
Exercises IV

1. Observed monthly number of sunspots in 2013 were:
spots = c(63,38,58,72,79,52,57,66,37,86,78,90). (Actually, these were smoothed monthly val-
ues http://www.ips.gov.au/Solar/1/6, but we use them as observed numbers). Assuming Poisson

model for the monthly numbers, P (Xi | λ) = λXi

Xi!
exp(−λ), and Gamma prior π(λ) = Gamma(α, β),

(with α = β ≈ 0), solve the posterior density for the monthly mean of sunspots: π(λ | X1, . . . , X12),
and compute the 95% Credible Interval for it. Hint: in R: qgamma(c(0.025,0.975),...,...). Solve
the mean and variance for the predicted number of sunspots for the "next TWO months", based on
posterior predictive distribution.

2. Use rejection sampling technique to generate random samples from the following strange density

π(θ) = const× exp(−θ2/2)(1 + 2 cos2(θ) sin2(4θ)) = c× h(θ)

using normal density g(θ) =N(0,1) as an instrumental density and constant M = 3. Note that
it is su�cient to know π(θ) without its normalizing constant c, because if with some M0 we have
M0g(θ) > π(θ) = c × h(θ), it is the same as to have Mg(θ) > h(θ), with M = M0/c. Here M = 3
satis�es the requirement for rejection sampling. Implement the sampling in R with a for-loop where
you generate random samples of θ from N(0, 1), and then accept them with probability h(θ)/Mg(θ).
Plot the resulting Monte Carlo sample as a smoothed density plot(density(theta)).

3. A traditional type of candies is produced in three colors: orange, green and violet. In a sample
of 96 candies, we got 27, 41, 28 of each color. Based on this sample, solve the posterior distribution
of the percentages p1, p2, p3 of each color produced in candy factory. (

∑3
i=1 pi = 1). Use a suitable

conjugate prior. What is the marginal posterior probability P (p1 < 0.25 | x = (27, 41, 28))?

4. The same weight (µ kg) was measured by two instruments. Both instruments produce measurement
errors that could be modeled as normal distributions, N(0, σ2

i ) with σ1 = 1 and σ2 = 2. The measured
values were

x = c(91.28, 88.80, 89.63, 88.91, 91.91) with σ1 = 1

and with σ2 = 2:

y = c(88.16, 89.82, 91.12, 92.65, 88.01, 93.65, 90.79, 89.69, 89.84, 90.37, 90.13, 88.74, 90.55, 94.23, 87.88)

Solve the posterior distribution π(µ | x, y, σ1, σ2) using conjugate prior π(µ) = N(µ0, σ
2
0) with µ0 =

100, σ0 = 50. (Note: µ > 0, so the N-prior may not always be a good choice, depending on how
accurate we expect the data to be). Hint: the posterior should be the same regardless of if we use all
data at once, or one data after other.

5. In the previous problem, assume we know the true weight is µ = 90, but would like to know the
precisions of the two instruments. Solve the posterior distributions π(τ1 | x) and σ(τ2 | y), where
τi = σ−2

i . Use convenient uninformative priors.
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