
Spatial models in ecology and evolution
Computer projects

Choose two projects you want to work on, and email your choice to me. The two projects should come from
different sections and be such that two students don’t have the same choice for both projects. You can use any
software you are familiar with, but you must cope with any technical problem yourself. (Be prepared that even
good software can have problems with their numerical PDE solvers, and sometimes it is best to use your own
algorithm; it may be slower but you have more control.)

The project is to be written up in an essay: Describe the model and the question to be answered with the numerical
analysis, describe the numerical procedure you used, and give a sample of the outputs (usually figures) explaining
what we learn from them. Attach the code as an appendix and submit the essay in one pdf file.

Diffusion models: numerical solution of PDEs
1. Turing-instability. Investigate pattern formation due to diffusive instability in the reaction-
diffusion model

∂n
∂t

= f (n, p) + D1
∂2n
∂x2

∂p
∂t

= g(n, p) + D2
∂2 p
∂x2

on [0, L] with reflecting boundaries for the following two ecological models:

(1) A predator-prey model with Allee-effect in the prey and density-dependent mortality in the
predator (Segel & Jackson 1972):

f (n, p) = [r(1 + αn) − βp]n
g(n, p) = [γβn − δ − cp]p

(2) A consumer-resource model with logistic resource growth and Allee effect in the consumer
(the consumer birth rate is proportional both to the resource acquired and the density of
mates). Note that n is the consumer and p is the resource:

f (n, p) = [γβnp − δ]n
g(n, p) = rp(1 − p) − βnp
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Solve the PDEs numerically with initial conditions close to (but not equal to) the homogeneous
equilibrium, and study the emerging patterns. Based on the lectures, explain the difference
between the patterns you obtain in (1) and (2). You may want to use the following parameter
values:

(1) r = 1, α = 1, β = 1, γ = 2, δ = 0.5, c = 1,D1 = 10,D2 = 150, L = 100

(2) r = 1, β = 1, γ = 1, δ = 0.1,D1 = 0.1,D2 = 5, L = 100

2. Fisher’s equation in variable space. Suppose that the habitable space of a species is sur-
rounded not by a physical barrier (such as an absorbing or reflecting boundary), but by increas-
ingly inhospitable environment, where the individuals may nevertheless diffuse into. Ideally,
one would imagine an infinite spatial axis with a finite interval where the population is able to
grow. For example, take Fisher’s equation with variable intrinsic growth rate r (but constant
competition coefficient c),

∂n
∂t

= [r(x) − cn]n + D
∂2n
∂x2

with r(x) = 1 − x2. With no diffusion, the population is viable at locations where r(x) > 0, i.e.,
in the interval (−1, 1). Diffusion into inhospitable environments will however modify this.

Solve the PDE numerically and investigate the equilibrium population density for various
values of D. In particular, determine for which diffusion coefficients the population can main-
tain a positive equilibrium.

For numerical integration, one has to assume a large but finite interval instead of an infinite
axis; for example, use the interval [−5, 5]. You could do the analysis both with absorbing and
reflecting boundaries. Absorbing boundaries amount to extra death, and therefore underestimate
the viability of a population as compared to an infinite axis. Reflecting boundaries, in contrast,
prevent individuals from diffusing into even worse environments, and therefore overestimate
viability. If the results are similar for absorbing and reflecting boundaries, then the finite interval
used for the analysis is large enough for practical purposes.

Diffusion models: finding the equilibrium solution
3. The equilibrium of Fisher’s equation with absorbing boundaries. Find the equilibrium pop-
ulation density for Fisher’s equation

∂n
∂t

= rn(1 − n) + D
∂2n
∂x2

on [0, 1] with absorbing boundaries (see the lecture for the method). Give a sample of equilib-
rium solutions for various values of D/r. Plot the total population size as a function of D/r.
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4. A sessile consumer living off a diffusing resource. Suppose that a non-diffusing consumer
(with population density p(x, t)) exploits a resource (n(x, t)) that diffuses on [0, 1] with ab-
sorbing boundaries. The resource grows logistically and the consumer depletes the resource
according to mass action, hence the model equations are

∂n
∂t

= rn(1 − n) − βnp + D
∂2n
∂x2

∂p
∂t

= [γβn − δ]p

Without loss of generality (i.e., by choosing the units of time and predator density appropri-
ately), we may set β = 1, γ = 1. Start with the parameter values r = 5,D = 0.01, δ = 0.8
and find the equilibrium densities of the resource and of the consumer. (Hints: Notice that the
consumer will not be present everywhere. Modify the numerical method we discussed for the
equilibrium of Fisher’s equation with absorbing boundaries.) Then experiment with different
values of r and D, and determine for which values of these resource parameters the consumer
can maintain a positive population size.

Travelling waves and invasion pinning
5. Travelling wave solutions of Fisher’s equation. Fisher’s equation

∂n
∂t

= rn(1 − n) + D
∂2n
∂x2

on the infinite line with boundary conditions limx→−∞ = 1 and limx→∞ = 0 has infinitely
many travelling wave solutions. Determine the shape of the wavefront N(z) for a given speed
c ≥ cmin = 2

√
rD (where z = x − ct is the coordinate system where a wave travelling at speed c

is stationary) by numerically integrating the ODEs for the dynamics of N and s (s(z) = −N′(z)),
which we have derived in the lecture. By plotting the wavefront for various values of c (includ-
ing c = cmin), demonstrate that higher speeds are associated with more elongated wavefronts.

Hint: recall that the wavefront corresponds to an orbit of the ODE system that connects a
saddle to a stable node. Start the integration near the saddle, and remember that the orbit leaves
along the unstable eigenvector of the saddle; since you cannot put the initial point infinitesi-
mally close to the saddle, make sure you put it on the eigenvector close to the saddle.

6. Invasion pinning. If the population is subject to an Allee effect, its travelling wave either
recedes and the population dies out, or proceeds forward and the population spreads in space
despite the Allee effect (see lecture). A non-moving wavefront is a degenerate case, which oc-
curs only on the borderline between the forwarding and receding situations. This is different if
the population occupies discrete habitat patches.
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A discrete-space analogue of the travelling wave model could be an infinite chain of popu-
lations (with size Ni(t), i = 0,±1,±2, ...) linked to their neighbours by dispersal at rate m:

...
dNi

dt
= f (Ni) − 2mNi + m(Ni−1 + Ni+1)

...

Here we take only two populations,

dN1

dt
= f (N1) − mN1 + mN2

dN2

dt
= f (N2) − mN2 + mN1

with local population dynamics given by f (N) = [αN/(γ + N) − δ − cN]N, which exhibits an
Allee effect (cf. homework exercise 1.1). Note that the two populations occupy identical envi-
ronments (the function f is the same for both habitat patches).

Demonstrate that this system can have asymmetric attractors, i.e., asymptotically stable
equilibria with N̂1 , N̂2 (hint: start from the trivial case m = 0 and increase dispersal; you
may find it useful to draw isocline plots, i.e., the nullclines of dNi/dt in the (N1,N2) space). At
such asymmetric equilibria, one population is above its Allee threshold such that births locally
exceed deaths; this population acts as a source of individuals with a net flow to the other popula-
tion, which is below the Allee threshold and therefore deaths locally exceed births. Investigate
how the equilibria change with varying the dispersal rate m and then varying the strength of the
Allee effect (with a small γ, the birth rate is ca constant).

An asymmetric equilibrium is a “pinned state”, in which the population cannot spread in
space to fill the low-density patch, yet it does not decline in the high-density patch. Discuss
verbally how this result might extend to a chain of infinitely many patches, where local densities
are high on the far left and low on the far right (as assumed for models with travellig waves);
and why the difference from the forwarding/receding waves of diffusion models.

Evolution of dispersal: extensions of the Hamilton-May model
7. Extension of the Hamilton-May model to arbitrary patch size. In the Hamilton-May model
for the evolution of dispersal, assume that each patch supports not one but K adult individuals.
Each adult produces a large number of offspring (F). A fraction d of the offspring disperse,
survive dispersal with probability s, and arrive at a randomly chosen patch. After dispersal, in
each patch K randomly chosen individuals survive till reproduction and the others perish.

To study the evolution of dispersal in this model, suppose there is a rare mutant with disper-
sal dm. Let x j denote the number of patches where j mutant adults are present ( j = 1, ...,K). We
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investigate the dynamics of the mutant population by investigating the dynamics of the vector
x. Since the total number of mutants is

∑K
j=1 jx j, the mutant population grows if and only if the

vector x grows.

While the mutant is rare, almost every patch contains only residents and therefore the prob-
ability that a dispersing mutant enters a patch that already contains mutants is vanishingly small
(assuming that the number of patches goes to infinity faster than F). Hence a patch can contain
more than 1 mutant next year only if it had some mutants already in the present year. Hence
we first fasten attention on a patch with j mutants and K − j residents, and calculate the prob-
ability that this patch will have i mutants next year. The j mutants currently present produce
jF(1 − dm) nondispersing offspring, who compete for K places within the patch together with
(K − j)F(1 − d) nondispersing residents and KFsd immigrants. The probability that a mutant
wins a given place is

p j =
jF(1 − dm)

jF(1 − dm) + (K − j)F(1 − d) + KFsd

and the number of places out of K won by mutants is binomially distributed with parameters
(K, p j). Therefore the probability that a j-patch becomes an i-patch next year is given by

ai j =

(
K
i

)
pi

j(1 − p j)K−i

Next we turn attention to the dispersing mutant offspring. A patch with j mutant adults produces
jFsdm surviving dispersers, each of whom almost surely enters a patch where there are only
residents, and secures one place in this patch with probability K/[KF(1 − d) + KFsd]. Via
dispersal, therefore, every j-patch produces

b1 j =
jFsdm · K

KF(1 − d) + KFsd

patches with one mutant in the next generation. The dynamics of the mutant population is thus
given by

x(t + 1) = [A + B]x(t)

where A is an K × K matrix with elements ai j given above and B is a matrix the first row of
which contains b1 j and all other elements are zero.

Use this matrix model to draw pairwise invasibility plots (PIPs) for the evolution of dispersal
for several small values of K. Study how the evolutionarily stable dispersal probability changes
with s and compare the results with the Hamilton-May model (where K = 1). Hints: you can
obtain the leading eigenvalue numerically by simulating the dynamics of ||x(t + 1)||/||x(t)||, i.e.,
there is no need to work with complicated characteristic equations. Draw a few PIPs in full; but
to study how the ESS dispersal changes with s, it is enough to obtain the invasion fitness near
the diagonal dm = d (or numerically differentiate the invasion fitness at dm = d).
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8. Extension of the Hamilton-May model to finite fecundity. Suppose that instead of infinite
fecundity, each individual produces a random number ξ of offspring. Assume that ξ is Poisson-
distributed with expectation F, i.e., Prob(ξ = n) ≡ Pr(n) = (Fn/n!)e−F . Each offspring dis-
perses with probability d. The offspring of a family disperse independently of each other, such
that the number of nondispersing offspring is binomially distributed with parameters n and 1−d
(where n is the actual number of offspring produced by the parent), so that k offspring remain
in the natal patch with probability Q(k|n) =

(
n
k

)
dn−k(1 − d)k. The average number of dispersers

produced per site is zFd, where z is the fraction of sites that are occupied at reproduction; note
that in this model, it may happen by chance that a parent produced no offspring and and the
site did not receive any immigrant. The dispersers survive with probability s and the number
of dispersers that arrive at a given site is Poisson-distributed with expectation zFds (this fol-
lows from the fact that infinitely many offspring disperse independently among infinitely many
patches). A given site thus receives m dispersers with probability P(m) = ((zFds)m/m!)e−zFds.
To obtain the unknown fraction of occupied sites, z, note that a site is empty next year either
if it is empty now and receives zero immigrant or it is occupied now but the parent produces
zero nondispersing offspring and the site receives zero immigrant. This yields the equilibrium
equation

1 − z = (1 − z)P(0) + zP(0)
∞∑

n=0

Pr(n)dn

= [(1 − z) + ze−(1−d)F]e−zFds

which has to be solved numerically.

To derive the invasion fitness of mutant with dispersal strategy dm, calculate, along the lines
above, the probability that a mutant produces k nondispersing offspring and its site receives m
(resident) dispersers; in this case the mutant wins the natal site with probability k/(k + m). Sum
over all possible values of k and m. For the dispersed mutant offspring, one needs to consider
two possibilities. First, the site where the mutant arrives was not empty with probability z. For
this case, calculate the probability that it contained k nondispersed resident offspring and re-
ceived m dispersers, in which case the mutant wins with probability 1/(1 + k + m); sum over the
possible values of k and m. Second, the site was empty with probability 1− z, in which case the
mutant competes only with resident dispersers; calculate the probability that the site receives m
dispersers, in which case the mutant wins with probability 1/(1 + m).

The invasion fitness thus obtained contains infinite sums, so that it has to be approximated
numerically. If you want to control the error of the approximation, notice that the partial sum∑M

m=0 P(m) 1
1+m satisfies the inequalities

M∑
m=0

P(m)
1

1 + m
<

∞∑
m=0

P(m)
1

1 + m
<

M∑
m=0

P(m)
1

1 + m
+

1
1 + M

∞∑
m=M+1

P(m)

where the last infinite sum is easily obtained as
∑∞

m=M+1 P(m) = 1 −
∑M

m=0 P(m). With a lower
and upper boundary for the (unknown) infinite sum, one can continue the summation (increase
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M) until the two boundaries are sufficiently near each other.

Determine the evolutionarily stable dispersal strategy as a function of s numerically for
F = 3 and F = 7, and compare with the Hamilton-May model (where F is infinite). You can
obtain the ESS either from pairwise invasibility plots or from numerically differentiating the
invasion fitness function. Note that the resident population may go extinct with finite F, and for
low values of s, no dispersal strategy escapes extinction (hence there is no ESS). Once you have
the numerics working, it is straightforward (but optional) to include the possibility that some
adults die before reproduction. This increases the fraction of empty sites and has a considerable
effect on the evolution of dispersal.

Lattice models
9. The contact process. Simulate the contact process on a large lattice with periodic boundaries
in order to estimate the equilibrium density of occupied sites and the minimum birth rate nec-
essary for viability. Reproduce the graph of the equilibrium density as a function of the ratio of
the birth and death rates for 4- and 8-neighbourhoods, and compare with the pair approximation
result discussed in the course.

In the 4-neighbourhood simulation, take a snapshot after equilibrating the process, and com-
pute the frequency of 10 pairs where the 0 site has an occupied neighbour outside the pair
that is (i) directly opposite to the occupied member of the pair (101 in three sites in the same
row/column of the lattice) and (ii) diagonal from the occupied member of the pair (if 10 is in a
row, then the site chosen radomly above or below the 0 member is occupied). The pair approxi-
mation assumes that (i) and (ii) occur at the same frequencies; evaluate, at different ratios of the
birth and death rates, how much this assumption is violated.

10. Competition-colonization trade-off on a lattice. Extend the contact process to model the
possible coexistence of a superior and inferior competitor, assuming that (i) the superior com-
petitor can displace the inferior competitor (as in the Levins-Culver model, a superior offspring
wins against an inferior adult), and (ii) the superior species reproduces locally as in the con-
tact process with 4-neighbourhood, whereas the inferior species reproduces globally such that
its offspring can land on any site with equal probability. The focal question of this model is
whether global reproduction, i.e., the escape from competing with siblings, gives enough ad-
vantage for the inferior species to persist. Hence initially assume that the two species have
identical birth rate b and death rate µ; you can fix µ = 1 without loss of generality. Simulate the
lattice dynamics for different values of b to find whether coexistence occurs or not (recall that
the superior species, due to its local reproduction, goes extinct for b < bcrit ≈ 1.65). Next, show
that the inferior species may coexist with the superior species even if it has a lower birth rate.

11. Evolution of local vs global dispersal on a lattice. Reproduce, with better resolution, the
simulation results of Harada (1999, J. theor. Biol.). The model we have discussed in the course;
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consult the article for details such as parameter values.

Structured metapopulations
12. Evolution of dispersal in a heterogeneous metapopulation. Re-analyze the metapopula-
tion model of Parvinen (2002, J. Math. Biol.) assuming that the patch types differ in only
one parameter at a time. The model we have discussed in the course. Hint: The technically
most demanding step is finding the equilibrium of the resident metapopulation, i.e., solving the
equation

2∑
i=1

pi

∫ ∞

0
q̂i(a)N̂i(a)mda = (α + ν)D̂

for D̂, where N̂i is the solution of

dN̂i(a)
da

= gi(N̂i(a))N̂i(a) − mN̂i(a) + αD̂, N̂i(0) = 0

(note we assume logistic population growth, gi(N) = ri(1−N/Ki)). A useful strategy is to define
the map

ψ(D) =
1

α + ν

2∑
i=1

pi

∫ ∞

0
q̂i(a)N̄i(a)mda

where N̄i is the solution of

dN̄i(a)
da

= gi(N̄i(a))N̄i(a) − mN̄i(a) + αD, N̄i(0) = 0

(the same equation as for N̂i, only using a given D instead of the unknown D̂). The desired
equilibrium D̂ satisfies ψ(D̂) = D̂ (i.e., it is a fixed point of the map ψ). You can evaluate the
map ψ(D) for a range of values for D; the point where the graph of ψ(D) intersects the identity
line is D̂.

Coupled map lattices
13. Coupled logistic maps. Coupled map lattice (CML) models consider discrete-time local dy-
namics coupled via dispersal. This can be done in large lattices, where each site is occupied by
a local population, but here we consider only a 2-patch metapopulation with dispersal between
the two patches. The local dynamics is given by the ”discrete logistic” model

N(t + 1) =

[
1 + r

(
1 −

N(t)
K

)]
N(t)
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Consider two populations connected by dispersal such that at the end of each generation, a
fraction m of the individuals moves to the other population. Before dispersal, we have

Ñi(t) =

[
1 + ri

(
1 −

Ni(t)
Ki

)]
Ni(t)

in population i (i = 1, 2), and the next generation starts after dispersal with densities

N1(t + 1) = (1 − m)Ñ1(t) + mÑ2(t)
N2(t + 1) = mÑ1(t) + (1 − m)Ñ2(t)

The dynamics of this model is very rich. Initially assume r1 = r2 = r and K1 = K2 = K such
that the local dynamics simplifies to

Ñi(t) =

[
1 + r

(
1 −

Ni(t)
K

)]
Ni(t)

which, introducing xi = rNi/(1 + r)K and a = r + 1, is equivalent to the quadratic map

x̃i(t) = a [1 − xi(t)] xi(t)

By numerical simulations of the dynamics, explore the attractors for a grid of initial values
(x1, x2) ∈ (0, 1) × (0, 1) for various values of a and m. Whenever you visualize the dynamics,
disregard the transient (the first 100 or so iterations) and plot the dynamics on the phase plane
with axes x1, x2 (time series are harder to interpret). To guide the analysis, keep in mind the well-
known behaviour of the basic (not coupled) quadratic map; you can expect a stable equilibrium,
2-cycles, 4-cycles etc for increasing values of a in the interval [1, 4]. With coupling between
the two patches, you should see combinations of these known attractors, but also entirely new
types of behaviour. For each value of a, include also m = 0 in the parameter values you explore,
so that you can compare the coupled logistic map with the uncoupled baseline model. For some
parameter combinations with relatively straightforward outcomes, you can also experiment with
deviations from the symmetry assumptions r1 = r2 = r and K1 = K2 = K.
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