
Spatial models in ecology and evolution
Exercises 7.1-7.5

7.1 Equilibria of homogeneous metapopulations. Consider a spatially implicit metapopulation
with M identical patches, where the dynamics of the ith local population is given by

dNi

dt
= f (Ni)Ni − mNi +

sm
M

M∑
j=1

N j i = 1, ...,M (1)

f is the density-dependent per capita growth rate, m is the dispersal rate, and s is the probability
of survival during dispersal.

(a) Show that the metapopulation is viable if f (0) > m(1 − s).
(b) Show that if f is continuously differentiable and strictly decreasing with f (0) > m(1− s)

and limN→∞ f (N) < 0, then there is a unique nontrivial equilibrium of this metapopulation, it is
stable, and all local populations have the same density at equilibrium.

7.2 Evolution of dispersal under a mortality cost. Suppose a mutant with dispersal rate mmut is
introduced into the resident metapopulation described by equation (1) at its stable equilibrium.
Show that whenever dispersal has a mortality cost (s < 1), the mutant can invade if and only
if mmut < m. This implies that dispersal evolves towards m = 0, and the evolutionarily stable
metapopulation is a collection of isolated local populations.

7.3 Equilibria of an asymmetric two-patch metapopulation. Consider a metapopulation of two
patches connected with costless symmetric dispersal, where the local population dynamics is
logistic and the two patches have different carrying capacities:

dN1

dt
= r

(
1 −

N1

K1

)
N1 − dN1 + dN2

dN1

dt
= r

(
1 −

N2

K2

)
N2 − dN2 + dN1

(a) Show that there is only one positive equilibrium (N̂1, N̂2). (Hint: Use phase plane analy-
sis. The explicit expression for the equilibrium is too complicated to work with.)

(b) Without loss of generality, assume K1 > K2. Using implicit differentiation, show that
N̂1 always decreases and N̂2 always increases with d. Note that at d = 0 the two patches are
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uncoupled and therefore (N̂1, N̂2) = (K1,K2), whereas at d → ∞ we have K2 < N̂1 = N̂2 < K1

(cf. lecture). The result of this exercise shows that (N̂1, N̂2) changes monotonically between
these two limits, and therefore the first patch is a source (N̂1 < K1) and the second patch is a
sink (N̂2 > K2) for all d > 0.

7.4 Structured metapopulations with a dispersal pool. In the structured metapopulation model

dNi

dt
= f (Ni)Ni − mNi + αD i = 1, ...,M

dD
dt

=
1
M

M∑
j=1

mN j − (α + ν)D (2)

dispersers spend on average 1
α+ν

time in the dispersal pool before they either immigrate a patch
or die. Show that if α, ν → ∞ (with α/ν fixed) such that the time spent in the dispersal pool
becomes negligible, then we recover the structured metapopulation model in equation (1) with
s = α

α+ν
.

7.5 Structured metapopulations with catastrophes. Consider the structured metapopulation
model in equation (2) and assume that each local population grows exponentially at a rate
r > m until it reaches its maximum size K, after which the size of the population remains con-
stant at K until the next catastrophe. Catastrophes occur at a constant rate µ. Determine the
equilibrium fraction of patches where the local population is growing for the parameter values
r = 0.5,m = 0.1, α = 1, ν = 1, µ = 0.05. Show that the value of K is irrelevant and explain why.
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