
Lecture 12: Equivariance and Poisson brackets

1 Introduction

The relation between Poisson brackets and Lie derivatives is discussed in chapter 5 of [3] see in particular § 5.5.5-6.
The chapter is devoted to a systematic presentation of elementary notions of differential and symplectic geometry. In
particular the material thereby covered provides all the background needed to go through the research paper [2] which
is one of the main sources for the present notes.

Equivariance of ODE is discussed also in § 19.7 where one parameter family of transformations are considered in
the broader context of Lie group actions.

2 Nöther’s identity for velocity dependent transformations

Nöther’s identity can be generalized to encompass path space transformations depending also upon higher derivatives
of the path:

η̃t̃ = ηt + εQ(ηt, η̇t, t) (2.1a)

t̃ = t + ε T (ηt, η̇t, t) (2.1b)

Repeating the same steps as in the derivation of the “classical” identity we obtain the identity(
Ṫ + T ∂t +Q · ∂ηt + (Q̇− Ṫ η̇t) · ∂ηt

)
L = Ḟ (2.2)

where now

Ȧ ≡ (∂t + η̇t · ∂ηt + η̈t · ∂η̇t)A A = T,Q, F

The identity must hold for any element of the path space. In particular, it must hold if we choose

η̈t = 0 ⇒ ηt = q + v t

As the identity must also hold for any t, we conclude that if (q,v) are arbitrary point coordinates on TM we must
have

DT + (T +Q · ∂q + (DQ−DT v) · ∂v)L = DF (2.3)

where now

D = ∂t + v · ∂q (2.4)

This means that (2.3), (2.4) hold on any point of TM independently of the path crossing such point. As a consequence,
the general identity (2.2) derived for an arbitrary element of the path space must foliate into (2.3) and(

(∂vT ) + (∂v〈Q , ∂v〉)− (∂vT ) 〈v , ∂v〉
)
L = ∂vF (2.5)

The identities (2.3), (2.5) are often called Killing’s (type) equation [2] in reference to the theory of Lie-method of
extended groups [1]. Velocity dependent transformations are used to derive the conservation of the Runge–Lenz
vector for the Kepler problem (see e.g. [2]).
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3 Analysis of the conserved quantity

For simplicity sake, let us restrict the attention to classical continuous transformations. We call the quantity Γ: TM×
R 7→ R

Γ(q,v, t) = F (q, t)− T (q, t)L(q,v, t)− 〈Q(q, t)− T (q, t)v , (∂vL)(q,v, t)〉

the conserved charge of the continuous transformation. Nöther’s first theorem states that along a trajectory satisfying
the Euler–Lagrange equations:

d

dt
Γ(ξt, ξ̇t, t) = 0

Upon writing the gauge function as F = T F̃ , we can couch Γ into the form

Γ = T
(
〈v , ∂vL〉 − (L− F̃ )

)
− 〈Q , ∂vL〉

We then have

Proposition 3.1.

(T ∂t +Q · ∂q + (DQ− vDT ) · ∂v)Γ = 0 (3.1)

where we defined D in (2.4).

Proof.
The special but most frequent in applications case

T = F = 0 & Q ≡ Q(q) (3.2)

evinces the key steps of the proof in the general case. We need to prove that(
Q · ∂q + (v · ∂qQ) · ∂v

)
〈Q , ∂vL〉

= 〈(Q · ∂q)Q , ∂vL〉+ 〈Q , ((v · ∂qQ) · ∂v)∂vL〉

vanishes. We notice that

((v · ∂qQ) · ∂v)∂vL = ∂v

(
Q · ∂q + (v · ∂qQ) · ∂v

)
L− (∂q ⊗Q) · ∂vL

The identity is useful because under the hypothesis (3.2) Killing’s equation (2.3) reduces to(
Q · ∂q + (v · ∂qQ) · ∂v

)
L = 0

Hence we find (
Q · ∂q + (v · ∂qQ) · ∂v

)
〈Q , ∂vL〉 = 〈DQQ , ∂vL〉 − 〈Q ,Dt

Q∂vL〉 = 0
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Under the simplifying hypothesis (3.2), It is also interesting to see the meaning of (3.1) when Γ is regarded as a
function over T∗M. Hence, we set

p = ∂vL

We then recall that under a diffeomorphism g : M 7→M

q̃ = g(q)

momentum variables transform as

p̃ = Dg(q)t−1p

For an infinitesimal transformation the foregoing relations become

q′ ≡ dq

dε

∣∣∣∣
ε=0

= Q(q) & p′ ≡ −DQ(q)tp

Furthermore, upon setting

ζt = ∂η̇tL

along an arbitrary trajectory of the path space we obtain

dΓ

dt
= −〈η̇t ,DQ(ηt)ζt〉 − 〈η′t , ζ̇t〉 = 〈η̇t , ζ′t〉 − 〈η′t , ζ̇t〉 =

[
η̇t, ζ̇t

] [ 0 1d
−1d 0

] [
η′t
ζ′t

]
If we now consider a one parameter s family of classical trajectories χt,s such that

d

dt
χt,s = J∂χt,sH

and (see appendix A)

d

ds
χt,s = J∂χt,sG

with

G(x) = 〈Q(q) ,p〉

we then obtain

dΓ

dt
= 〈J∂χtH , JJ∂χtG〉 = −〈J∂χtH , ∂χtG〉 = −{H ,G}

where the last quantity denotes the Poisson brackets between the Hamiltonian H and the charge G

4 Equivariance of ODE

In order to shed more light on the meaning of Poisson brackets it useful to consider the implications of the existence
of a continuous symmetry for a generic ODE. We will then gain insight by specializing the results to ODE’s driven
by Hamiltonian vector fields.
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Let us consider the pair of ODE’s on the same vector space V (e.g. V = R2d)

χ̇t = f(χt) (4.1a)

χ0 = x (4.1b)

and

d

ds
φs = v(φs) (4.2a)

φ0 = x (4.2b)

We suppose that the vector fields driving (4.1) and (4.2) are sufficiently regular that solutions can be expressed in
terms of flows:

χt = Xt(x) & φs = Φs(x)

By hypothesis the two flowsX·,Φ· : V×R 7→ V act on the same vector space. Hence we are entitled to regard Φ as
a one parameter family of transformations acting on solutions of (4.1) as

ζt,s = Φs(χt) ≡ Φs ◦Xt(x) (4.3)

Proposition 4.1. For arbitrary s

d

dt
ζt,s = f̃(ζt,s)

where

f̃(x) = (DΦsf) ◦Φ−s(x)

Proof.
From the very definition of ζt,s it stems that

d

dt
ζt,s =

d

dt
Φs ◦Xt(x) =

(f ◦Xt)(x) · ∂Xt(Φs ◦Xt)(x) = DΦs (Xt(x))f (Xt(x)) ≡ (DΦsf) (Xt(x))

The last expression on the right hand side does not explicitly depend upon ζt,s. We can, however, exploit the identity

Φ−s ◦Φs = 1

to obtain the closed form equation

d

dt
ζt,s = (DΦsf) (Φ−s ◦ ζt,s)

which entails the claim.

We say that Φ describes a continuous symmetry of (4.1) if as a function of t (4.3) remains a solution of (4.1) for
any s. An alternative terminology is that

Definition 4.1. we say thatX is Φ-equivariant if

Xt ◦Φs(x) = Φs ◦Xt(x) ∀x ∈ V (4.4)

and for any t, s for which the flows are defined.
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If (4.4) holds true Φ maps solutions of (4.1) into solutions of (4.1).

Proposition 4.2. IfX is Φ-equivariant then

d

dt
ζt,s = f(ζt,s)

Proof.
To verify the claim we compute

d

dt
ζt,s =

d

dt
Φs ◦Xt(x) =

d

dt
Xt ◦Φs(x) = f(Xt ◦Φs(x))

Inserting the definition (4.3) yields the claim.

A immediate consequence of equivariance is that

f̃(ζt,s) = (DΦsf) (χt) = f(ζt,s) (4.5)

It is expedient to couch the foregoing identities into differential form. Having this aim in mind, it is useful to introduce
the notion of Lie derivative.

Definition 4.2. The Lie derivative of the vector field f with respect to the vector field v is defined by

Lvf = (v · ∂x)f − (f · ∂x)v

The Lie derivative of a vector field with respect to another is antisymmetric in its arguments. For this reason it is
often referred to as Lie brackets and correspondingly denoted as

Lvf ≡ [v ,f ]L (4.6)

Proposition 4.3. We can compute the Lie derivative (Lvf)(x) from the flows associated to them by (4.1) (4.2) using
equivalently either the

1. the vector transformation rule

(Lvf)(x) = − d

ds

∣∣∣∣
t=s=0

(DΦsf) (Φ−s ◦ x) (4.7)

2. or commutation relation

(Lvf)(x) =
d

dt

d

ds

∣∣∣∣
t=s=0

(
Xt ◦Φs(x)−Φs ◦Xt(x)

)
(4.8)

Proof. To prove the identities it is sufficient to compute the flows in a neighborhood of the identity. We find that

Φs(x) = x+ sv(x) + O(s2)

and

DΦs(x) = 1+ sDv(x) + O(s2)

It therefore follows

d

ds

∣∣∣∣
t=s=0

(1+ sDv(x))f (x− sv(x)) = −v(x) · ∂xf(x) + Dv(x)f(x)
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which recovers (4.7) in view of

Dv(x)f(x) ≡ f(x) · ∂xv(x)

To prove the second identity we notice that

d

dt

d

ds

∣∣∣∣
t=s=0

(
Xt ◦Φs(x)−Φs ◦Xt(x)

)
=

d

dt

d

ds

∣∣∣∣
t=s=0

(Xt −Φs ◦Xt ◦Φ−s) ◦Φs(x) =
d

dt

d

ds

∣∣∣∣
t=s=0

(Xt −Φs ◦Xt ◦Φ−s)(x)

Evaluating first the derivative with respect to t yields

d

dt

d

ds

∣∣∣∣
t=s=0

(
Xt ◦Φs(x)−Φs ◦Xt(x)

)
=

d

ds

∣∣∣∣
t=s=0

(f − (DΦsf) ◦Φ−s)(x) = − d

ds

∣∣∣∣
t=s=0

(DΦsf) (Φ−s ◦ x)

whence the second claim follows.

From (4.8) it follows immediately that f is Φ-equivariant if and only if

Lvf = 0

Finally, if we consider the equation for

χ′
t =

d

ds

∣∣∣∣
s=0

ζt,s

we see that in general

Proposition 4.4.

χ̇′
t = Df (χt)χ

′
t − (Lvf)(χt) (4.9)

Proof.
Upon recalling that

ζt,0 = χt

it follows immediately

χ̇′
t =

d

ds

∣∣∣∣
t=s=0

(DΦsf) (Φ−s ◦ ζt,s) =
d

ds

∣∣∣∣
t=s=0

(DΦsf) (Φ−s ◦ χt) +
d

ds

∣∣∣∣
t=s=0

f (ζt,s)

whence the claim.

Hence if f is Φ-equivariant then (4.9) reduces to

χ̇′
t = Df (χt)χ

′
t

as to be expected from (4.5).
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5 Equivariance of Hamiltonian vector fields and Poisson brackets

In the previous section we saw that a continuous symmetry of (4.1) corresponds to the vanishing of the Lie–brackets
(4.6). We now turn to analyze the how (4.6) is affected by the hypothesis that the flowsX and Φ are symplectomor-
phisms.

Proposition 5.1. If in (4.1) and (4.2)

f = J∂xH & v = J∂xG

for H ,G : Rd 7→ R then

(Lvf)(x) = J∂x〈∂xH , J∂xG〉 ≡ J∂x {H ,G}

where {· , ·} denote Poisson brackets

Proof.
For clarity’s sake to write explicitly index contractions using Einstein’s convention (repeated index are contracted)

(Lvf)l(x) = Jkn(∂xnG)∂xkJlm(∂xmH)− Jkn(∂xnH)∂xkJlm(∂xmG)

We couch the first on the right hand side into the form

Jkn(∂xnG)∂xkJlm(∂xmH) =

Jlm∂xm

(
Jkn(∂xnG)∂xkH

)
− Jkn(Jlm∂xm∂xnG)∂xkH

As J is antisymmetric and we are free to rename contracted indices as it suits us, we obtain the chain of identities

Jkn(Jlm∂xm∂xnG)∂xkH = Jnk(Jlm∂xm∂xkG)∂xnH = −Jkn(Jlm∂xm∂xkG)∂xnH

whence the claim follows immediately.

The symplectic matrix J is non-singular: we conclude that for Hamiltonian vector fields

LJ∂xJ∂xH = 0 ⇔ {H ,G} = 0

Appendix

A Vector field of a flow

Proposition A.1. Let Φs a flow over a vector space. In order to determine the vector field driving the flow it is
sufficient to know

dΦs(x)

ds

∣∣∣∣
s=0

= v(x)

Proof.

Φ̇t = lim
s↓0

Φt+s −Φt

s
= lim

s↓0

Φs − 1
s

◦Φt = v ◦Φt
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