
Chapter 3
Introduction to conformal mappings

In this chapter we present briefly some result of complex analysis which are useful
for our theory. We review topics related to harmonicity, e.g. explicit formulas for
Poisson kernels and relation to Brownian motion. We study continuity of conformal
maps up to the boundary and review the distortion estimates.

We assume that the reader is familiar with Complex analysis on the level of
Rudin’s book [6]. This chapter is supplemented by Appendix C.

3.1 Harmonic functions

3.1.1 Mean value property and Poisson kernel

A domain is a non-empty, open and connected set. For a set A, A usually denotes its
closure, whereas the meaning of A∗ denotes on the context, but it is often related to
the complex conjugation of to other reflections. Some domains that we will consider
are the unit disc D = {z ∈ C : |z| < 1}, the exterior of the unit disc D∗ = {z ∈ C :
|z|> 1} and the upper half-plane H= {z ∈ C : Imz > 0}.

Let U be a domain in the complex plane. A twice continuously differentiable
function u : U → R is harmonic if ∆u = 0. A harmonic function u : U → R has
mean-value property in the sense that

u(z) =
1

2π

∫ 2π

0
u(z+ reiθ )dθ (3.1)

for any z∈U and r > 0 such that B(0,r)⊂U . Conversely, if u : U→R is continuous
function that has the mean value property (3.1) for every z ∈U and for every 0 <
r < r0(z) (note that r0(z) can be strictly less than the distance to the boundary), then
u is smooth and harmonic. See, for instance, [4] pp. 210, 218-220.
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40 3 Introduction to conformal mappings

When the mean value property is applied together with a Möbius transforma-
tion,1 the mean value property can be written for any point in the disc (not just for
the center) as an integral over the boundary of the disc. Namely, if u : B(0,R)→ R
is continuous function that is harmonic in B(0,R), then

u(z) =
1

2π

∫ 2π

0

R2−|z|2

|z−Reiθ |2
u(Reiθ )dθ (3.2)

where the quantity

PB(0,R)(z,θ) =
R2−|z|2

|z−Reiθ |2

is called the Poisson kernel in B(0,R). This extends to discs B(z0,R) in an obvious
way by translation.

Similarly in the upper half-plane, if u : H→ R is continuous and bounded and if
u is harmonic in H then u is given in terms of an integral of the Poisson kernel in H
as

u(z) =
1
π

∫
∞

−∞

Imz
|z−ξ |2

u(ξ )dξ (3.3)

for any z ∈H.

3.1.1.1 Harmonic conjugate

The harmonic conjugate of u is any harmonic function v such that f = u+ iv is
holomorphic. If the function v exists, it is unique up to an additive constant. In a
simply connected domains the harmonic conjugate exists. This can be seen from the
Poisson kernel which can be written as

PB(0,R)(z,θ) = Re
Reiθ − z
Reiθ + z

.

Therefore if we take the imaginary part of the complex valued kernel (Reiθ −
z)/(Reiθ + z), then the corresponding integral gives the harmonic conjugate in the
disc. This can be summarized by an explicit formula for f in B(0,R) given u

f (z) =
1

2π

∫ 2π

0

Reiθ + z
Reiθ − z

u(Reiθ )dθ + iC

where C ∈ R is a constant.
In simply connected domains, the harmonic extension via chains of pair-wise

overlapping discs is well-defined and hence v exists in the whole domain U . By
considering −i f = v− iu, we see that −u is the harmonic conjugate of v.

1 Harmonicity is preserved by any holomorphic change of coordinates.
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U

U∗

Fig. 3.1 By the Schwarz reflection principle, if U is a subdomain of the upper half-plane and a
part of the boundary lies on the real axis and if the imaginary part of f : U→C vanishes on J ⊂R,
then f can be extended holomorphically to U ∪ J∪U∗

3.1.2 Schwarz reflection principle

Another consequence of the mean value property characterization of harmonic func-
tions is the Schwarz reflection principle: if f = u + iv is holomorphic in D+ =
B(0,r)∩H and if limz→x v(z) = 0 as z ∈ D+ tends to any x ∈ (−r,r), then f has
a unique holomorphic extension to B(0,r). Namely, v(z) = −v(z) for any z ∈ D−
defines a continuous extension of v to B(0,r) and this extension satisfies the mean
value property in B(0,r). Hence v is smooth and harmonic in B(0,r) and it has a
harmonic conjugate which is unique if we require that f = u+ iv is in D+. Hence f
is well-defined and holomorphic in B(0,r) and satisfies

f (z) = f (z). (3.4)

More generally, if U ⊂ H is a domain and J ⊂ R∩ ∂U is non-empty set such that
each point x ∈ J satisfies the condition that B(x,r)∩H ⊂U for some r > 0 and if
f : U → C is holomorphic function such that limIm f (z) = 0 as z tends to J, then
there exists a unique holomorphic extension of f to U ∪ J ∪U∗ and the extension
satisfies (3.4). Here U∗ is the reflection of U with respect to the real axis.

3.1.3 Harmonicity and complex Brownian motion

Under suitable conditions on the domain U and on the function h : U→R harmonic
in U and its boundary values φ = h|∂U , the function h can be represented using the
complex Brownian motion as

h(z) = Ez[φ(Bτ)]

where τ is the exit time of (Bt)t∈R≥0 from U and Ez is the expected value with
respect to the law of the complex Brownian motion (Bt)t∈R≥0 sent from z.
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Lemma 3.1. Let U be a domain and h : U → R be a bounded continuous function
such that h is harmonic in U. Let Pz be the law of a complex Brownian motion
(Bt)t∈R≥0 started from z ∈U and Ez be the corresponding expected value. Assume
that τ = inf{t ∈ R≥0 : Bt /∈U} is almost surely finite. Then h(Bt∧τ) is a bounded
continuous martingale and

h(z) = Ez [h(Bτ)] .

Proof. The fact that Mt = h(B(z)
t∧τz) is a local martingale follows from Itô’s formula

similarly as in the proof of the conformal invariance of Brownian motion. Since h is
bounded, Mt is a bounded continuous martingale and we can use optional stopping
to show that M0 = E[Mτz ]. ut

3.2 Conformal maps

Definition 3.1. A map f : U→C is a conformal map if and only if it is holomorphic
and injective. A univalent function is the same as a conformal map.

When a map f : U →U ′ is conformal and onto, i.e., f is conformal and f (U) =
U ′, we state explicitly the fact that the map is onto.

If f is conformal, locally near z0, we have the absolutely convergent expansion

f (z) = f (z0)+ f ′(z0)(z− z0)+ . . .

It is necessary that f ′(z0) 6= 0 based on the expansion, otherwise f wouldn’t be in-
jective near z0. Thus if we ignore the small correction of order |z− z0|2, locally the
map f translates z0 to f (z0), rotates around that point by multiplying by the complex
number (of unit modulus) f ′(z0)/| f ′(z0)| and scales by the factor | f ′(z0)|. The intu-
itive definition of a conformal map is that it is a map that is locally a combination
of translation, rotation and scaling.

If f : U→C is holomorphic and f ′(z0) 6= 0, then it is continuously invertible near
z0 and the inverse is holomorphic, [4] p. 165. Therefore the inverse of a conformal
map is conformal.

However, the fact that f ′ 6= 0 everywhere is not sufficient for f to be injective
globally. For example, consider the map z 7→ z2 in the domain C\{0}. Its derivative
is non-zero everywhere, but it is not injective because z2 = (−z)2.

Example 3.1. The most elementary examples of conformal maps are the Möbius
maps, which can be interpreted as the conformal self-maps of the Riemann sphere
Ĉ = C∪{∞}. As linear fractional transformations they map any circle of the Rie-
mann sphere onto a circle. Let’s recall that the conformal self-maps of the upper
half-plane H = {z ∈ C : Imz > 0} and the conformal maps from the upper-half
plane H onto the unit disc D= {z ∈ C : |z|< 1} are Möbius maps and of the form2

2 In the first map, either a or b can be ∞. In that case, take the corresponding limit of the expression
which is normalized in such a way that the limit is finite for fixed λ .



3.2 Conformal maps 43

z 7→ λ
a−b

a2
z−a
z−b

, z 7→ ν
z−w
z−w

,

respectively, where λ > 0, a,b ∈ R with a 6= b, ν ∈ T = ∂D and w ∈ H. See also
Appendix C.

3.2.1 Riemann mapping theorem

The Riemann mapping theorem establishes existence of conformal maps between
simply connected domains.

A domain U ⊂ C is simply connected if its complement Ĉ \U in the Riemann
sphere is connected. For example S = {z ∈ C : 0 < Imz < 1} is simply connected
because the parts Imz ≤ 0 and Imz ≥ 1 can be connected through infinity. An
equivalent definition of simply connectedness is that each closed loop in U is null-
homotopic, that is, each loop can be continuously shrunk to a trivial loop. See [6]
for more details.

Theorem 3.1 (Riemann mapping theorem). Suppose U ⊂C is a simply connected
domain other than C and w ∈U. Then there exist a unique conformal map f from
U onto D such that f (w) = 0 and f (w)> 0.

The proof can be found for instance from [6].

Remark 3.1. All the other conformal maps from U onto D are obtained by compos-
ing f with a Möbius self-map of the disc.

Remark 3.2. Notice that if U ⊂ Ĉ is a simply connected domain and w /∈U , then the
image Ũ of U under z 7→ 1/(z−w) is bounded. Therefore Ũ is a subset of C. Con-
sequently, by the Riemann mapping theorem, if U1,U2 ⊂ Ĉ are simply connected
domains and Ĉ\Uk contains at least two distinct points for k = 1,2, then there ex-
ists a conformal map from U1 onto U2 and we say that U1 and U2 are conformally
equivalent.

3.2.2 Continuity up to the boundary

In this section, we follow Ahlfors [1] and Pommerenke [5], see also [2].
Let’s first see what type of continuity up to the boundary follows from the fact

that φ is a homeomorphism, that is, a continuous map with a continuous inverse.
For that purpose, we define what we mean when we say that a sequence or a

curve tends to the boundary domain. Let U be a non-empty open set, zn ∈ U a
sequence and γ : [0,1)→U a curve. Remember that a curve in a topological space
X is a continuous map from an interval of R into X . We say that (zn) or γ(t) tends
to the boundary if (zn) or γ(t) will stay eventually away from any point in U , more
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f−−−−→

(a) If f : U → U ′ is a homeomorphism and γ(t) is
a curve that tends to the boundary, then the image
f (γ(t)) tends to the boundary. However, it is not al-
ways true that f (γ(t)) extends continuously to its end
point, not even when γ extends continuously to its
end point.

c1

c2

(b) Schwarz reflection
principle can be applied
in those boundary arcs
that are straight line
segments and away
from other parts of the
boundary.

Fig. 3.2 By Theorems 3.2 and 3.3 conformal map maps boundary to boundary and extends con-
tinuously and injectively to a piece of boundary which is a straight line segment, an arc of a circle
or an analytic curve.

formally, for each z ∈U there exist ε(z)> 0 and n0(z) ∈ N such that |z− zn| ≥ ε(z)
for n≥ n0(z) or there exist ε(z)> 0 and 0≤ t0(z)< 1 such that |z− γ(t)| ≥ ε(z) for
t0(z)≤ t < 1.

The discs B(z,ε(z)) form an open covering of U and for any compact K ⊂ U
there is a finite subcover. Hence we see that zn or γ(t) will stay eventually away
from any compact K ⊂U in the sense that there exist n0(K) ∈ N and 0≤ t0(K)< 1
such that zn /∈ K for n ≥ n0(K) and γ(t) /∈ K for t0(K) ≤ t < 1. After noticing this
the following theorem is almost trivial.

Theorem 3.2. Let U and U ′ be non-empty open subsets of C and let f : U→U ′ be a
homeomorphism. If (zn) or γ(t) tends to the boundary of U, then ( f (zn)) or f (γ(t))
tends to the boundary of U ′.

Proof. Let K ⊂U ′ be compact. Then by continuity of f−1, the set f−1(K) is com-
pact and there is n0 ∈ N and 0 ≤ t0 < 1 such that zn /∈ f−1(K) for n ≥ n0 and
γ(t) /∈ f−1(K) for t0 ≤ t < 1. Therefore f (zn) /∈ K for n ≥ n0 and f (γ(t)) /∈ K for
t0 ≤ t < 1. The claim follows by taking K to be a closed ball. ut

Next we state and prove a theorem based on the Schwarz reflection principle that
gives the continuity of f to the boundary arcs which are straight line segments.

Suppose that the boundary of U contains an open straight line segment c. By
applying rotation and translation, we can assume that c is the interval a < x < b
on the real line. Suppose also that every point on c has an open neighborhood in
C whose intersection with the whole boundary ∂U is the same as with the arc c.
By this assumption each point in c is now a center of a disc whose diameter is a
subset of c, and which c divides in to two half-discs which are either completely
inside or outside of U . Notice that at least one of the half-discs is inside U . Since c



3.2 Conformal maps 45

is connected, the property, whether one or two half-discs are inside U , is the same in
each point. Therefore we can name these cases as one-sided free arc and two-sided
free arc. See Figure 3.2(b) where c1 and c2 are one-sided free arcs.

Theorem 3.3 (Schwarz reflection principle for conformal maps). Let U be a do-
main with one-sided free arc c. Then any conformal onto map f : U → D can be
extended to a holomorphic and injective map on U ∪ c. The image of c is an arc c′

on the unit circle ∂D. Furthermore, if we apply the same extension to two or more
one-sided free arcs, then the resulting extension is holomorphic and injective.

Proof. Let c be one-sided free arc and x ∈ c and D a half-disc neighborhood of x
which is contained in U . We can assume that the point f−1(0) is not in D by choos-
ing smaller D if necessary. Then log f (z) has single valued branch in D and its real
part tends to 0 as z ∈D tends to c, because by the previous theorem | f (z)| goes to 1.
Therefore by the Schwarz reflection principle (3.4), log f (z) has holomorphic exten-
sion to D∪ c∪D∗ where D∗ is the reflection of D with respect to R. Therefore f (z)
can be extended holomorphically to a disc around z. The extensions in overlapping
disc must coincide and therefore f has holomorphic extension to c and | f (z)| = 1
when z ∈ c. Call the neighborhood of c which lies outside U as U−. Then f is now
defined on U ∪ c∪U−.

Clearly the extension is one-to-one if we manage to prove that f (x) 6= f (x′) for
any x,x′ ∈ c, x 6= x′ after all in | f | < 1 in U , | f | = 1 on c and | f | > 1 in U− and
in addition in U−, f is by construction one-to-one. Assume that for some x,x′ ∈ c,
x 6= x′, f (x) = f (x′). We can assume that f (x) = 1.

Notice that f ′(x) 6= 0 and f ′(x′) 6= 0. Otherwise f (z) = c0 + cn(z− x)n + . . .
around x, say, where n ≥ 2 and cn 6= 0. The interval (1− ε,1] would have n fold
preimage under f and those paths would meet at angles 2π/n at x or x′. Since n≥ 2,
at least one of them would intersect with D∗ which leads to a contradiction. Thus
f ′(x) 6= 0 and f ′(x′) 6= 0 and f is locally holomorphically invertible near x and x′.
A similar argument shows that any neighborhoods of x and x′ are intersected by
f−1({1− ε}) for small ε > 0. This leads to a contradiction with the injectivity of f
in U . The last claim follows from the same argument. ut

Remark 3.3. The previous theorem has a modification for c which is an arc of a circle
or more generally for c which is an image of line segment under a holomorphic map
(c is called an analytic arc).

A compact set A ⊂ C is said to be locally connected if for every ε > 0 there is
δ > 0 such that for any two points a,b ∈ A with |a− b| < δ , there exist a closed
connected set B with a,b ∈ B ⊂ A and diamB < ε . For non-bounded closed A ⊂
Ĉ, we could adjust this definition and the next theorem by defining metric on the
Riemann sphere Ĉ that makes Ĉ a compact space.

Theorem 3.4. Let U ⊂ C be a bounded domain. A conformal onto map f : D→U
extends continuously to D∪∂D if and only if ∂U is locally connected.

For the proof, see Appendix C.
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If f : D→U is as in the previous theorem and if it extends continuously to the
boundary, then ∂U is a closed curve that can be parametrized as θ 7→ f (eiθ ). On the
other hand, any closed curve is locally connected. Hence f extends continuously to
the boundary if and only if the boundary is a curve. Clearly this extension is injective
if and only if θ 7→ f (eiθ ) is a simple curve. Hence the previous theorem implies that
f extends to a continuous and injective map from D onto U if and only if U is a
Jordan domain.3 In fact, the inverse map is in that case continuous to the boundary
and any conformal map between two Jordan domains extends to a homeomorphism
between their closures.

3.2.3 Schwarz–Christoffel maps

Conformal mappings that map the unit disc or the upper half-plane onto the interior
of a polygon form a useful class of conformal mappings, because they have fairly
explicit formulas. If a point p is mapped to a vertex of the polygon with interior an-
gle απ , the map looks locally like a constant times (z− p)α . The following theorem
gives the precise statement.

Theorem 3.5. Let U be the interior of a polygon γ with vertices w1,w2, . . . ,wn and
interior angles α1π,α2π, . . . ,αnπ . Then any conformal and onto map f : H→ U
with f (∞) = wn is of the form

f (z) =C1 +C2

∫ z n−1

∏
k=1

(ζ − zk)
αk−1dζ (3.5)

where C1 and C2 are constants and wk = f (zk), k = 1,2, . . . ,n−1.

The proof is presented in Appendix C. The formula (3.5) is called the Schwarz-
Christoffel formula.

Example 3.2. Let n = 3 and αk = 1/3 for all k = 1,2,3. Suppose that z1 = 0, z2 = 1
and z3 = ∞. Then any conformal map from H onto an equilateral triangle T such
that z1,z2,z3 are mapped to the vertices T , is of the form

f (z) =C1 +C2

∫ z
ζ
− 2

3 (ζ −1)−
2
3 dζ .

The pair of constants C1,C2 corresponds to the position, orientation and size of T .

Example 3.3. Let n = 4 and αk = 1/2 for all k = 1,2,3,4. Suppose that z1 = 0,
z2 = x∈ (0,1), z3 = 1 and z4 = ∞. Then any conformal map from H onto a rectangle
R such that z1,z2,z3,z4 are mapped to the vertices R, is of the form

f (z) =C1 +C2

∫ z
ζ
− 1

2 (ζ − x)−
1
2 (ζ −1)−

1
2 dζ .

3 A curve is Jordan if it is simple closed curve. A domain is Jordan if it’s boundary is Jordan curve.
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The pair of constants C1,C2 still corresponds to the position, orientation and size of
R. The value of z2 = x is treated as a parameter and it in one-to-one correspondence
with the aspect ratio of R.

3.3 From Area theorem to distortion

In this section we present some classical result about the following two classes of
functions:

Definition 3.2. The class S consists of all holomorphic and univalent functions in D
such that

f (z) = z+a2z2 +a3z3 + . . . , |z|< 1. (3.6)

The class Σ consists of all holomorphic and univalent functions in D∗ = {z ∈ C :
|z|> 1} such that

g(z) = z+b0 +b1z−1 +b2z−2 + . . . , |z|> 1. (3.7)

Notice that if f ∈ S, then

g(z) = 1/ f (z−1) = z−a2 +(a2
2−a3)z−1 + . . . (3.8)

belongs to Σ and g(z) 6= 0 for all z ∈ D∗. Conversely if g belongs to Σ and g(z) 6= 0
for all z ∈ D∗, then

f (z) = 1/g(z−1) = z−b0z2 +(b2
0−b1)z3 + . . .

belongs to S.
The area of a bounded domain U , whose boundary is a smooth curve, can be

computed as Area(U) = 1
2
∫

∂U xdy−ydx = 1
2i
∫

∂U wdw. This is a consequence of so
called Green’s theorem which is a special case of Stokes’ theorem for two dimen-
sions. If g ∈ Σ and we apply formula for the area inside θ 7→ g(reiθ ), r > 1, we get
the formula

Area(C\g(D∗)) = π

(
1−

∞

∑
n=1

n|bn|2
)
.

The reader can verify the details or see [3], p. 29, for the proof. The next theorem
follows immediately from the area formula.

Theorem 3.6 (Area theorem). For any g ∈ Σ ,

∞

∑
n=1

n|bn|2 ≤ 1
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0
f−−−−→

0

Fig. 3.3 A map f from D into D can be studied by the Loewner equation in D by defining a curve
that first goes from ∂D to ∂ f (D) and then follows the boundary of the image domain ∂ f (D).

If f ∈ S and the coefficients are as in (3.6), then there exists odd function4 h ∈ S
such that h(z) =

√
f (z2) and

h(z) = z+
1
2

a2z3 + . . .

The function h can be constructed as follows: The function φ(z) = log( f (z)/z) has
single-valued branch in D, because f (z)/z is holomorphic and doesn’t have zeros
in D. Choose the branch for instance so that φ(0) = 0. Hence f (z) = zexpφ(z) and
h(z) = zexp(φ(z2)/2) is in S and satisfies the required properties. Therefore (3.8)
and the Area theorem imply that for any f ∈ S

|a2| ≤ 2. (3.9)

The result (3.9) is called Bieberbach’s theorem and it is a special case of the follow-
ing famous and difficult theorem.

Theorem 3.7 (Bieberbach conjecture – de Branges theorem). For any f ∈ S,
|an| ≤ n, n = 2,3, . . .

Remark 3.4 (A historical remark). In 1923, Charles Loewner (his birth name was
Karel Löwner in Czech and he used also the name Karl Löwner as a German ver-
sion of his name) was studying the Bieberbach conjecture in the paper where he
introduced the Loewner equation. He was studying conformal maps from the unit-
disc, and therefore he introduced the Loewner equation in D (for maps ft : D→Dt )
where it is written as

∂t ft(z) = f ′t (z)z
z+ eiUt

z− eiUt

for a conformal map ft from D onto a simply connected domain Dt ⊂ D, 0 ∈ Dt ,
normalized by the expansion near 0

4 The function h is odd if h(−z) =−h(z).
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ft(z) = e−tz+ . . .

The Loewner equation holds, for instance, when Dt =D\γ((0, t]) where γ : [0,T ]→
C is a simple curve with γ(0) ∈ ∂D and γ((0,T ]) ⊂ D. The function t 7→Ut is real
and continuous.

Let 0 ∈ D̂ ⊂ D be a simply connected domain. By approximation we can al-
ways assume that the boundary of D̂ is a simple curve. By considering a curve γ(t),
t ∈ [0,T ], as in Figure 3.3 which first follows a curve from ∂D to ∂ D̂ (a line seg-
ment, say) and then follows ∂ D̂ in counterclockwise direction, say, we can use the
Loewner equation to study the conformal map φ from D onto D̂ satisfying φ(0) = 0,
φ ′(0)> 0, because φ = fT . Using this approach Charles Loewner was able to show
that for any f ∈ S (which has an expansion of the form (3.6))

|a3| ≤ 3

which is another special case of the Bieberbach–de Branges theorem.

3.3.1 Further consequences of Bieberbach’s theorem

One of the consequences Bieberbach’s theorem (3.9) is the following. Let’s use
dist(x,A) to denote the Euclidian distance from a point x to a set A.

Theorem 3.8 (Koebe 1/4 theorem). Let f ∈ S and U = f (D) then

1
4
≤ dist(0,∂U)≤ 1

Proof. Let f ∈ S and w /∈ f (D). Suppose that the expansion of f is given by (3.6).
Then w 6= 0 and the map

g(z) =
w f (z)

w− f (z)
= z+

(
a2 +

1
w

)
z2 + . . .

is holomorphic and univalent in D. The details are left to the reader. Thus by Bieber-
bach’s theorem (3.9), 1/|w| − |a2| ≤ |1/w− a2| ≤ 2 and consequently, 1/|w| ≤ 4,
which gives the lower bound.

Let d = dist(0,∂U). Define a conformal map h from D into D by h(z) = f−1(d z).
Now h′(0) = d/ f ′(0) = d and by the Schwarz lemma |h′(0)| ≤ 1. ut

To apply Bieberbach’s theorem (3.9) to a less restricted class of functions, define
for any f univalent in D and for any w ∈ D a function

h(z) =
f
( z+w

1+wz

)
− f (w)

(1−|w|2) f ′(w)
= z+

(
1
2
(1−|w|2) f ′′(w)

f ′(w)
−w
)

z2 + . . .
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We leave as an exercise to verify the expansion. Since h ∈ S, this expansion and
(3.9) imply the following result.

Proposition 3.1. If f maps D conformally into C and if z ∈ D then∣∣∣∣(1−|z|2) f ′′(z)
f ′(z)

−2z
∣∣∣∣≤ 4.

The previous result can be integrated (see [3], p. 32) to give Koebe’s theorem,
a result which, for example, tells how f distorts circles θ 7→ reiθ . The first of the
inequalities tells that θ 7→ f (reiθ ) lies between two particular circles centered at
f (0) and the second inequality tells that the length of this curve is bounded from
below and from above by certain constants.

Theorem 3.9 (Koebe distortion theorem). If f maps D conformally into C and if
z ∈ D then

| f ′(0)| |z|
(1+ |z|)2 ≤ | f (z)− f (0)| ≤ | f ′(0)| |z|

(1−|z|)2

| f ′(0)| 1−|z|
(1+ |z|)3 ≤ | f

′(z)| ≤ | f ′(0)| 1+ |z|
(1−|z|)3

3.4 Harmonic measure

Recall the representation of harmonic functions using a Brownian motion of Sec-
tion 3.1.3. Because such functions with piecewise constant boundary values are so
important, we give such a function here a name.

Let U is a simply connected domain in C with a non-empty, locally connected
boundary. Let φ : U → D is a conformal and onto map.

Definition 3.3. Let z ∈ U and E ⊂ ∂U a Borel set. Then harmonic measure of E
relative to U seen from z is defined as

HM(z,E,U) = HM(w,φ−1(E),D) =
1

2π

∫
φ−1(E)

1−|z|2

|z− eiθ |2
dθ

Remark 3.5. The function z 7→ HM(z,E,U) is harmonic in U and tends to one as
z tends to an interior (with respect to ∂U) point of E and to zero as z tends to
an interior point of ∂U \E. This observation leads to generalizations of the con-
cept of harmonic measure to non-simply connected domains. For general domains,
HM(z,E,U) can be defined as supremum over h(z) where h is harmonic with con-
tinuous boundary values f = h|∂U such that f ≤ 1 on E and f = 0 on Ω \E.

Remark 3.6. If the boundary is non-simple and we wish to separete the “left-
hand and right-hand sides” of boundary points point we can use the formula
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HM(w,φ−1(E),D) to do so. In this approach, the points in ∂D parametrize ∂Ω

and a generalized boundary point (also called prime end) is basically an equiva-
lence class of convergent sequences zn tending to the boundary of Ω such that φ(zn)
converges. Two sequences zn and wn are equivalent if φ(zn) and φ(wn) tend to the
same limit point in ∂D.

Lemma 3.2 (Weak Beurling estimate). There exist constant α > 0 and C > 0 such
that the following holds: Let D = D\ γ[0,1) where γ : [0,1)→ D be a simple curve
with γ(0) = 0 and limt↗1 |γ(t)|= 1. Let Pz be the law of complex Brownian motion
(Bt)t∈R+ send from z ∈ D and let τ be its exit time from D. Then for any z ∈ D

Pz[|Bτ |= 1]≤C|z|α

Remark 3.7. The result is called weak since the proof below only gives that there is
some exponent α > 0. It doesn’t give the optimal exponent which is α = 1/2.

Proof. Consider a complex brownian motion send from w ∈ C with |w|= 2 and let
σ = inf{t ∈ R+ : |Bt |= 1 or 4}. By rotational invariance of the complex Brownian
motion

q = Pw[B([0,τ]) contains a loop around 0]

is independent of w. Now q> 0 follows from a more general fact that the probability
that d-dimensional Brownian motion follows any given continuous path with a given
precision up to a given time is positive.

Let ρ = |z|. Now if |Bτ | = 1 then the Brownian motion Bt ,0 ≤ t ≤ τ , will hit
the circles of radii rk = ρ 2k, k = 0,1,2, . . . ,n0(ρ) centered at 0 where n0(ρ) is the
largest integer n such that ρ 2n ≤ 1. Denote the hitting times of those circles by
Tk, k = 0,1, . . . ,n0(ρ). If for some k = 0,1, . . . ,n0(ρ)−1, Bt , t ≥ Tk, makes a loop
around 0 before hitting the circles of radii rk−1 or rk+1, then the Brownian motion
hits ∂D and |Bτ |< 1. Apply the strong Markov property for Tk, k = 0,1, . . . ,n0(ρ)−
1, to show that

Pz[|Bτ |= 1]≤ (1−q)n0(ρ).

Then note that n0(ρ) > (log(1/ρ))/(log2)− 1 and hence the claim holds for C =
1/(1−q) and α = (log1/(1−q))/(log2). ut

References

1. Ahlfors, L.V.: Complex analysis. an introduction to the theory of analytic functions of one
complex variable. McGraw-Hill Science/Engineering/Math (1979)

2. Ahlfors, L.V.: Conformal Invariants: Topics in Geometric Function Theory. American Mathe-
matical Society (2010)

3. Duren, P.L.: Univalent functions. Springer (1983)
4. Greene, R.E., Krantz, S.G.: Function theory of one complex variable, Graduate Studies in

Mathematics, vol. 40, third edn. American Mathematical Society, Providence, RI, Providence,
Rhode Island (2006)



52 3 Introduction to conformal mappings

5. Pommerenke, C.: Boundary Behaviour of Conformal Maps. Springer Verlag (2010)
6. Rudin, W.: Real and complex analysis, third edn. McGraw-Hill Book Co., New York (1987)


	Introduction
	Iteration of conformal maps and Schramm–Loewner evolution
	On stochastic models and connection to statistical physics
	Random walk and Brownian motion
	Ising model and other statistical physics models
	Conformal invariance of the scaling limits

	An example: Cardy's formula
	Percolation model, crossing events and the critical parameter
	Cardy's formula from SLE(6)

	On reading this book
	References

	Introduction to stochastic calculus
	Brownian motion
	Quadratic variation of Brownian motion

	Stochastic integration
	Stochastic integral as L2-extension
	Stochastic integral as a process

	Itô's formula
	Itô's formula for a Brownian motion
	Itô's formula for semimartingales

	Further topics in stochastic calculus
	When is a semimartingale a local martingale?
	Time-changes
	Stochastic differential equations

	Conformal invariance of two-dimensional Brownian motion
	References

	Introduction to conformal mappings
	Harmonic functions
	Mean value property and Poisson kernel
	Schwarz reflection principle
	Harmonicity and complex Brownian motion

	Conformal maps
	Riemann mapping theorem
	Continuity up to the boundary
	Schwarz–Christoffel maps

	From Area theorem to distortion
	Further consequences of Bieberbach's theorem

	Harmonic measure
	References

	Loewner equation
	Conformal maps of the upper half-plane
	Half-plane capacity
	Growing families of hulls

	Loewner chains
	Loewner equation holds for simple curves
	Solving Loewner equation with a continuous driving term

	References

	Schramm–Loewner evolution
	Schramm–Loewner evolution and its elementary properties
	Introduction
	Schramm's principle
	Definition of SLE as a stochastic Loewner chain
	Elementary properties of SLE
	SLE in a general simply-connected domain

	Advanced properties of SLE
	SLE is generated by a curve
	Phases of SLE
	Dimension of SLE

	Proofs of some of the advanced properties
	SLE and Bessel processes
	Phase transition from simple to non-simple curve at =4
	Transience for (0,4]
	Phase transition of distance from a point to  at =8
	Phase transition of (z) at =4
	One-point function of SLE()
	Dimension of SLE

	Variants of SLE
	Radial SLE
	Dipolar SLE[,]
	Coordinate changes and SLE(,)
	Special parameters values of SLE(,)
	The reverse flow of the chordal SLE

	Moments of the derivative of the Loewner map of SLE()
	The setup and useful formulas
	The martingale argument for the expectation of the moments

	References

	Regularity and convergence of random curves
	Continuity properties of the Loewner map
	Carathéodory kernel convergence
	Mappings W f and W g
	The mapping g
	The mapping W
	The mapping W 

	Continuity of SLE()
	Existence of the trace for Loewner chains
	Proof of Theorem 5.2

	References
	Similar results
	Simulation of SLE()
	Related results on modulus of continuity

	Convergence of interfaces in the site percolation model
	Background on lattice models
	Convergence of random curves
	A probability bound on multiple crossings of open paths in the percolation
	Annuli, extremal length and distortion estimates
	Analysis of tortuosity
	The percolation interface has the tempered crossing property
	Description of the percolation interface scaling limit as a Loewner evolution
	Cardy–Smirnov formula for a crossing probability in the percolation
	The characterization of the percolation interface scaling limit


	Supplementary material on probability theory
	Basics of probability theory
	Measure theory
	Probability theory

	Conditional expected value
	Martingales
	Stopping times and optional stopping
	References
	Supplementary results and proofs

	Supplementary material on stochastic calculus
	Usual conditions
	Strong Markov property
	Lemma on approximation by simple processes in L2
	Lemma on pathwise interpretation of stochastic integral
	Itô's formula for Brownian motion
	Quadratic variation of a stochastic integral
	When is a semimartingale a martingale?
	Stochastic differential equations
	References
	Change of measure

	Supplementary material on complex analysis
	Basics of complex and harmonic function theory
	Möbius maps

	Continuity up to the boundary
	Schwarz–Christoffel maps
	References

	Supplementary material on convergence of random curves
	The mapping g
	Modulus of continuity of  when W E,T',
	Hölder continuity of SLE()

	(REMOVE) Removed sections
	Index

