
Spatial models in ecology and evolution
Exercises 1.1-1.5

You do not have to solve all five exercises. If population dynamics / ODE models are new to you, do exercises
1.1-1.4, it is important to have the basic tools ready at hand. If you feel confident with ODE models (equilibria,
stability), do exercises 1.3-1.5.

Recap of basic population dynamics
1.1 Unstructured population with an Allee effect. Suppose that the birth rate is an increasing
function of population density because finding mates is difficult at low population densities, and
let the birth rate be given by b(n) = αn

γ+n . Assume further that the death rate is a linearly increas-
ing function of population density, µ(n) = µ0 + cn. Find all equilibria of population density and
establish their stability.

1.2 Migration into a black hole. Consider a population that would grow according to the logistic
model if all individuals stayed in the favourable habitat. Some individuals, however, migrate to
an unfavourable habitat where reproduction is not possible, and death occurs at rate µ. Migration
occurs at rate m in both directions. With N1 and N2 denoting population size in the favourable
and in the unfavourable habitat, respectively, these assumptions lead to the model

dN1

dt
= rN1(1 − cN1) − mN1 + mN2

dN2

dt
= −µN2 − mN2 + mN1

where r and c are the parameters of logistic growth (the carrying capacity is K = 1/c). Find the
conditions under which the the extinction equilibrium (N1,N2) = (0, 0) is unstable.

Diffusion
1.3 Diffusion from random walk with variable stepsize. Suppose that in each ∆t time, an indi-
vidual moves by ξ∆x, where ∆x is fixed but ξ ∈ Ξ ⊆ R is a continuously distributed random
variable with probability density function f (i.e., f (y)∆y gives the probability that ξ is between
y and y + ∆y). Subsecutive time steps are independent. Assume that f is independent of the
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location x, its expectation is zero and its variance exists. Show that the population density n(x, t)
of individuals diffusing according to this random walk obeys the heat equation ∂n(x,t)

∂t = D∂2n(x,t)
∂x2 ,

and derive the corresponding diffusion coefficient D.

1.4 Diffusion in two dimensions. Consider an unbiased random walk on a two-dimensional grid
with equal step sizes and equal step probabilities in the two dimensions; i.e., starting from the
point (x, y), the position of the individual after time ∆t will be

(x + ∆x, y) with probability q/4
(x − ∆x, y) with probability q/4
(x, y + ∆x) with probability q/4
(x, y − ∆x) with probability q/4

(x, y) with probability 1 − q

with 0 ≤ q ≤ 1. Show that the corresponding diffusion equation is

∂n(x, y, t)
∂t

= D
[
∂2n(x, y, t)

∂x2 +
∂2n(x, y, t)

∂y2

]
and derive the diffusion coefficient D from the parameters of the underlying random walk.

1.5∗ Well-mixed systems: The limit of fast diffusion. If diffusion is fast compared to birth and
death, one has the intuitive feeling that the population density must even out in space. More-
over, if there is any extrinsic difference between different locations (such as higher birth rate in
better places, lower birth rate in worse places), the effect of these should ”average out”, because
the individuals move fast between the locations so that everyone experiences all places. Here
we formalize this intuition.

Consider the single-species reaction-diffusion model on the spatial interval [0, L] with no-flux
boundaries

∂n
∂t

(x, t) = g(x, n(x, t)) + D
∂2n
∂x2 (x, t), (BC)

∂n
∂x

(0, t) =
∂n
∂x

(L, t) = 0

Notice that g(x, n) depends on the location x as well as on local population density n; the x-
dependence of g(x, n) captures any extrinsic differences between locations (g(·, n) = const cor-
responds to the homogeneous case with no better or worse places). Assume realistically that g
is bounded.

(a) Define N(t) =
∫ L

0
n(x, t)dx to be the total population size and p(x, t) = n(x, t)/N(t) (as a

function of x, this is a probability density function and p(x, t)∆x gives the fraction of individu-
als who are in (x, x + ∆x at time t). Rewrite the model in terms p and N (i.e., write equations for
∂p(x, t)/∂t and dN(t)/dt such that only p and N appear in them). Show that in the limit D→ ∞,

∗double credit
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p changes much faster than N (hint: in the equation for dN/dt, use the boundary condition to
eliminate the term with D).

(b) The result in (a) makes it possible to decouple the dynamics of p and N (time-scale sepa-
ration). On a short timescale, the change in N is negligible and only p changes. Show that the
equilibrium of p is constant over [0, L]. (We shall prove later that this equilibrium is stable.)
This means that whatever the current population size N(t) is, fast diffusion distributes the indi-
viduals evenly in space so that n(x, t) = N(t)/L everywhere.

(c) Suppose now that the per capita birth rate b(x) depends on the spatial location x, whereas
the death rate µ(n) is density-dependent [for example, µ(n) = µ0 + cn, cf. the logistic model], so
that local population growth is given by g(x, n(x, t)) = [b(x) − µ(n(x, t))]n(x, t). Prove that the
total population size grows according to

dN(t)
dt

=
[
b̃ − µ̃(N(t))

]
N(t)

where µ̃(N) = µ(N/L) (recall that the argument of µ must be the density, not the number of
individuals), and b̃ = (1/L)

∫ L

0
b(x)dx is the spatial average of b(x). This shows that the spatial

variation in the birth rate is indeed averaged.
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