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If you have questions, comments or corrections related to these exercises, please
contact joonas.am.turunen@helsinki.fi.

In the following exercises W := (Wt)t∈R+ is the Wiener process, aka one dimensional
standard Brownian motion.

1. Let Gt, Ht be square integrable processes (defined as in Lecture 8, Chapter 3). Show
that

E
(∫ T

0
GtdWt

∫ T

0
HtdWt

)
= E

(∫ T

0
GtHtdt

)

In the following two exercises you are asked to solve stochastic differential equations. You
can try the ansatz Xt = f(Wt) for smooth enough f and use Itô’s formula in order to find
a solution. After you have found a solution try to show that it is unique. If you cannot
show it then try to construct another solutions.

2. (a) Solve the following Itô SDE:

dXt = 1
2Xtdt+

√
1 +X2

t dWt, X0 = 0.

(b) Write the SDE using Stratonovich differentials.

3. (a) Solve the following Itô SDE:

dXt = 1
3X

1
3
t dt+X

2
3
t dWt, X0 = x;

(b) Write the SDE using Stratonovich differentials.

4. Consider the Ornstein-Uhlenbeck process, which is defined by the Itô SDE

dXt = −αXtdt+
√

2σdWt, X0 = x,

where α > 0 , σ > 0 .
(a) Solve the above SDE by using Itô’s formula together with the ansatz

Xt = a(t)
(
x+

∫ t

0
b(s)dWs

)
where a, b are smooth enough real functions. (Hint: look at the previous exercise
sheet or Pavliotis’ book)
(b) Solve the Itô SDE

dXt = (µ− αXt)dt+
√

2σdWt, X0 = x

where µ ∈ R by slightly modifying the previous ansatz. The solution is called the
mean reverting Ornstein-Uhlenbeck process.
(c) Write the generator and the Fokker-Planck (i.e. forward Kolmogorov) equation
for each of the processes defined in (a) and (b).



5. Consider the Brownian motion on [0, 1] with absorbing boundary conditions starting
from x0 :

∂p

∂t
= D

∂2p

∂x2 , p(0, t|x0) = p(1, t|x0) = 0, p(x, 0|x0) = δ(x− x0),

where p(x, t|x0) is the transition probability density and 2D the diffusion coefficient.
The aim in this exercise is to solve the above boundary value problem, i.e. find the
transitional probability density. We look for a solution represented as a sine Fourier
series

p(x, t|x0) =
∞∑

n=1
pn(t) sin(nπx).

(a) Check that the above series satisfies the boundary conditions for p(x, t|x0) .
(b) Show that the Fourier coefficients pn(t) satisfy

pn(0) = 2 sin(nπx0)

by considering the integral ∫ 1

0
p(x, 0|x0) sin(kπx)dx.

(You can freely switch the summing and integration.)
(c) By using the Fokker-Planck equation for p(x, t|x0) , obtain a differential equation
for pn(t) and solve it (You can differentiate the series term by term.) Write the
complete solution for p(x, t|x0) (you do not need to prove uniqueness).

6. Consider the Brownian motion on [0, 1] with reflecting boundary conditions starting
from x0 :

∂p

∂t
= D

∂2p

∂x2 , ∂xp(0, t|x0) = ∂xp(1, t|x0) = 0, p(x, 0|x0) = δ(x− x0),

where p(x, t|x0) is the transition probability density and 2D the diffusion coefficient.
Write a slightly different ansatz for p(x, t|x0) and repeat the previous exercise.


