
Lecture 14: The Born approximation

1 Introduction

The main reference for this notes is chapter 5 of [1].
The projection of the Liouville-von Neumann equation onto the Hilbert space of the system is described in chap-

ter 9 of [2]. This reference presents derives the Lindblad equation in chapter 3 § 3.3 without using the more general
Nakajima–Zwanzig projection operator technique.

2 The Liouville–von Neumann equation

We consider a system S that is weakly coupled to an environment E (or equivalently, “bath”). The quantum dynamics
in the “universe” described by the Hilbert spaceH = HS ⊕HE is governed by the Liouville–von Neumann equation
(assuming ~ = 1),

ı∂tρ = [H , ρ] (2.1)

The Liouville–von Neumann equation is first order in time and must be complemented by one boundary condition.

Hypothesis 2.1. We suppose that we can prepare the system at an initial time tι in the form of a tensor product

ρ(tι) = ρS(tι)⊗ ρE(tι) (2.2)

between a state operator ρS acting onHS and a state operator ρE acting onHE .

The foregoing hypothesis may look “innocent” at first glance. In fact, this hypothesis plays an crucial role in
the derivation of universal dynamical map governing for t ≥ tι the evolution of the state operator of the system as
defined by the partial trace

ρS(t) ≡ TrE ρ(t) t ≥ tι

A universal dynamical map depends on the dynamics but not on the value of the initial data ρS(tι) We refer to § 3.2
and § 3.5 of [1] for a discussion of universal dynamical maps.

We split the Hamiltonian of the combined system in three parts:

H = HS +HE +HI , (2.3)

whereHS acts only on the Hilbert space of the system S,HE only acts on the environment E, andHI is an “interac-
tion” term which we assume “weak” i.e. amenable to a perturbative treatment with respect to the other two. We also
make the following hypothesis about the initial state of the environment.

Hypothesis 2.2. We suppose that at t = tι the state operator of the environment satisfies

[HE , ρE(tι)] = 0 (2.4)

The hypothesis holds, for instance, if ρE(tι) describes thermal equilibrium or an eigenstate of HE
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Finally, we write the interaction as

HI = VS ⊗ 1E +VSE (2.5)

where VS is a self-interaction term of the system (i.e. is defined in the Hilbert space of the system) and VSE denotes
the interaction between the system and the environment (i.e. is defined in the joint Hilbert space of system and
environment). There are two reasons for the splitting (2.5). The first is that in application it often occurs that some
system self-interaction can only be treated perturbatively. The second is that

Hypothesis 2.3. we assume that

TrE{[VSE , ρ(tι)]} = 0 (2.6)

to hold true irrespective of the initial system state of the system.

As we are assuming that the intial state has the tensor product form (2.2) (2.6) is equivalent to

TrE{[VSE , ρE(tι)]} = 0 (2.7)

This hypothesis is not restrictive is equivalent to make a judicious choice in the definition of HS and/or VS .
Our aim is to inquire how HI affects the evolution of the system S. To this end, we perform the unitary trans-

formation

ρ(t) = U(t) ρ̃(t)U(t)† (2.8)

mapping the state operator of the universe into the interaction picture representation

U(t) = exp[−ı (HS +HE) (t− tι)] ≡ US(t)⊗UE(t) (2.9)

Inserting the transformed state operator into the Liouville-von Neumann equation, we obtain

∂t

(
U(t) ρ̃U(t)†

)
= −ı [H,U(t) ρ̃U(t)†] (2.10)

which can be brought into the convenient form

∂tρ̃ = −ı [H̃I(t), ρ̃] (2.11)

The interaction Hamiltonian is now time-dependent in consequence of

H̃I(t) = U †(t)HIU(t) = exp[ı (HS +HE)(t− tι)]HI exp[−i(HS +HE)(t− tι)] (2.12)

3 The Nakajima–Zwanzig projection operator technique

Our aim is to avail us of the weak coupling hypothesis to obtain a controlled derivation of a closed evolution equation
for the state operator of the system.
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3.1 The projector operators

To this goal, we define the projection operator P acting on the state operator on the full Hilbert spaceH

Pρ(t) = (TrE ρ(t))⊗ ρE(tι) ≡ ρS(t)⊗ ρE(tι) (3.1)

As usual TrE is the partial trace over the degrees of freedom of the environment, whilst ρE(tι) ∈ HE is the initial
state of the environment. Thus the action of the projector P is to extricate from the exact state operator, a tensor
product of states respectively defined inHS andHE .

Proposition 3.1.

P2 = P

Proof.

P2ρ(t) = P((TrE ρ(t))⊗ ρE(tι)) = TrE((TrE ρ(t))⊗ ρE(tι))⊗ ρE(tι) = (TrE ρ(t))⊗ ρE(tι)

We denote the orthogonal complement of P as

Q = 1− P

or equivalently

Qρ = ρ− (TrE ρ)⊗ ρE(tι)

The definition is consistent since it is easy to verify

Proposition 3.2.

QP = PQ = 0 & Q2 = Q

Proof.
Let us verify

0 = QPρ = Q((TrE ρ)⊗ ρE(tι))

Indeed we see that

Q((TrE ρ)⊗ ρE(tι)) ≡ (1− P)((TrE ρ)⊗ ρE(tι))
= (TrE ρ)⊗ ρE(tι)− P((TrE ρ)⊗ ρE(tι)) = 0

Similarly we have

PQρ = P (ρ− (TrE ρ)⊗ ρE(tι)) = 0

which completes the proof of the orthogonality. Finally Q is idempotent

Q2 = (1− P)2 = 1+ P2 − 2P = 1− P
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3.2 Decomposition of the Liouville–von Neumann equation

We emphasize that projection operator P is time independent independent. If we apply P to the interaction picture
(2.11) we obtain

∂tPρ̃ = − ıP [H̃I(t), ρ̃] (3.2)

It is here important to notice that

Proposition 3.3. Let U the unitary transformation defining the interaction picture. We have

Pρ̃ = UPρU†

Proof.
By definition U is the tensor product of operators individually acting inHS andHE . Hence

Pρ̃ = PUρU† = TrE(US ⊗UEρU†S ⊗U
†
E)⊗ ρ(tι)

As the partial trace operation does not affect US we obtain

Pρ̃ = US ⊗ 1
(
TrE(UEρU

†
E)⊗ ρ(tι)

)
U
†
S ⊗ 1

Finally we avail us of the hypothesis (2.4) to complete the proof.

The right hand side of (3.2) is not closed in HS . We need therefore to associate to it a second equation for the
orthogonal complement.

∂tQρ̃ = − ıQ [H̃I(t), ρ̃] (3.3)

It is expedient at this stage to neaten the notation by introducing the super-operator

H = −ı [H̃I(t) , ]

The denomination super-operator is meant to emphasize that H maps the algebra of self-adjoint operators acting on
H into itself.

Upon applying the new notation we couch (3.2), (3.3) in to the form

∂tρ̃
(p) = PHρ̃(p) + PHρ̃(q) (3.4a)

∂tρ̃
(q) = QHρ̃(p) +QHρ̃(q) (3.4b)

with

ρ̃(p) ≡ Pρ & ρ̃(q) ≡ Qρ

Our aim is to use the solution of (3.4b) in order to recast the original Liouville–von Neumann equations in terms of
an integro-differential equation for ρ̃(p).
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3.3 The generalized Nakajima–Zwanzig equation

Let us define the Green super-operator

G(t, s) = 1− ı
∫ t

s
ds (QH)(s) +

∞∑
n=2

(−ı)n
∫ t

s
dtn

1∏
k=n−1

∫ tn

s
dtk(QH)(tk) (3.5)

then in terms of G we can write the solution of (3.4b) as

ρ̃(q)(t) = G(t, tι)ρ̃
(q)(tι) +

∫ t

tι

dsG(t, s) (QH ρ̃(p))(s)

and therefore

∂tρ̃
(p)(t) = (PHρ̃(p))(t) + (PH)(t)G(t, tι)ρ̃

(q)(tι) + (PH)(t)

∫ t

tι

dsG(t, s) (QH ρ̃(p))(s)

We need to analyze in details the meaning of the terms on the right hand side.

• PHρ̃(p): by definition it stands for

PHρ̃(p) = −ı TrE ([VS ⊗ 1+VSE , ρ̃S ⊗ ρE(tι)])⊗ ρE(tι) = −ı [VS , ρ̃S ]⊗ ρE(tι)

We used here the hypothesis (2.6) that the interaction does not have any diagonal component on the environment.

• PHG(t, tι)ρ̃
(q)(tι): our hypothesis (2.2) sets this term to zero:

ρ̃(q)(tι) = Qρ̃(tι) = Q(ρS(tι)⊗ ρE(tι)) = 0 (3.6)

Based on the foregoing considerations we arrive at

∂tρ̃
(p)(t) = −ı [VS , ρ̃S ]⊗ ρE(tι) +

∫ t

tι

ds (PH)(t)G(t, s) (QH ρ̃(p))(s)

We emphasize that this equation is exact. Since the projector operator acts on all terms on the right hand side we can
immediately re-write this equation as an equation in HS . This is done by taking the trace over the environment. We
obtain

∂tρ̃S(t) = −ı [ṼS(t), ρ̃S(t)]−
∫ t

tι

ds TrE

(
[H̃I ,G(t, s)Q[H̃I , ρ̃S(s)⊗ ρE(tι)]]

)
(3.7)

This equation can be further simplified. Namely, we recall that

• Q[ṼS(s), ρ̃S(s)⊗ ρE(tι)] = 0 since Q annihilates tensor product states. Hence

Q[H̃I , ρ̃S(s)⊗ ρE(tι)] = Q[ṼSE(s), ρ̃S(s)⊗ ρE(tι)]

• By (2.7)

Q[ṼSE(s), ρ̃S(s)⊗ ρE(tι)] = [ṼSE(s), ρ̃S(s)⊗ ρE(tι)]

We get therefore into

∂tρ̃S(t) = −ı [ṼS(t), ρ̃S(t)]

−
∫ t

tι

ds TrE

(
[ṼS(s)⊗ 1+ ṼSE(t),G(t, s) [ṼSE(s), ρ̃S(s)⊗ ρE(tι)]]

)
(3.8)
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4 Born approximation at leading order

Equation (3.8) is the equation governing the evolution of the system state operator. It is not closed in the sense that it
requires the evaluation of the Green super operator (3.5).

The simplest approximation is to set

G = 1 (4.1)

In such a case we get into

∂tρ̃S(t) = −ı [ṼS(t), ρ̃S(t)]−
∫ t

tι

ds TrE

(
[ṼS(t)⊗ 1+ ṼSE(t) , [ṼSE(s), ρ̃S(s)⊗ ρE(tι)]]

)
We can then avail us of (2.7) to show that the integrand does not depend explicitly upon ṼS(s):

TrE

(
[ṼS(t)⊗ 1 , [ṼSE(s), ρ̃S(s)⊗ ρE(tι)]]

)
= [ṼS(t) , TrE([ṼSE(s), ρ̃S(s)⊗ ρE(tι)])] = 0

We therefore arrive at

∂tρ̃S(t) = −ı [ṼS(t), ρ̃S(t)]−
∫ t

tι

ds TrE

(
[ṼSE(t) , [ṼSE(s), ρ̃S(s)⊗ ρE(tι)]]

)
(4.2)

This equation is now a closed equation for the system state operator. We emphasize that closure is attained by
neglecting all terms contributing to the Born series (3.5).
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