effect. Nonlinearity, 27(9), R123..

Palmer, T. N. (2019). Stochastic weather and climate models. Nature Reviews Physics, 1(7), 463-471.


*A beginning has been made of a fundamental renormalization group theory of spontaneous stochasticity: 


G. L. Eyink & D. Bandak, “A renormalization group approach to spontaneous stochasticity”,  Physical Review Research, 

to appear (2020), https://arxiv.org/abs/2007.01333

  


