
Lecture 01: The Postulates of Quantum Mechanics

1 Introduction

There is a huge literature on Quantum Mechanics starting with the classic Dirac’s [1] and Von Neumann’s [2] mono-
graphs.

The aim of these notes is just to provide a summary of the topics discussed in the lecture with reference to the
textbooks which have been directly used as reference for these notes.

Chapter two of [3] is the main reference for these notes. It is a book written for physicists. It has, among others,
the merit of carefully describing the origin of the mathematical difficulties occurring when working with infinite
dimensional Hilbert space.

A terse presentation using only elementary concepts (finite dimensional Hilbert spaces) is chapter two of [4]. It is
entirely self-consistent suits both physicists and mathematicians.

A more advanced and detailed physics style presentation of the same material can be found in § 2.1 and § 3.1 of
[5].

More mathematically inclined readers are referred to chapter 3 and 19 of [6].
Very useful are also the lecture notes [7] from the MIT OpenCourseWare.

2 Meaning of postulates

This section draws from chapter 2 of [3].
The function of the postulates listed below is to act as a bridge between physics and mathematics. They are needed

to specify the correspondence rules between the physical phenomenon and the mathematical model we use to describe
it. Once these rules are fixed, the analysis of the mathematical model can be performed by purely mathematical
techniques that need not have any physical interpretation.

In the literature there exists several formulations of the postulates. Although they lead to the same mathematical
theory, the emphasis in different formulations may reflect distinct attitudes towards physical interpretation. The ontol-
ogy (i.e. the nature of being of the physical entities described by the mathematical theory) of different interpretations
of quantum mechanics still remains a controversial topic, open for further investigations. A balanced presentation
aimed at the general reader of the problems inherent to the interpretation of Quantum Mechanics, from its inception
to the present may be found in [8].

3 The postulates

The postulates (sometimes their numbers) are listed in different order in the literature.

3.1 The ”Mechanical” postulate

Postulate 1.
Associated to any isolated physical system is a complex vector space with inner product (that is, a Hilbert space)
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known as the state space of the system. To each dynamical variable of the system there is a self-adjoint operator
whose eigenvalues are the possible values of the dynamical variable.

The name “mechanical” is drawn from [3] and it seems terminologically convenient. It is not, however, an
universally used way to refer to it. The reason why it is mechanical is because it specifies the mathematical framework,
an Hilbert space, we need to apply to describe quantum phenomena. It tells us that at quantum level dynamical
variables such as position, momentum or energy are embodied by self-adjoint operators.

3.2 The “Statistical” postulates

Postulate 2.
The state of the system is uniquely described by state operator acting on the Hilbert space. The state operator must
be self-adjoint, non-negative, and of unit trace .

The physical interpretation of what is meant by state is one of the most controversial. Quantum Mechanics
permits to compute the occurrence probability of possible outcomes of the same experiment repeated many times. An
experiment can be conceptualized as consisting of two stages: preparation and measurement. Quoting [3] “A specific
preparation determines not the outcome of the subsequent measurement, but the probabilities of the various possible
outcomes”. According to this line of reasoning the term “state of the system” then refers to the set of probabilities
compatible with the preparation procedure. The foregoing postulates tells us how to phrase in mathematical terms the
first stage of the experiment. More explicitly, if we denote by ρ the state matrix the content of the postulate can be
rephrased as

1. ρ = ρ† (& dom(ρ) = dom(ρ†))

2. Sp(ρ) ≥ 0

3. Tr(ρ) = 1

The state operator is trace class (because 0 < Tr ρ < ∞) and self-adjoint by hypothesis. A general result in
functional analysis guarantees that if an operator is self-adjoint operator and trace class, it has an orthonormal basis
{ej}∞j=1 of eigenvectors, for which the associated eigenvalues {λj}∞j=1 are real and tend to zero as j tends to infinity
(for more details see e.g. [6] chapter 19).

We need a second “statistical” postulate, to describe the measurement stage of the experiment. We follow here the
formulation of the postulate as in [4]

Postulate 3.
Quantum measurements are described by a collection {Mn} of measurement operators. These are operators acting
on the state space of the system being measured. The index n refers to the measurement outcomes that may occur in
the experiment. If the state of the quantum system is ρ immediately before the measurement then the probability that
result n occurs is given by

p(n) = Tr
(
Mn ρM

†
n

)
and the state of the system after the measurement is

ρ′ =
Mn ρM

†
n

Tr
(
Mn ρM

†
n

)
Finally, the measurement operators satisfy the completeness equation:∑

n

MnM
†
n = 1
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3.3 The “Dynamical” postulate

The mechanical and statistical postulates concern only “static” aspects of Quantum Mechanics. The following dy-
namical postulate fixes the mathematical rule determining the time evolution of a state [4]:

Postulate 4. The evolution of a closed quantum system is described by a unitary transformation. That is, the state
|ψ〉 of the system at time t1 is related to the state |ψ̃〉 of the system at time t2 by a unitary operator U which depends
only on the times t1 and t2.

In formulas the postulate tells us that

ρt2 = Ut2t1ρt1U
†
t2t1

An alternative, more explicit version, of the postulate is given in [6] chapter 19

Postulate 5. The time evolution of the state of an isolated and closed system is described by the following equation
for a time-dependent density matrix ρt:

ı ~
dρ

dt
= [H , ρ]

with H is a self-adjoint, time independent energy operator. This equation may be solved, formally, by setting

ρt = e−ıH t ρ0 e
ıH t

where ρ0 is the state of the system at time t = 0.

3.4 The composite system postulate

Finally, following [4] and [6], we report the postulate determining the rule for the mathematical description of multi-
partite systems.

Postulate 6. The Hilbert space for a composite system made up of two sub-systems is the Hilbert tensor product
H1 ⊗H2 of the Hilbert spaces H1 and H2 describing the subsystems.

4 Mathematical concepts involved in the ”Mechanical” postulate

A reminder of the main properties of Hilbert space can be found in Lecture 2 of [7] and (with more details) chapter
§ 2.1 of [4]. Both these reference focus on the finite dimensional case, which will be enough for many applications we
will be concerned with. Here we will limit the discussion to few remarks aimed at fixing notation. We will also prove
a finite dimensional version of the spectral theorem to motivate why the postulates refer to self-adjoint operators.

4.1 Hilbert space and inner product

Definition 4.1. A (complex) Hilbert space is a complete complex vector space H with an inner product.

For a vector in H we will use the simpler notation ψ or Dirac’s notation |ψ〉.
The inner product is a map H×H 7→ C enjoying the following properties

• positivity: for all ψ (or equivalently |ψ〉) in H

〈ψ|ψ〉 ≡ 〈ψ ,ψ〉 ≥ 0
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• linearity (in the second argument): for any c-numbers (Dirac’s terminology) c1 , c2 ∈ C and elements of the
Hilbert space φ (i.e. |φ〉) and ψ1, ψ2

〈φ | c1ψ1 + c2ψ2〉 ≡
〈φ , c1ψ1 + c2ψ2〉 = c1〈φ , ψ1〉+ c2〈φ , ψ2〉
≡ c1〈φ |ψ1〉+ c2〈φ |ψ2〉

• anti-linearity: for any c-numbers (Dirac’s terminology) c1 , c2 ∈ C and elements of the Hilbert space φ (i.e.
|φ〉) and ψ1, ψ2

〈 c1ψ1 + c2ψ2 |φ〉 ≡
〈 c1ψ1 + c2ψ2 , φ〉 = c∗1〈ψ1 , φ〉+ c∗2〈ψ2 , φ〉
≡ c∗1〈ψ1 |φ〉+ c∗2〈ψ2 |φ〉

• skew symmetry: for all ψ, φ in H

〈φ |ψ〉 ≡ 〈φ , ψ〉 = 〈ψ , φ〉∗ ≡ 〈ψ |φ〉∗

as usual ∗ stands for complex conjugation.

Example 4.1. The space Cn of n-tuples of complex numbers is a n-dimensional Hilbert space. The inner product is

〈φ , ψ〉 ≡
n∑

i=1

φ∗iψi

Linear operators on this space are n × n complex matrices. A self-adjoint matrix O is a matrix left invariant by
Hermitian conjugation:

O† = O

Example 4.2. The space Mn(C) of complex n × n matrices is a finite dimensional Hilbert space with respect to the
Hilbert–Schmidt inner product

〈A ,B〉 ≡ tr A†B ≡
n∑

l k=1

A∗k lBk l

Example 4.3. The space L2(R) of square integrable complex functions of a real variable is an infinite dimensional
Hilbert space. Mathematically it consists of maps ψ : R 7→ C such that

〈φ , φ〉 ≡ ‖φ‖2 =
∫
R
dx |φ(x)|2 < ∞

The inner product for any pair of elements φ and ψ of L2(R) is

〈φ , ψ〉 =
∫
R
dxφ∗(x)ψ(x)

L2(R), or more generally L2(Rd), are the Hilbert spaces adapted to the description of realistic models of Quan-
tum Mechanics. The mathematical difficulty is then that most of the physically relevant self-adjoint operators are
unbounded. Dealing in general with unbounded operators requires care (and functional analysis!).

Pedagogic overviews of the properties of unbounded operators are chapter 1 of [3] or chapter 3 of [6] or the article
[9]. Four facts are worth recalling:

4



• An operator in an infinite dimensional Hilbert space must always be thought as the pair (A, dom(A)) where A
specifies the action on the Hilbert space vector

φ = Aψ (4.1)

and dom(A) ⊆ H the subset of the Hilbert space on which A is defined.

• Hermitian (in the mathematics literature often referred as “symmetric”) operators i.e. operators for which

Aψ = A† ψ ∀ψ ∈ dom(A) ∩ dom(A†)

are self-adjoint only if dom(A) = dom(A†) also holds. In the finite dimensional case Hermitian and self-
adjoint operators are equivalent concepts. In the infinite dimensional case, they are not.

• φ = Aψ may not belong to H.

• A self-adjoint unbounded A operator cannot be defined on the full Hilbert space (this is a consequence of
Hellinger–Toeplitz theorem see e.g. § 3.2 of [6] or [9]).

Infinite dimensional Hilbert space will occur in this course only in the form of explicit examples. This fact will allow
us to evince and solve the difficulties associated to the infinite dimensionality of the space.

4.2 Advantage of Dirac notation

One of the advantages of Dirac’s notation is that it provides a simple way to denote the outer product of two elements
of the Hilbert space. If H = Cn

|ψ〉〈φ| =

ψ1

...
ψn

 [φ∗1 , . . . , φ∗n] =

ψ1 φ

∗
1 ψ1 φ

∗
2 . . . ψ1 φ

∗
n

ψ2 φ
∗
1 ψ2 φ

∗
2 . . . ψ1 φ

∗
n

...
...

...
...

ψn φ
∗
1 ψn φ

∗
2 . . . ψn φ

∗
n


If φ, ψ, f ∈ H ≡ L2(R) then

|ψ〉〈φ|f〉 = |ψ〉
∫
R
dxφ∗(x)f(x)

4.3 Finite dimensional spectral theorem

The reason why self-adjoint operators play a central role in quantum mechanics is the existence of a spectral theorem
guaranteeing reduction to a diagonal form.

Following [4] we prove the theorem in the finite dimensional case.

Definition 4.2. A normal operator on a complex Hilbert space H is a continuous linear operator A : dom(A) ⊂
H 7→ H that satisfies

[A ,A†] ≡ AA† −A†A = 0 & dom(A) = dom(A†)

We notice that if A is normal then Ã = A− c 1 for c ∈ C is also normal. Then we have

Proposition 4.1.

A|a〉 = a |a〉 ⇔ A†|a〉 = a∗ |a〉
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Proof.
For any normal operator

‖Aψ‖2 = 〈ψ ,A†Aψ〉 = 〈ψ ,AA† ψ〉 = ‖A† ψ‖2

and therefore

‖(A− c 1)ψ‖2 = ‖(A† − c∗ 1)ψ‖2

Hence choosing ψ = |a〉 and c = a yields

0 = ‖(A† − a∗ 1) |a〉‖2

Theorem 4.1 (Spectral decomposition, finite dimensional case). Any normal operator A on a finite dimensional
complex Hilbert space H is diagonal with respect to some orthonormal basis for H. Conversely, any diagonalizable
operator is normal.

Proof.

• Sufficient condition: if A is normal it is diagonalizable an orthonormal basis.

Let a be an eigenvalue of A. In general we can write the projector onto the a− eigenspace in the form

Pa =

r∑
k=1

|a(k)〉〈a(k)|

where r is the degeneracy of a. Upon resorting to Gram-Schmidt orthonormalization we can always choose the
|a(k)〉’s such that

〈a(i)|a(j)〉 = δi j (4.2)

It is readily seen that

Pa = P †a (4.3)

The projector to the space orthogonal to the a-eigenspace is then

Qa = 1− Pa

since

QaPa = (1− Pa)Pa = Pa − P 2
a = Pa − Pa = 0

and similarly PaQa = 0. Independently of the assumption that A be normal we can write

A = (Pa +Qa)A (Pa +Qa) = PaAPa + PaAQa +QaAQa

Furthermore from Pa = P †a it follows that

PaAQa = (Q†aA
† P †a )

† = (QaA
† Pa)

† = (Qa a
∗ Pa)

† = a (Qa Pa)
† = 0
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We therefore proved that

A = PaAPa +QaAQa

Obviously PaAPa is diagonal in the orthonormal basis of the |a(k)〉’s spanning the a-eigenspace. To prove
the claim it remains to show that QaAQa is normal in the subspace of H orthogonal to the a-eigenspace. We
verify that

QaAQa (QaAQa)
† = QaAQaQaA

†Qa = QaAQaA
†Qa

= QaA
†QaAQa = QaA

†QaQaAQa = (QaAQa)
†QaAQa

Between the first and the second row we used

QaAQaA
†Qa = QaAA

†Qa −QaAPaA
†Qa = QaAA

†Qa

which holds since QaAPa = 0. Proceeding by induction we arrive at the representation of the normal matrix

A =

na∑
i=1

ai

ri∑
ji=1

|aji〉〈 aji | (4.4)

where i counts the number of distinct eigenvalues and the j1, . . . , jra the elements of the basis spanning the
eigenspace associated to ai.

• The converse follows from the observation that (4.4) is diagonal in the orthonormal basis of the eigenvectors of
A. Representing these eigenvectors in a generic basis of H yields a normal matrix.

The above theorem generalizes to the infinite dimensional case. In that case the spectrum of A may consist of
discrete or continuous eigenvalues (but not residual: these are all numbers z ∈ C which are not eigenvalues of A ,
but for which z∗ is an eigenvalue of A†).

Self-adjoint operators are an example of normal operators with the extra property that eigenvalues are strictly real.
The reason why Quantum Mechanics makes use of self-adjoint operators rather than normal resides in the following
fact

Proposition 4.2. Any operator A such that dom(A) = dom(A†) van be written in the form

A = R+ ıI

where dom(R) = dom(I) = dom(A) with R = R†, I = I†. In other words, a normal operator can always be
represented in terms of a linear combination of two self-adjoint operators.

Proof.
Under our hypotheses on the domain of definition of A it is immediate to observe that

R =
A+A†

2
& I =

A−A†

2 ı

5 Characterization of pure states

Definition 5.1. We call pure any state which can be written as the outer product of a vector of unit norm in H

ρ = |ψ〉〈ψ|
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5.1 Second characterization of a pure state

Proposition 5.1. A state is pure if and only if

ρ2 = ρ

Proof.

• Assume ρ = |φ〉〈φ| then the claim holds because ρ is a projector.

• Assume ρ2 = ρ then the eigenvalues of ρ can only take the values 0 and 1. The self-adjoint and unit trace
conditions then impose that only one, non-degenerate eigenvalue can be different from zero. The conclusion is

ρ = |ψ〉〈ψ| & 〈φ , φ〉 = 1 (5.1)

5.2 Third characterization of a pure state

Proposition 5.2. A state is pure if and only if

Tr(ρ2) = 1

Proof.

• Assume ρ = |φ〉〈φ| then the claim follows immediately.

• Assume Tr(ρ2) = 1. Let Sp(ρ) = {ri}i

Tr(ρ2) =
∑
i

r2i

As the operator is non-negative we must also have

Tr(ρ2) ≤
∑
i

ri = Tr(ρ) = 1

The upper bound can be saturated only if∑
i

r2i =
∑
i

ri ⇔ r2i = ri ∀ i

The eigenvalue argument invoked for the second characterization yields then the claim.
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5.3 Pure states are extremal of a convex set

Proposition 5.3. The Hilbert–Schmidt inner product of two states ρ(i) i = 1, 2 must satisfy

0 ≤ Tr(ρ(1)ρ(2)) ≤ 1

with the upper limit being reached if and only if ρ(1) = ρ(2) is a pure state operator.

Proof.
Being a well defined inner product, the Hilbert–Schmidt inner product satisfies Schwartz inequality

Tr(ρ(1)ρ(2)) ≤
√
Tr(ρ(1)

2
) Tr(ρ(2)

2
) ≤

√
Tr(ρ(1)) Tr(ρ(2)) ≤ 1

The bound can be reached if ρ(1), ρ(2) are pure states. In such a case Tr(ρ(1)ρ(2)) = 1 if and only if ρ(1) = ρ(2).

Theorem 5.1. A pure state cannot be expressed as a non-trivial convex combination of other states, but a non pure
state can always be so expressed.

Proof.
Suppose that there exist a collection of pi > 0 such that

ρ =
∑
i=1

pi ρ
(i) &

∑
i

pi = 1

The Hilbert-Schmidt norm of the state is then

‖ρ‖2 =
∑
i,j

pi pj Tr(ρ(i) ρ(j))

By the previous proposition we then obtain the bound

‖ρ‖2 ≤
∑
i,j

pi pj = 1

As all the terms in the series are positive, the bound can be reached if and only if

Tr(ρ(i) ρ(j)) = 1

for all i, j. But this means then

ρ =
∑
i=1

pi ρ
(1) = ρ(1)

∑
i=1

pi = ρ(1)
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