
Lecture 14: Diffusions in domains with boundaries

1 Introduction

We present an informal discussion of the admissible boundary conditions that a diffusion process may satisfy on a
domain with boundaries. The discussion is informal inasmuch we proceed constructively by assuming that drift and
diffusion are smooth and guarantee existence and uniqueness of the transition probability density. Hence, the only
requirement for the boundary conditions is consistency with the Markov property.

The present hand-out is a complement for § 4.2-4.3 of [1].

2 Differential form of the Chapman–Kolmogorov equation

Markov property for t ∈ [0, T ] implies that the transition probability density of a diffusion must obey the Chapman–
Kolmogorov equation

p(x2, t2 |x1, t1) =

∫
S
ddx p(x2, t2 |x, t) p(x, t |x1, t1) (2.1)

for any t1, t, t2 ∈ [0, T ] such that

0 ≤ t1 ≤ t ≤ t2 ≤ T

We suppose that the diffusion process has generator

Lx ≡ b(x, t) · ∂x +
1

2
D(x, t) : ∂x ⊗ ∂x (2.2)

with drift and b and diffusion D such to justify the manipulations which follow. We refer to [1] for a precise formula-
tion of these conditions.

We wish to inquire which boundary conditions are compatible with the Markov property if the process is defined
on a state space S ⊂ Rd where S is a (as well sufficiently regular!) subset of Rd. We proceed constructively, by
calculation.

By hypothesis the left hand side of (2.1) must be independent of the intermediate time t. Then the compatibility
condition

0 = ∂tp(x2, t2 |x1, t1) =

−
∫
S
ddx [(Lxp)(x2, t2 |x, t) p(x, t |x1, t1) + p(x2, t2 |x, t) ∂tp(x, t |x1, t1)] (2.3)

must hold true. Under our working assumptions we are free to perform integrations by parts. We notice that∫
S
ddx b(x, t) · (∂xp)(x2, t2 |x, t) p(x, t |x1, t1)

=

∫
∂S

dd−1x b(x, t) · n(x, t) p(x2, t2 |x, t) p(x, t |x1, t1)

−
∫
S
ddx p(x2, t2 |x, t) ∂x · b(x, t)p(x, t |x1, t1)
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In this last expression ∂S stands for the boundary of S and n the unit vector orthogonal to the tangent plane at any
point of ∂S. The orientation of n always points outwards S. Finally derivatives acts on everything on their right unless
explicitly restrained by brackets.

Similarly, we obtain∫
S
ddxD(x, t) : (∂x ⊗ ∂xp)(x2, t2 |x, t) p(x, t |x1, t1)

=

∫
∂S

dd−1xD(x, t) : n(x, t)⊗ (∂xp)(x2, t2 |x, t) p(x, t |x1, t1)

−
∫
∂S

dd−1x p(x2, t2 |x, t)n(x, t)⊗ ∂x : D(x, t)p(x, t |x1, t1)

+

∫
S
ddx p(x2, t2 |x, t) ∂x ⊗ ∂x : D(x, t)p(x, t |x1, t1)

Using these two equalities, we couch (2.3) into the differential form

0 =

∫
∂S

dd−1xD(x, t) : n(x, t)⊗ (∂xp)(x2, t2 |x, t) p(x, t |x1, t1)

−
∫
∂S

dd−1x p(x2, t2 |x, t)n(x, t) ·
(
b(x, t)p(x, t |x1, t1)−

1

2
∂x · D(x, t)p(x, t |x1, t1)

)
+

∫
S
ddx p(x2, t2 |x, t)

(
∂tp(x, t |x1, t1) + ∂x · b(x, t)p(x, t |x1, t1)−

1

2
∂x ⊗ ∂x : D(x, t)p(x, t |x1, t1)

)
This equation must vanish independently of x1,x2 ∈ S: we must discuss the three addends on the right hand side
separately.

3 Fokker–Planck (forward Kolmogorov) equation and boundary conditions for the
transition probability density

Definition 3.1. We refer to

∂tρ(x, t) + ∂x · b(x, t)ρ(x, t)−
1

2
∂x ⊗ ∂x : D(x, t)ρ(x, t) = 0 (3.1)

as the Fokker–Planck equation governing the evolution of a probability density ρ.

3.1 Volume integral

The volume integral in (2.4) vanishes independently of x1,x2 ∈ S and t2, t1 ∈ [0, T ] if the transition probability
density satisfies in the interior of S

∂tp(x, t |x1, t1) + ∂x · b(x, t)p(x, t |x1, t1)−
1

2
∂x ⊗ ∂x : D(x, t)p(x, t |x1, t1) = 0 (3.2)

complemented by the time boundary condition

lim
t↓t1

p(x, t |x1, t1) = δ(d)(x− x1) x ,x1 ∈ S

Hence, for any point with coordinate x in the interior of S, L†x acts on the transition probability density as the
differential operation

L†x|S = −∂x · b(x, t) +
1

2
∂x ⊗ ∂x : D(x, t)
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3.2 Surface integrals

The two surface integrals impose independent conditions on the transition probability density regarded as a function
of the conditioning p(·|x, t) and conditioned p(x, t|·) events. Cases of special interests are those occurring when we
can satisfy (2.4) by imposing

1. Reflecting (Robin) boundary conditions: for all x ∈ S

n(x, t) ·
(
b(x, t)p(x, t |x1, t1)−

1

2
∂x · D(x, t)p(x, t |x1, t1)

)
= 0

and

D(x, t) : n(x, t)⊗ ∂xp(· |x, t) = 0

2. Absorbing (Dirichlet) boundary conditions:

p(· |x, t) = p(x, t | ·) = 0

It is worth emphasizing that absorbing and reflecting boundary conditions are not the only ones possible. We can, of
course, consider mixed boundary conditions whereby part of ∂S is absorbing and part of it is reflecting. Furthermore,
if ∂S is an hyper-cube of linear size equal to the spatial periodicity of the drift and diffusion in (2.2), we can satisfy
(2.4) by imposing periodic boundary conditions. We will, however, restrict the focus here to reflecting and absorbing
boundary conditions.

4 Boundary conditions for special solutions of the Kolmogorov pair

The transition probability density specifies the fundamental solution of the diffusion problem. This means that under
our hypotheses from an initial probability density

ρ(x, 0) = ρo(x)

we can construct the special solutions of the Fokker–Planck (forward Kolmogorov) equation

(∂t − L†x|S)ρ(x, t) = 0 (4.1a)

ρ(x, 0) = ρo(x) (4.1b)

as

ρ(x, t) =

∫
S
ddy p(x, t |y, 0)ρo(y)

if p satisfies (3.2). Similarly, we can write the solution of the backward Kolmogorov equation

(∂t + Lx)F (x, t) = 0 (4.2a)

F (x, T ) = f(x) (4.2b)

as

F (x, t) =

∫
Rd

ddy f(y) p(y, T |x, t)

The discussion of section 3 implies that on a bounded domain solutions of the forward and backward Kolmogorov
equations are (under the regularity hypotheses we are always assuming here, see [1] for details) uniquely specified
only if we complement (4.1), (4.2) with spatial boundary conditions for x ∈ ∂S.
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Definition 4.1. We associate to the probability density ρ(x, t) the probability current

J(x, t) = b(x, t) ρ(x, t)− 1

2
∂x · D(x, t)ρ(x, t)

After imposing (3.2) and integrating over f , ρo (2.4) reduces to

0 =

∫
∂S

dd−1xD(x, t) : n(x, t)⊗ (∂xF )(x, t) ρ(x, t)−
∫
∂S

dd−1xF (x, t)n(x, t) · J(x, t)

4.1 Reflecting boundary conditions

4.1.1 Forward Kolmogorov equation

Reflecting boundary conditions transduce into the condition

n(x, t) · J(x, t) = 0 ∀x ∈ ∂S

that must be satisfied by any probability density evolving according to the forward Kolomogorov equation (4.1).
The condition has a direct probabilistic interpretation. In order to evince it, we first notice that in terms of the

probability current (4.1a) becomes

∂tρ+ ∂x · J = 0

In the physics literature an equation of this form is called a continuity equation. It states that any time variation of
the integral of ρ over a finite region of space bounded by a closed surface equals the flux of the current J across the
boundary surface. The statement is a straightforward a consequence of Green theorem:

∂t

∫
S
ddx ρ(x, t) = −

∫
S
ddx (∂x · J)(x, t) = −

∫
∂S

dd−1x (n · J)(x, t)

Reflecting boundary conditions then mean that probability is conserved in S∫
S
ddx ρ(x, t) = 1

Figure 4.1: Stylized representation of S and its boundary ∂S

S

∂S

n

From the geometrical slant, probability conservation corresponds to requiring that at any point on the boundary
∂S of S, the probability current has non-vanishing components only along directions tangent to the boundary surface:

J ⊥ n ∀x ∈ ∂S

Qualitatively, this means that when a path of the diffusion attains the boundary ∂S cannot cross it but it is “reflected”
towards the interior of S.
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4.1.2 Backward Kolmogorov equation

Imposing reflecting boundary conditions on the backward Kolmogorov equation (4.2) amounts to requiring

D(x, t) : n(x, t)⊗ (∂xF )(x, t) ≡ 〈n(x, t) ,D(x, t)(∂xF )(x, t)〉Rd = 0 ∀x ∈ ∂S

where 〈· , ·〉Rd denotes the standard Euclidean scalar product. The interpretation of this condition becomes more
transparent when we recall that D is a symmetric and non-negative matrix. Furthermore

Definition 4.2. D is uniformly elliptic if there exists a strictly positive constant K such that

〈v ,D(x, t)v〉Rd ≥ K 〈v ,v〉Rd ≡ K ‖v‖2 ∀v ∈ Rd

Uniform ellipticity provides a sufficient condition to guarantee the existence of the transition probability density
(see § 6.2 of [1] for details). We therefore suppose that D is uniformly elliptic for any x ∈ ∂S and ∀ t. In such a case,
we can think of D as a metric tensor in Rd. The geometrical interpretation of reflecting boundary conditions becomes
that the gradient ∂xF must be orthogonal to the tangent plane at any point of ∂S with respect to the Rd scalar product
weighted by the metric D. To shed more light on such requirement, we can diagonalize D at any point of the boundary
and obtain the canonical form

D(x, t) =
d∑

k=1

dk(x, t)vk(x, t)v
†
k(x, t)

with {dk(x, t)}dk=1 a set of strictly positive definite eigenvalues corresponding to a complete orthonormal set of
eigenvectors {vk(x, t)}dk=1. Reflecting boundary conditions are then amenable to the form

d∑
k=1

dk(x, t) 〈n(x, t) ,vk(x, t)〉Rd 〈vk(x, t) , (∂xF )(x, t)〉Rd = 0

and are satisfied if

〈vk(x, t) , (∂xF )(x, t)〉Rd = 0 ∀ k | 〈n(x, t) ,vk(x, t)〉Rd 6= 0

which implies also 〈n(x, t) , (∂xF )(x, t)〉Rd = 0.

4.1.3 Example: Brownian motion on the half line

Let us consider the diffusion problem

∂tρ(x, t)−
1

2
∂2xρ(x, t) = 0

J(0, t) ≡ (∂xρ)(0, t) = 0

ρ(x, 0) = ρo(x)

with ∫ ∞
0

dx ρo(x) = 1

The problem can be solved by invoking the reflection principle for the Wiener process. The reflection principle states
that
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Figure 4.2: A sample path of the Wiener process wt that crosses the value x = −0.697311 at t = 0.5. A second
sample path that is the same as the first one up until it crosses x = −0.697311, and then is the reflection of the first
one about the horizontal line at x = −0.697311 i.e. w̃t = 2x− wt for t > 0.5

Proposition 4.1. if the path of a Wiener process wt reaches a value wt∗ = x at time t = t∗, then the subsequent path
for t ≥ t∗ has the same distribution as the path obtained by reflecting it about the horizontal line at height x.

We substantiate the reflection principle by observing that

pt(x|xo) =
e−

(x−xo)
2

2 t

√
2π t

and

pt(−x|xo) =
e−

(x+xo)
2

2 t

√
2π t

are both solutions of the Fokker–Planck (forward Kolmogorov equation). By linearity

kt(x|xo) = pt(x|xo) + pt(−x|xo)

is also a solution. Let us suppose xo , x ∈ R+. We can interpret kt as the transition probability density of finding a
Brownian particle starting at time zero from xo in x at time t under the constraint that whenever a path reaches the
origin is thereby reflected into R+. For this reason the transition probability density is the sum of two contributions.
The first is the transition probability density corresponding to paths traveling from xo to x in time t without any
constraint. The second is the unconstrained transition probability density corresponding to paths traveling from xo to
−x in time t. The reflection principle tells us that this second probability is precisely the one which we need to add in
order to enforce reflection at x = 0. It is straightforward to verify that

(∂xkt)(0|xo) = 2xo
e−

x2o
2 t

√
2π t

− 2xo
e−

x2o
2 t

√
2π t

= 0

and that ∫
R+

dx kt(x|xo) =
∫
R+

dx (pt(x|xo) + pt(−x|xo)) =
∫
R
dx pt(x|xo) = 1

It follows then immediately that

ρ(x, t) =

∫
R+

dxo kt(x|xo) ρo(xo)

specifies the solution of (4.3).
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4.2 Absorbing boundary conditions

If the diffusion diffusion process or equivalently the transition probability density defining it, satisfy absorbing bound-
ary conditions then forward Kolmogorov equation (4.1) and the backward Kolmogorov equation (4.2) must be com-
plemented with the requirements

ρ(x, t) = 0 ∀x ∈ ∂S

and

F (x, t) = 0 ∀x ∈ ∂S

The qualitative picture associated to absorbing boundary conditions is that when a diffusion path attains ∂S, it is
suppressed. As a consequence, it should not come as a surprise that absorbing boundary conditions do not preserve
probability

∂t

∫
S
ddx ρ(x, t) = −

∫
S
ddx (∂x · J)(x, t) =

1

2

∫
∂S

dd−1xn(x, t)⊗ ∂x : D(x, t)ρ(x, t) 6= 0

4.2.1 Example: Brownian motion on the half line

Let us consider the diffusion problem

∂tρ(x, t)−
1

2
∂2xρ(x, t) = 0

ρ(0, t) = 0

ρ(x, 0) = ρo(x)

Also this problem can be solved by invoking the reflection principle by setting

kt(x|xo) = pt(x|xo)− pt(−x|xo)

Namely

kt(0|xo) = 0

and

0 ≤ kt(0|xo) =
e−

x2+x2o
2 t

√
2π t

(
e

x xo
t − e−

x xo
t

)
∀xxo ∈ R+

Finally

ρ(x, t) =

∫
R+

dxo kt(x|xo) ρo(xo)

specifies the solution of (4.4).

References

[1] G. A. Pavliotis. Stochastic Processes and Applications: Diffusion Processes, the Fokker-Planck and Langevin
Equations. Springer New York, 2014.

7


