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Four lectures: 

1- Quantum non-demolition measurements 

2- Open quantum walks 

3- Continuous monitoring and quantum trajectories 

4- Strong indirect quantum monitoring 
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1- Quantum non-demolition measurements

What kind of experiments?

What are (weak) indirect measurements?

Repeated POVMs

The non-demolition condition

Repeated non-demolition POVM and convergence

Information and entropy balance

Mixing, decoherence or not?
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What kind of experiments?

Photons in a cavity

Probe measurement 
apparatus

Preparation 
of the probes

Courtesy of  LKB-ENS.

— Cavity QED: 
    Testing light/photon (the quantum system) with matter (the quantum probes). 

System (S)= photons in a cavity.
Probes (P)= Rydberg atoms (two state systems)

— Others: Circuit QED, etc…
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If the atomic frequency is detuned from the cavity mode by d/2p
with jdj$V0, emission and absorption of photons by the probe
atoms are suppressed owing to the adiabatic variation of V(z) when
the atom crosses the gaussian cavity mode (seeMethods). The atom–
field coupling results in shifts of the atomic and cavity frequencies9.
The atomic shift depends on the field intensity and thus provides
QND information on the photon number n. Following a proposal
made in refs 14 and 15, our aim is to read this information by an
interferometric method and tomonitor the jumps of n between 0 and
1 under the effect of thermal fluctuations and relaxation in the cavity.

Before entering C, the atoms are prepared in a superposition of e
and g by a classical resonant field in the auxiliary cavity R1 (see Fig. 1).
During the atom–cavity interaction, this superposition accumulates
a phase W(n,d). The atomic coherence at the exit of C is probed by
subjecting the atoms to a second classical resonant field in R2, before
detecting them in the state-selective counter D. The combination of
R1, R2 and D is a Ramsey interferometer. The probability of detecting
the atom in g is a sine function of the relative phase of the fields in R1

and R2. This phase is adjusted so that the atom is ideally found in g if
C is empty (n5 0). The detuning d/2p is set at 67 kHz, corresponding
toW(1,d)2W(0,d)5 p. As a result, the atom is found in e if n5 1. As
long as the probability of finding more than one photon remains
negligible, e thus codes for the one-photon state, j1æ, and g for the
vacuum, j0æ. The probability of finding two photons in a thermal
field at T5 0.8 K is only 0.3%, and may be neglected in a first
approximation.

We first monitor the field fluctuations in C. Figure 2a (top trace)
shows a 2.5 s sequence of 2,241 detection events, recording the birth,
life and death of a single photon. At first, atoms are predominantly
detected in g, showing that C is in j0æ. A sudden change from g to e
in the detection sequence at t5 1.054 s reveals a jump of the field
intensity, that is, the creation of a thermal photon, which disappears

at t95 1.530 s. This photon has survived 0.476 s (3.7 cavity lifetimes),
corresponding to a propagation of about 143,000 km between the
cavity mirrors.

The inset in Fig. 2a zooms into the detection sequence between
times t15 0.87 s and t25 1.20 s, and displays more clearly the indi-
vidual detection events. Imperfections reduce the contrast of the
Ramsey fringes to 78%. There is a pgj15 13% probability of detecting
an atom in g if n5 1, and a pej05 9% probability of finding it in e
if n5 0. Such misleading detection events, not correlated to real
photon number jumps, are conspicuous in Fig. 2a and in its inset.
To reduce their influence on the inferred n value, we apply a simple
error correction scheme. For each atom, n is determined by a major-
ity vote involving this atom and the previous seven atoms (see
Methods). The probabilities for erroneous n5 0 (n5 1) photon
number assignments are reduced below 1.43 1023 (2.53 1024)
respectively per detected atom. The average duration of this mea-
surement is 7.83 1023 s, that is, Tc/17. The bottom trace in Fig. 2a
shows the evolution of the reconstructed photon number. Another
field trajectory is presented in Fig. 2b. It displays two single-photon
events separated by a 2.069 s time interval during which C remains in
vacuum. By probing the field non-destructively in real time, we real-
ize a kind of ‘Maxwell demon’, sorting out the time intervals during
which the thermal fluctuations are vanishing.

Analysing 560 trajectories, we find an average photon number
n05 0.0636 0.005, slightly larger thannt5 0.0496 0.004, the thermo-
dynamic value at the cavity mirror temperature, 0.806 0.02 K.
Attributing the excess photon noise entirely to a residual heating of
the field by the atomic beam yields an upper bound to the emission
rate per atom of 1024. This demonstrates the efficient suppression of
atomic emission due to the adiabatic variation of the atom–field
coupling. This suppression is a key feature that makes possible many
repetitions of the QND measurement. Methods based on resonant
phase shifts have much larger emission rates, in the 1021 range per
atom3. Non-resonant methods in which the detector is permanently
coupled to the cavity12 have error rates of the order of V0

2/d 2, and
would require much larger d/V0 ratios to be compatible with the
observation of field quantum jumps.

In a second experiment, we monitor the decay of a single-photon
Fock state prepared at the beginning of each sequence. We initialize
the field in j0æ by first absorbing thermal photons with ,10 atoms
prepared in g and tuned to resonance with the cavity mode (residual
photon number ,0.0036 0.003). We then send into the cavity a
single atom in e, also resonant with C. Its interaction time is adjusted
so that it undergoes half a Rabi oscillation, exits in g and leaves C in
j1æ. The QND probe atoms are then sent across C. Figure 3a shows a
typical single photon trajectory (signal inferred by the majority vote)
and Fig. 3b–d presents the averages of 5, 15 and 904 such trajectories.
The staircase-like feature of single events is progressively smoothed
out into an exponential decay, typical of the evolution of a quantum
average.

We have neglected so far the probability of finding two photons in
C. This is justified, to a good approximation, by the low n0 value. A
precise statistical analysis reveals, however, the small probability of
two-photon events, which vanishes only at 0 K. When C is in j1æ, it
decays towards j0æ with the rate (11 n0)/Tc. This rate combines
spontaneous (1/Tc) and thermally stimulated (n0/Tc) photon
annihilation. Thermal fluctuations can also drive C into the two-
photon state j2æ at the rate 2n0/Tc (the factor of 2 is the square of
the photon creation operator matrix element between j1æ and j2æ).
The total escape rate from j1æ is thus (11 3n0)/Tc, a fraction 2n0/
(11 3n0)< 0.10 of the quantum jumps out of j1æ being actually
jumps towards j2æ.

In this experiment, the detection does not distinguish between j2æ
and j0æ. The incremental phase shift W(2,d)2W(1,d) is 0.88p for
d/2p5 67 kHz . The probability of detecting an atom in g when C
is in j2æ is ideally [12 cos(0.88p)]/25 0.96, indistinguishable from 1
within the experimental errors. Since the probability for n. 2 is
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Figure 2 | Birth, life and death of a photon. a, QND detection of a single
photon. Red and blue bars show the raw signal, a sequence of atoms detected
in e or g, respectively (upper trace). The inset zooms into the region where
the statistics of the detection events suddenly change, revealing the quantum
jump from |0æ to | 1æ. The photon number inferred by a majority vote over
eight consecutive atoms is shown in the lower trace, revealing the birth, life
and death of an exceptionally long lived photon. b, Similar signals showing
two successive single photons, separated by a long time interval with cavity
in vacuum.

LETTERS NATURE |Vol 446 | 15 March 2007

298
Nature   ©2007 Publishing Group

LETTERS

Quantum jumps of light recording the birth and death
of a photon in a cavity
Sébastien Gleyzes1, Stefan Kuhr1{, Christine Guerlin1, Julien Bernu1, Samuel Deléglise1, Ulrich Busk Hoff1,
Michel Brune1, Jean-Michel Raimond1 & Serge Haroche1,2

A microscopic quantum system under continuous observation
exhibits at random times sudden jumps between its states. The
detection of this quantum feature requires a quantum non-
demolition (QND) measurement1–3 repeated many times during
the system’s evolution. Whereas quantum jumps of trapped mas-
sive particles (electrons, ions or molecules4–8) have been observed,
this has proved more challenging for light quanta. Standard
photodetectors absorb light and are thus unable to detect the same
photon twice. It is therefore necessary to use a transparent counter
that can ‘see’ photons without destroying them3. Moreover, the
light needs to be stored for durations much longer than the QND
detection time. Here we report an experiment in which we fulfil
these challenging conditions and observe quantum jumps in the
photon number.Microwave photons are stored in a superconduct-
ing cavity for times up to half a second, and are repeatedly probed
by a stream of non-absorbing atoms. An atom interferometer
measures the atomic dipole phase shift induced by the non-
resonant cavity field, so that the final atom state reveals directly
the presence of a single photon in the cavity. Sequences of hun-
dreds of atoms, highly correlated in the same state, are interrupted
by sudden state switchings. These telegraphic signals record the
birth, life and death of individual photons. Applying a similar
QND procedure to mesoscopic fields with tens of photons should
open new perspectives for the exploration of the quantum-to-
classical boundary9,10.

A QND detection1–3 realizes an ideal projective measurement that
leaves the system in an eigenstate of the measured observable. It can
therefore be repeated many times, leading to the same result until the
system jumps into another eigenstate under the effect of an external
perturbation. For a single trapped ion, laser-induced fluorescence
provides an efficient measurement of the ion’s internal state5–7. The
ion scatters many photons while evolving on a transition between a
ground sublevel and an excited one. This fluorescence stops and
reappears abruptly when the ion jumps in and out of a third, meta-
stable level, decoupled from the illumination laser. Quantum jumps
have also been observed between states of individual molecules8 and
between the cyclotron motional states of a single electron in a
Penning trap4. As a common feature, all these experiments use fields
to probe quantum jumps in matter. Our experiment realizes for the
first time the opposite situation, in which the jumps of a field oscil-
lator are revealed via QND measurements performed with matter
particles.

We exploit light shifts resolved at the single-photon level, which
are experienced by an oscillating dipole in the field of a high-quality-
factor (high-Q) cavity. This resolution requires a huge dipole
polarizability, which is achieved only with very special systems, such
as circular Rydberg atoms10 or superconducting qubits11,12 coupled to

microwave photons. In our experiment, the measurement of the
light shift induced by the field on Rydberg atoms is repeated
more than 100 times within the average decay time of individual
photons.

The core of the experiment is a photon box (see Fig. 1), which
is an open cavity C made up of two superconducting niobium
mirrors facing each other (the Fabry–Perot configuration)13. The
cavity is resonant at 51.1 GHz and cooled to 0.8 K. Its damping
time, as measured by the ring-down of a classical injected micro-
wave field, is Tc5 0.1296 0.003 s, corresponding to a light travel
distance of 39,000 km, folded in the 2.7 cm space between the
mirrors. The QND probes are rubidium atoms, prepared in circular
Rydberg states10, travelling along the z direction transverse to the
cavity axis. They cross C one at a time, at a rate of 900 s21 with a
velocity v5 250m s21 (see Methods). The cavity C is nearly res-
onant with the transition between the two circular states e and g
(principal quantum numbers 51 and 50, respectively). The posi-
tion- (z-)dependent atom–field coupling V(z)5V0exp(2z2/w2)
follows the gaussian profile of the cavity mode (waist w5 6mm).
The maximum coupling, V0/2p5 51 kHz, is the rate at which the
field and the atom located at the cavity centre (z5 0) exchange a
quantum of energy, when the initially empty cavity is set at res-
onance with the e–g transition10.

1Laboratoire Kastler Brossel, Département de Physique de l’Ecole Normale Supérieure, 24 rue Lhomond, 75231 Paris Cedex 05, France. 2Collège de France, 11 placeMarcelin Berthelot,
75231 Paris Cedex 05, France. {Present address: Johannes Gutenberg Universität, Institut für Physik, Staudingerweg 7, 55128 Mainz, Germany.
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Figure 1 | Experimental set-up. Samples of circular Rydberg atoms are
prepared in the circular state g in box B, out of a thermal beam of rubidium
atoms, velocity-selected by laser optical pumping. The atoms cross the cavity
C sandwiched between the Ramsey cavities R1 and R2 fed by the classical
microwave source S, before being detected in the state selective field
ionization detector D. The R1–C–R2 interferometric arrangement,
represented here cut by a vertical plane containing the atomic beam, is
enclosed in a box at 0.8 K (not shown) that shields it from thermal radiation
and static magnetic fields.
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If the atomic frequency is detuned from the cavity mode by d/2p
with jdj$V0, emission and absorption of photons by the probe
atoms are suppressed owing to the adiabatic variation of V(z) when
the atom crosses the gaussian cavity mode (seeMethods). The atom–
field coupling results in shifts of the atomic and cavity frequencies9.
The atomic shift depends on the field intensity and thus provides
QND information on the photon number n. Following a proposal
made in refs 14 and 15, our aim is to read this information by an
interferometric method and tomonitor the jumps of n between 0 and
1 under the effect of thermal fluctuations and relaxation in the cavity.

Before entering C, the atoms are prepared in a superposition of e
and g by a classical resonant field in the auxiliary cavity R1 (see Fig. 1).
During the atom–cavity interaction, this superposition accumulates
a phase W(n,d). The atomic coherence at the exit of C is probed by
subjecting the atoms to a second classical resonant field in R2, before
detecting them in the state-selective counter D. The combination of
R1, R2 and D is a Ramsey interferometer. The probability of detecting
the atom in g is a sine function of the relative phase of the fields in R1

and R2. This phase is adjusted so that the atom is ideally found in g if
C is empty (n5 0). The detuning d/2p is set at 67 kHz, corresponding
toW(1,d)2W(0,d)5 p. As a result, the atom is found in e if n5 1. As
long as the probability of finding more than one photon remains
negligible, e thus codes for the one-photon state, j1æ, and g for the
vacuum, j0æ. The probability of finding two photons in a thermal
field at T5 0.8 K is only 0.3%, and may be neglected in a first
approximation.

We first monitor the field fluctuations in C. Figure 2a (top trace)
shows a 2.5 s sequence of 2,241 detection events, recording the birth,
life and death of a single photon. At first, atoms are predominantly
detected in g, showing that C is in j0æ. A sudden change from g to e
in the detection sequence at t5 1.054 s reveals a jump of the field
intensity, that is, the creation of a thermal photon, which disappears

at t95 1.530 s. This photon has survived 0.476 s (3.7 cavity lifetimes),
corresponding to a propagation of about 143,000 km between the
cavity mirrors.

The inset in Fig. 2a zooms into the detection sequence between
times t15 0.87 s and t25 1.20 s, and displays more clearly the indi-
vidual detection events. Imperfections reduce the contrast of the
Ramsey fringes to 78%. There is a pgj15 13% probability of detecting
an atom in g if n5 1, and a pej05 9% probability of finding it in e
if n5 0. Such misleading detection events, not correlated to real
photon number jumps, are conspicuous in Fig. 2a and in its inset.
To reduce their influence on the inferred n value, we apply a simple
error correction scheme. For each atom, n is determined by a major-
ity vote involving this atom and the previous seven atoms (see
Methods). The probabilities for erroneous n5 0 (n5 1) photon
number assignments are reduced below 1.43 1023 (2.53 1024)
respectively per detected atom. The average duration of this mea-
surement is 7.83 1023 s, that is, Tc/17. The bottom trace in Fig. 2a
shows the evolution of the reconstructed photon number. Another
field trajectory is presented in Fig. 2b. It displays two single-photon
events separated by a 2.069 s time interval during which C remains in
vacuum. By probing the field non-destructively in real time, we real-
ize a kind of ‘Maxwell demon’, sorting out the time intervals during
which the thermal fluctuations are vanishing.

Analysing 560 trajectories, we find an average photon number
n05 0.0636 0.005, slightly larger thannt5 0.0496 0.004, the thermo-
dynamic value at the cavity mirror temperature, 0.806 0.02 K.
Attributing the excess photon noise entirely to a residual heating of
the field by the atomic beam yields an upper bound to the emission
rate per atom of 1024. This demonstrates the efficient suppression of
atomic emission due to the adiabatic variation of the atom–field
coupling. This suppression is a key feature that makes possible many
repetitions of the QND measurement. Methods based on resonant
phase shifts have much larger emission rates, in the 1021 range per
atom3. Non-resonant methods in which the detector is permanently
coupled to the cavity12 have error rates of the order of V0

2/d 2, and
would require much larger d/V0 ratios to be compatible with the
observation of field quantum jumps.

In a second experiment, we monitor the decay of a single-photon
Fock state prepared at the beginning of each sequence. We initialize
the field in j0æ by first absorbing thermal photons with ,10 atoms
prepared in g and tuned to resonance with the cavity mode (residual
photon number ,0.0036 0.003). We then send into the cavity a
single atom in e, also resonant with C. Its interaction time is adjusted
so that it undergoes half a Rabi oscillation, exits in g and leaves C in
j1æ. The QND probe atoms are then sent across C. Figure 3a shows a
typical single photon trajectory (signal inferred by the majority vote)
and Fig. 3b–d presents the averages of 5, 15 and 904 such trajectories.
The staircase-like feature of single events is progressively smoothed
out into an exponential decay, typical of the evolution of a quantum
average.

We have neglected so far the probability of finding two photons in
C. This is justified, to a good approximation, by the low n0 value. A
precise statistical analysis reveals, however, the small probability of
two-photon events, which vanishes only at 0 K. When C is in j1æ, it
decays towards j0æ with the rate (11 n0)/Tc. This rate combines
spontaneous (1/Tc) and thermally stimulated (n0/Tc) photon
annihilation. Thermal fluctuations can also drive C into the two-
photon state j2æ at the rate 2n0/Tc (the factor of 2 is the square of
the photon creation operator matrix element between j1æ and j2æ).
The total escape rate from j1æ is thus (11 3n0)/Tc, a fraction 2n0/
(11 3n0)< 0.10 of the quantum jumps out of j1æ being actually
jumps towards j2æ.

In this experiment, the detection does not distinguish between j2æ
and j0æ. The incremental phase shift W(2,d)2W(1,d) is 0.88p for
d/2p5 67 kHz . The probability of detecting an atom in g when C
is in j2æ is ideally [12 cos(0.88p)]/25 0.96, indistinguishable from 1
within the experimental errors. Since the probability for n. 2 is
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Figure 2 | Birth, life and death of a photon. a, QND detection of a single
photon. Red and blue bars show the raw signal, a sequence of atoms detected
in e or g, respectively (upper trace). The inset zooms into the region where
the statistics of the detection events suddenly change, revealing the quantum
jump from |0æ to | 1æ. The photon number inferred by a majority vote over
eight consecutive atoms is shown in the lower trace, revealing the birth, life
and death of an exceptionally long lived photon. b, Similar signals showing
two successive single photons, separated by a long time interval with cavity
in vacuum.
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Creation-Annihilation of a thermal photon.

ARTICLES

Progressive field-state collapse and
quantum non-demolition photon counting
Christine Guerlin1, Julien Bernu1, Samuel Deléglise1, Clément Sayrin1, Sébastien Gleyzes1, Stefan Kuhr1{,
Michel Brune1, Jean-Michel Raimond1 & Serge Haroche1,2

The irreversible evolution of a microscopic system under measurement is a central feature of quantum theory. From an
initial state generally exhibiting quantum uncertainty in the measured observable, the system is projected into a state in
which this observable becomes precisely known. Its value is random, with a probability determined by the initial system’s
state. The evolution induced by measurement (known as ‘state collapse’) can be progressive, accumulating the effects of
elementary state changes. Here we report the observation of such a step-by-step collapse by non-destructively measuring
the photon number of a field stored in a cavity. Atoms behaving as microscopic clocks cross the cavity successively. By
measuring the light-induced alterations of the clock rate, information is progressively extracted, until the initially uncertain
photon number converges to an integer. The suppression of the photon number spread is demonstrated by correlations
between repeated measurements. The procedure illustrates all the postulates of quantum measurement (state collapse,
statistical results and repeatability) and should facilitate studies of non-classical fields trapped in cavities.

The projection of a microscopic system into an eigenstate of the
measured observable reflects the change of knowledge produced by
themeasurement. Information is either acquired in a single step, as in
a Stern–Gerlach spin-component measurement1, or in an incremen-
tal way, as in spin-squeezing experiments2,3. A projective measure-
ment is called ‘quantum non-demolition’4–8 (QND) when the
collapsed state is invariant under the system’s free unitary evolution.
Sequences of repeated measurements then yield identical results and
jumps between different outcomes reveal an external perturbation7,8.

Various QND measurements have been realized on massive part-
icles. The motional state of a trapped electron has been measured
through the current induced in the trapping electrodes9. The internal
state of trapped ions has been read out, directly by way of laser-
induced fluorescence10, or indirectly through quantum gate opera-
tions entangling them to an ancillary ion11. Collective spin states of an
atomic ensemble have been QND-detected through its dispersive
interaction with light12.

QND light measurements are especially challenging, as photons
are detected with photosensitive materials that usually absorb them.
Photon demolition is however avoidable13. In non-resonant pro-
cesses, light induces nonlinear dispersive effects14 in a medium, with-
out real transitions. Photons can then be detected without loss.
Dispersive schemes have been applied to detect the fluctuations of
a signal light beam by the phase shifts it induces on a probe beam
interacting with the same medium15,16. Neither these methods, nor
alternative ones based on the noiseless duplication of light by optical
parametric amplifiers17,18, have been able, so far, to pin down photon
numbers.

Single-photon resolution requires an extremely strong light–
matter coupling, optimally achieved by confining radiation inside a
cavity. This is the domain of cavity quantum electrodynamics19–21, in
which experiments attaining single-quantum resolution have been
performed with optical22,23 or microwave photons, the latter being
coupled either to Rydberg atoms24–26 or to superconducting junc-
tions27. In a QND experiment, cavity losses should be negligible

during a sequence of repeated measurements. We have realized a
superconducting cavity with a very long field damping time28, and
used it to detect repeatedly a single photon29. Here, we demonstrate
with this cavity a general QND photon counting method applied to a
microwave field containing several photons. It implements a variant
of a procedure proposed in refs 30 and 31, and illustrates all the
postulates of a projective measurement1.

A stream of atoms crosses the cavity and performs a step-by-step
measurement of the photon number-dependent alteration of the
atomic transition frequency known as the ‘light shift’. We follow
the measurement-induced evolution from a coherent state of light
into a Fock state of well-defined energy, containing up to 7 photons.
Repeating the measurement on the collapsed state yields the same
result, until cavity damping makes the photon number decrease. The
measured field energy then decays by quantum jumps along a stair-
case-like cascade, ending in vacuum.

In this experiment, light is an object of investigation repeatedly
interrogated by atoms. Its evolution under continuous non-
destructivemonitoring is directly accessible tomeasurement,making
real the stochastic trajectories of quantum field Monte Carlo simula-
tions20,32. Repeatedly counting photons in a cavity as marbles in a
box opens novel perspectives for studying non-classical states of
radiation.

An atomic clock to count photons

To explain our QND method, consider the thought experiment
sketched in Fig. 1a. A photon box, similar to the contraption ima-
gined in another context by Einstein and Bohr1, contains a few
photons together with a clock whose rate is affected by the light.
Depending upon the photon number n, the hand of the clock points
in different directions after a given interaction time with the field.
This time is set so that a photon causes a p/q angular shift of the hand
(here q is an integer). There are 2q values (0, 1, …2q21) of the
photon number corresponding to regularly spaced directions of the
hand, spanning 360u (Fig. 1a shows the hand’s positions for q5 4 and

1Laboratoire Kastler Brossel, Ecole Normale Supérieure, CNRS, Université Pierre et Marie Curie, 24 rue Lhomond, 75231 Paris Cedex 05, France. 2Collège de France, 11 place Marcelin
Berthelot, 75231 Paris Cedex 05, France. {Present address: Johannes Gutenberg Universität, Institut für Physik, Staudingerweg 7, 55128 Mainz, Germany.
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Observing the field-state collapse

We have applied this procedure to a coherent microwave field at
51.1GHz stored in an ultrahigh-Q Fabry–Pérot cavity made of
niobium-coated superconducting mirrors28. Our set-up is described
in ref. 29. The cavity has a very long damping time Tc5 0.130 s. It is
cooled to 0.8 K (average thermal photon number nt5 0.05). The field
is prepared by coupling a short microwave pulse into C (by way of
diffraction on the mirrors’ edges28). Its photon number distribution
and average photon number, n05 3.826 0.04, are inferred from the
experimental data (see below). Our single-photon-sensitive spin-
clocks are circular Rydberg atoms of rubidium. They cross C succes-
sively, separated on average by 2.333 1024 s. Parameters are adjusted
to realize a,p/4 clock shift per photon (Methods), corresponding to
eight positions of the spin on the Bloch sphere (Fig. 1b). This con-
figuration is adapted to count photon numbers between 0 and 7. For
n05 3.82, the probability for n$ 8 is 3.5%.

Four phases wi (i5 a, b, c, d), corresponding to directions pointing
approximately along the spin states associated with n5 6, 7, 0, 1, are
used, in random order, for successive atoms (Methods). A sequence
of j values can be decoded only when combined with the correspond-
ing phase choices, in analogy with the detection basis reconciliation
of quantum key distribution protocols36. Figure 2a shows the data
from the first 50 detected atoms, presented as (j, i) doublets, for two
independent detection sequences performed on the same initial field.

From these real data, we compute the products of functions
PN(n)5P(k5 1…N) [A1Bcos(nW2wi(k)1 j(k)p)]. The A, B, W
and wi values are given by Ramsey interferometer calibration

(Methods). The evolutions of PN(n), displayed as functions of n
treated as a continuous variable, are shown in Fig. 2b forN increasing
from 1 to 50. The PN(n) functions converge into narrow distribu-
tions whose widths decrease as more information is acquired. These
functions are determined uniquely by the experimental data. Their
evolution is independent of any a priori knowledge of the initial
photon distribution. The data sequence itself, however, depends of
the unknown state of the field, which the measurement reveals.

InsertingPN(n) into equation (2) and extending the procedure to
N5 110, we obtain the evolution of the photon number histograms
for these two realizations (Fig. 2c). These histograms show how our
knowledge of the field state evolves in a singlemeasuring sequence, as
inferred from baysian logic. The initial distributions (P0(n)5 1/8)
are flat because the only knowledge assumed at the beginning of each
sequence is the maximum photon number nmax. Data are analysed
after the experiment, but PN(n) could also be obtained in real time.
The progressive collapse of the field into a Fock state (here jn5 5æ or
jn5 7æ) is clearly visible. Information extracted from the first 20 to 30
atoms leaves an ambiguity between two competing Fock states. After
,50 atoms (detected within,0.012 s), each distribution has turned
into a main peak with a small satellite, which becomes totally neg-
ligible at the end of the two sequences.

Reconstructing photon number statistics

Repeatedly preparing the field in the same coherent state, we have
analysed 2,000 independent sequences, eachmade of 110 (j, i) doublets
recorded within Tm< 0.026 s. This measuring time is a compromise.
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Figure 2 | Progressive collapse of
field into photon number state.
a, Sequences of (j, i) data (first 50
atoms) produced by two
independent measurements.
b, Evolution of PN(n) for the two
sequences displayed in a, when N
increases from 1 to 50, n being
treated as a continuous variable
(integral of PN(n) normalized to
unity). c, Photon number
probabilities plotted versus photon
and atom numbers n and N. The
histograms evolve, as N increases
from 0 to 110, from a flat
distribution into n5 5 and n5 7
peaks.
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Observing the field-state collapse

We have applied this procedure to a coherent microwave field at
51.1GHz stored in an ultrahigh-Q Fabry–Pérot cavity made of
niobium-coated superconducting mirrors28. Our set-up is described
in ref. 29. The cavity has a very long damping time Tc5 0.130 s. It is
cooled to 0.8 K (average thermal photon number nt5 0.05). The field
is prepared by coupling a short microwave pulse into C (by way of
diffraction on the mirrors’ edges28). Its photon number distribution
and average photon number, n05 3.826 0.04, are inferred from the
experimental data (see below). Our single-photon-sensitive spin-
clocks are circular Rydberg atoms of rubidium. They cross C succes-
sively, separated on average by 2.333 1024 s. Parameters are adjusted
to realize a,p/4 clock shift per photon (Methods), corresponding to
eight positions of the spin on the Bloch sphere (Fig. 1b). This con-
figuration is adapted to count photon numbers between 0 and 7. For
n05 3.82, the probability for n$ 8 is 3.5%.

Four phases wi (i5 a, b, c, d), corresponding to directions pointing
approximately along the spin states associated with n5 6, 7, 0, 1, are
used, in random order, for successive atoms (Methods). A sequence
of j values can be decoded only when combined with the correspond-
ing phase choices, in analogy with the detection basis reconciliation
of quantum key distribution protocols36. Figure 2a shows the data
from the first 50 detected atoms, presented as (j, i) doublets, for two
independent detection sequences performed on the same initial field.

From these real data, we compute the products of functions
PN(n)5P(k5 1…N) [A1Bcos(nW2wi(k)1 j(k)p)]. The A, B, W
and wi values are given by Ramsey interferometer calibration

(Methods). The evolutions of PN(n), displayed as functions of n
treated as a continuous variable, are shown in Fig. 2b forN increasing
from 1 to 50. The PN(n) functions converge into narrow distribu-
tions whose widths decrease as more information is acquired. These
functions are determined uniquely by the experimental data. Their
evolution is independent of any a priori knowledge of the initial
photon distribution. The data sequence itself, however, depends of
the unknown state of the field, which the measurement reveals.

InsertingPN(n) into equation (2) and extending the procedure to
N5 110, we obtain the evolution of the photon number histograms
for these two realizations (Fig. 2c). These histograms show how our
knowledge of the field state evolves in a singlemeasuring sequence, as
inferred from baysian logic. The initial distributions (P0(n)5 1/8)
are flat because the only knowledge assumed at the beginning of each
sequence is the maximum photon number nmax. Data are analysed
after the experiment, but PN(n) could also be obtained in real time.
The progressive collapse of the field into a Fock state (here jn5 5æ or
jn5 7æ) is clearly visible. Information extracted from the first 20 to 30
atoms leaves an ambiguity between two competing Fock states. After
,50 atoms (detected within,0.012 s), each distribution has turned
into a main peak with a small satellite, which becomes totally neg-
ligible at the end of the two sequences.

Reconstructing photon number statistics

Repeatedly preparing the field in the same coherent state, we have
analysed 2,000 independent sequences, eachmade of 110 (j, i) doublets
recorded within Tm< 0.026 s. This measuring time is a compromise.
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P := Probes

Iterations...

Out-going probes
after interaction

with the Q-system

S := Quantum System

output signal….
information….
Random by Q.M. rules

What are (weak) indirect measurements?

— A probe, prepared in a given (reference) state, interacts with the system, 
    and (projectively) measured after interaction.

Probe measurements

— How to model this process?
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What are (weak) indirect measurements?

system state

— Interaction  [system-probe] :

probe state

unitary interaction operator

The transformation of the system state is random (depending on the output signal)

— POVM [Positive Operator Valued Measure]:

Set of operators Fs such that:

It ensures that:

— Probe measurement: [measurement of a non degenerate probe observable 
with eigenstate |s> -> projection on                ]
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Repeated POVMs

— Series of probes interacts recursively with the system and are recursively measured.

The system evolution:

    The output signal:

— This specifies a Markov chain (on system states) called « Quantum Trajectories »

The probability space is that of the sequences of output, equipped with a natural 
filtration Fn and with an induced probability measure P.

— Iterated CP-maps:

 If the output signal is not recorded, the mean system state evolves via:

with
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The non-demolition condition

— If one want the series of repeated POVM to be close to what a von Neumann 
measurement would be, we have to impose that a preferred state basis is preserved.

Let « Pointer states » = states |k>

— This imposes that the interaction U preserves the pointer states.

and hence

diagonal on pointer statesunitary on probes

Indirect measurement then yields:

— Conditioned probabilities:
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Repeated non-demolition POVM and convergence

— A precise description of progressive collapses  as in cavity QED experiments. 

— Look at the evolution of the diagonal matrix elements 
    of the system density matrix (in the pointer basis):

with 
probability

— « Convergence/Progressive collapse »:

[a probability measure]

[hypothesis: all conditioned probability p(.|k) are distincts]
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Proof of progressive collapse

— Qn(k) is a martingale.

[Naively: it is preserved in mean]

which are von Neumann rules.

— The exponential decay follow from an explicit formula for Qn(k):

— The « martingale convergence theorem » then says that Qn(k) converges a.s. and in 
L1. Looking at the fixed point condition implies that Qn(k) is peaked:

— Because it converges in L1, we get:
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How to read the pointer state?

What about if we don’t the initial Q(k)?

— By looking at the histogram in the output signal (s1,s2,…,sn,…) for a 
given series of iterated indirect measurement:

Because

— Comparing the histogram with the (given) conditioned probability p(s|k) 
allow to identify k_\infty if all the p(.|k) are different.

— This is actually the real situation [as no need to do a measure of Q(k)]

But the output signals (s1,s2,…) are distributed with the ‘true’ distribution Q(k). 
And the ‘trial’ and the ‘true’ distribution have the same limit (asymptotically)
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Mixing, decoherence or not?

— If initially pure, the system state remains pure: no mixing.

— But if we don’t record the output signals, or don’t measure the output probes, 
then the series of probes form a reservoir and induce decoherence.

The off-diagonal matrix element are updated as follows:

Hence, in mean:

That is: exponential decoherence in the pointer basis (as usual…)
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Information and entropy balance

— If initially pure, the system state remains pure…  
The von Neumann entropy stay null:

— Entropy of the pointer distribution Q(k):

[ Null only if the system is in a pointer state.]

— At each step, we gain some information by reading the output signal.
Non-demolition measurements decrease the (extrinsic) entropy, 
and the variation is the information gain:

with I(s|k) the mutual information  

[for the variables ’s’ and ‘k’ with their distribution at step n,          ,          ]

—> Next lecture: « Open quantum walks »
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2- Open quantum walks

Repeated indirect measurement as random walks

Open random walks

Examples

Basics: ergodicity, detailed balance

Geometrisation and dilation

Diffusive or ballistic?
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Repeated indirect measurement as random walks

- From repeated POVMs, we get output signals (s1,s2,…). 
- At each step we can decide to extract some data X(n) from these outputs, 

[i.e. the Xn is a fonction of the signal (s1,…sn) up to step n]. 
[i.e. they are randomly distributed in some set]. 

- At each step, the updating of the signal yields a updating of the data X(n). 

—> We can view this updating as a « walker » moving on the set of possible  
data values and whose position is X(n) at step n.

Example:  
- Choose to only keep the last digit as data: i.e. X(n):= s_n 
- The walker is equipped with the quantum system : an internal « quantum gyroscope ». 
- It moves on the complete graph [with vertices the possible value of the output s]. 

X(n�1) ! X(n) = sn and ⇢n�1 ! ⇢n = Fsn⇢n�1F
†
sn/Tr(Fsn⇢n�1F

†
sn)

with probability ⇡sn = Tr(Fsn⇢n�1F
†
sn)

Repeated POVM as Open Quantum Walks (OQW)
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Open random walks

Players: « A walker and its internal quantum gyroscope »: 
The walker moves on oriented graph Lambda, with position « x »  
A quantum system is attached to the walker with Hilbert space H and state « rho ».

Data: Transition matrices on edges

Definition (Attal et al)

Example: homogeneous OPW on the line 

The two transition matrices 
s.t.



18

— What we have defined are the quantum trajectories of OQW. 
    They can be viewed as iterated POVM but ‘position’ dependent POVM. 

  I.e. the POVM may dependent on the information kept (-> control).

— A CP-map is associated to OQWs:

Acting on

or

— There is a dual (more geometrical) point of view:  
  Instead of repeating POVM on the internal state,  
  OQW may be viewed as coming from evolution + position measurement.

(i) evolve the extended density matrix                    with this CP-map. 
(ii)  perform a von Neumann measurement of the position.

Open random walks (II):
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Examples:

— The simplest example is of course for homogeneous quantum walk on the line, 
and for spin 1/2 internal space. 
The choice is then in the transition matrices s.t. B†

+B+ + B†
�B� = I

— Non-demolition measurement as OQW:

For an internal density matrix with diagonal matrix element Qn and (1-Qn), 
the moves are:

Detailed analysis can be done (as before)…
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Example: a crossover from diffusive to ballistic behaviors

— Trajectories are ballistic, with seesaw profiles induced  by gyroscope flips,  
and large mean free paths.

— But at very large time the position is Gaussian, 
with large effective diffusion constant.

A Brownian like regime. A ballistic like (but diffusive) regime.

u = 1.1, v = 1.00 and r = �s = 0.00015u = 1.005, v = 1.00 and r = �s = 0.00015

B†
+B+ + B†

�B� = I— A choice for the simulations:

B+ = ��1
�

u r
s v

�
B� = ��1

��v s
r �u

�
� =

p
u2 + v2 + r2 + s2

and

with
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Basics:

— Ergodicity

— Detailed balance

(via Kummerer-Maassen theorem)

— Irreducibility, decomposition

(as, or close to, classical Markov chain)

(as usual, by relating reversed paths)
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Dilation and Geometrisation

P := Probes

Iterations...

Out-going probes
after interaction

with the Q-system

S := Quantum System
outputs....

—> Q-Filtration….

What a quantum stochastic process could be?

- The initial state (« vacuum state ») 
alias a measure:

- The recursive evolution:

- It entangles the system  
   and the n-first probes,  
   leaving the rest unchanged 

- Filtration of algebras of observables An := B(H)
sys

⌦ B(H)
probe

⌦ B(H)
probe

⌦ · · ·
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Example: A quantum process with classical walks:

If there is no internal space, OQW=RW: What is then the quantum process? 

— Probes are spin 1/2 and 
and the probe-system interaction is such that:

— After n iteration, the system-probe (the n-first) state is

with

—> kind of « Quantum parallelism ».

— If we measure |+/-> we are back to classical random walks (RW). 
What happens if we measure the probe spin in a different direction?
I.e. measurement of the probe observable with basis

I.e. von Neumann measurement of the walker’s impulsion

—> repeated POVM with momentum as pointers!
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That’s it for today: 
Thank you!

Tomorrow: 
3- Continuous monitoring and quantum trajectories 
4- Strong indirect quantum monitoring



http://math.univ-lyon1.fr/~attal/Ecole_main.html

The summer school will include five main six hours (4 x 1h30) lectures: 
— « Quantum Control » by M. Mirrahimi. 
— « Quantum Statistics » by M. Mosonyi. 
— « Matrix Product States » by D. Perez-Garcia. 
— « Quantum Thermodynamics » by M. Esposito. 
— « Quantum Computing and complexity » by T. Cubitt. 
There will be room for several 45 mn talks by participants.

http://math.univ-lyon1.fr/~attal/Ecole_main.html

