
Stability analysis in a nonlinear reaction-diffusion model

with absorbing boundaries

Let n̂(x) be a positive equilibrium of a single-species reaction-diffusion model on [0, L]
with absorbing boundaries,

∂n

∂t
(x, t) = f(n(x, t)) +D

∂2n

∂x2
(x, t), n(0, t) = n(L, t) = 0 ∀t ≥ 0 (1)

To investigate the stability of this equilibrium, we linearize (1) near n̂(x), i.e., substitute
n(x, t) = n̂(x) + δ(x, t) into (1) and neglect the O(δ2) terms. Since the zero-order terms
cancel at n̂(x), this yields

∂δ

∂t
(x, t) = q(x)δ(x, t) +D

∂2δ

∂x2
(x, t), δ(0, t) = δ(L, t) = 0 ∀t ≥ 0 (2)

where q(x) = f ′(n̂(x)) is an x-dependent coefficient in a linear PDE for δ. The equilibrium
n̂(x) is asymptotically stable if δ(x, t) goes to 0 as t→∞ for all x.

Let {u1, u2, ...} be the eigenfunctions of the Sturm-Liouville problem

Du′′(x) + q(x)u(x) = −µu(x)

with absorbing boundaries. Since n̂(x) and therefore q(x) are usually not known explic-
itly, we have no hope to calculate the eigenfunctions explicitly; but we know that n̂ is
continuous, and therefore (for continuously differentiable f) the function q(x) is continu-
ous so that the conditions of the Sturm-Liouville theory are satisfied.

Let us write the unknown function δ in the basis of the eigenfunctions,

δ(x, t) =
∞∑
k=1

ck(t)uk(x).

Substituting into (2), we obtain

∞∑
k=1

c′k(t)uk(x) =
∞∑
k=1

ck(t)[q(x)uk(x) +Du′′k(x)]

Using that each uk satisfies the Sturm-Liouville problem, we can simplify the right hand
side to get

∞∑
k=1

c′k(t)uk(x) = −
∞∑
k=1

ck(t)µkuk(x)
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From here, we proceed as usual. In the equation

∞∑
k=1

[c′k(t) + µkck(t)]uk(x) = 0

we identify [c′k(t) + µkck(t)] as the Fourier-coefficient of the constant zero function, which
must be zero; this gives us the ordinary differential equations c′k(t) = −µkck(t), k = 1, 2, ....
Clearly, each Fourier coefficient of δ(x, t) will go to zero and therefore δ(x, t) will vanish
as t→∞ if all eigenvalues µk (k = 1, 2, ...) are positive.

Recall from the Sturm-Liouville theory that the eigenvalues of a Sturm-Liouville prob-
lem can be ordered as µ1 < µ2 < ...→∞. Hence if µ1, the smallest eigenvalue, is positive,
then all eigenvalues are positive and the equilibrium is stable. Further, we know from the
Sturm-Liouville theory that the eigenfunction u1, which belongs to the smallest eigenvalue
µ1, has no zero in (0, L) and hence it can be chosen such that u1(x) > 0 for all 0 < x < L.

To proceed, we take the following two equations:

(i) f(n̂(x)) +Dn̂′′(x) = 0

(ii) q(x)u1(x) +Du′′1(x) = −µ1u1(x)

The first equation says that n̂ is an equilibrium so that the right hand side of (1) is zero;
the second equation says that u1 satisfies the Sturm-Liouville problem. Multiplying (i)
with u1(x), (ii) with n̂(x), taking the difference of these products and integrating over the
interval [0, L] yields∫ L

0

[f(n̂(x))− q(x)n̂(x)]u1(x)dx+D

∫ L

0

n̂′′(x)u1(x)− u′′1(x)n̂(x)dx = µ1

∫ L

0

u1(x)n̂(x)dx

(3)
The second integral on the left hand side turns out to be zero. Integrating by parts,∫ L

0

n̂′′(x)u1(x)dx = [n̂′(x)u1(x)]L0 −
∫ L

0

n̂′(x)u′1(x)dx∫ L

0

u′′1(x)n̂(x)dx = [u′1(x)n̂(x)]L0 −
∫ L

0

n̂′(x)u′1(x)dx

By the absorbing boundary conditions for n̂ and u1, [n̂′(x)u1(x)]L0 and [u′1(x)n̂(x)]L0 are
both zero and therefore these two integrals are equal, cancelling each other in (3).

Equation (3) thus simplifies to∫ L

0

[f(n̂(x))− q(x)n̂(x)]u1(x)dx = µ1

∫ L

0

u1(x)n̂(x)dx (4)

On the right hand side, both u1(x) and n̂(x) are positive in (0, L), and therefore the
integral is positive. Hence µ1 is positive and the equilibrium is stable if the integral on
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the left hand side is positive.

Since u1(x) > 0, a sufficient (but not necessary) condition for stability is that [f(n̂(x))−
q(x)n̂(x)] is positive for all x. Using that q(x) = f ′(n̂(x)) by definition, this is equivalent
to

f(n̂(x))

n̂(x)
> f ′(n̂(x)) ∀x ∈ (0, L)

or more simply,

f(n)

n
> f ′(n) at least for those values of n that the equilibrium assumes over space

Whether this is true obviously depends on the local population dynamics given by the
function f , and if there are multiple equilibria, then which equilibrium is now considered
to be n̂. This is analogous to ODE models; stability depends on the function(s) describing
the dynamics of the population(s), and if there are several equilibria, then some of them
may be stable and some other not. If the local population dynamics follow the logistic
model f(n) = rn(1 − n), then f(n)/n = r(1 − n) and f ′(n) = r(1 − 2n) so that the
inequality guaranteeing stability is satisfied.
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