
Spatial models in ecology and evolution
Exercises 3.1-3.5

3.1 is the most important, 3.3 is the least important.

3.1 Single species reaction-diffusion systems. Prove that in any single species reaction-diffusion
system on [0, L] with reflecting boundaries,

∂n(x, t)
∂t

= f (n(x, t)) + D
∂2n(x, t)
∂x2 ,

∂n
∂x

(0, t) =
∂n
∂x

(L, t) = 0 ∀t ≥ 0

a spatially homogeneous equilibrium n̂(x) = N is asymptotically stable if and only if N is an
asymptotically stable equilibrium of the well-mixed system dn(t)

dt = f (n(t)).

3.2 Travelling wave with an Allee-effect. A popular phenomenological model for Allee effects
in well-mixed systems is given by the differential equation

dn(t)
dt

= f (n(t)) = rn(t)(n(t) − a)(1 − n(t))

where 0 < a < 1 is the Allee threshold and the positive stable equilibrium has been scaled to
1. Suppose that this equation is governing the local dynamics, whereas the population diffuses
along an infinite spatial axis,

dn(x, t)
dt

= f (n(x, t)) + D
∂2n(x, t)
∂x2

with n(−∞, t) = 1 and n(∞, t) = 0.

Show that this system has a travelling wave solution with a unique speed c and a wavefront that
satisfies the equation dN

dz = αN(z)(1 − N(z)) in the moving coordinate system z = x − ct with
a particular value of α < 0. Use this fact (i) to calculate c explicitly; and (ii) to show that the
wavefront is steep if r/D is large.

3.3 Minimal speed of the travelling wave in Fisher’s model: complete the proof. In the lecture,
we have shown that no travelling wave solutions exist with speed c < cmin = 2

√
rD because

the equilibrium (N, s) = (0, 0) is then a focus and therefore the corresponding wave front would

1



have negative population densities. Show that whenever c > cmin, the orbit connecting the sad-
dle (N, s) = (1, 0) to the node (N, s) = (0, 0) remains in the positive half-plane N ≥ 0. Hint: one
way to prove this is to show that there exists a > 0 such that the area below s = aN is invariant.

3.4 Contrasting patterns from Turing-instabilities. Suppose that the 2-species reaction-diffusion
system

∂n
∂t

= f (n, p) + D1
∂2n
∂x2

∂p
∂t

= g(n, p) + D2
∂2 p
∂x2

on [0, L] with reflecting boundaries has a spatially homogeneous equilibrium n̂(x) = N, p̂(x) =

P, which exhibits Turing-instability. Show that if the Jacobian of the well-mixed system,

A =

 ∂ f
∂n (N, P) ∂ f

∂p (N, P)
∂g
∂n (N, P) ∂g

∂p (N, P)


has the sign structure

[
+ −

+ −

]
, then a pattern develops such that the peaks and valleys of n(x, t)

and p(x, t) coincide in space; and conversely, if A has the sign structure
[

+ +

− −

]
, then the peaks

of n(x, t) coincide with the valleys of p(x, t) and vice versa. Hint: investigate the dynamics of
the Fourier-coefficients of the perturbations of n and p.

3.5 Pattern formation in ecological systems. Determine which of the following ecological sys-
tems may exhibit Turing-instabilities when embedded into a spatial reaction-diffusion system
(all parameters are assumed to be positive):

(i) f (n, p) = rn(1− n)− βnp, g(n, p) = γβnp− δp (the basic resource-consumer model with
logistic resource and linear functional response of the consumer)

(ii) f (n, p) = rn(1 − n) − βn
1+βTn p, g(n, p) = γ βn

1+βTn p − δp (as in (i) but with Holling II func-
tional response; i.e., the Rosenzweig-MacArthur prey-predator model)

(iii) f (n, p) = rn(1 + αn) − βnp, g(n, p) = γβnp − δp − cp2 (an Allee effect in the resource
dynamics and interference competition such as fights between individuals of the consumer. This
model was proposed by Seger and Jackson, 1972.)

(iv) f (n, p) = rn(1− n)− βnp, g(n, p) = γβnp2 − δp (as in (i), but with an Allee effect in the
consumer dynamics).

2


