
Exercises III

1. Two small problems with transformation of variables theorem.
(1.A) A proper probability density is de�ned for p ∈ [0, 1] as π(p) = U(0, 1). What is the probability
density of log(p)?
(1.B) An improper probability density is de�ned for ϕ ∈ IR as π(ϕ) ∝ 1. (A constant over the whole
real axis). Let ϕ = log(p/(1− p)) so that p ∈ [0, 1]. What is the corresponding density for p? Is it one
of the uninformative priors mentioned with binomial models?

2. Find out Je�reys' prior π(λ) in the case of Poisson model π(x | λ) = Poisson(λ). Is it proper or
improper density?

3. Compute the variance of beta-binomial distribution (=the predictive distribution that results from
X ∼ Bin(N, r), r ∼ Beta(α, β)), using the law of total variance.

4. From mathematics of de�nite integrals we �nd this result:
∫∞
0

√
xe−xdx = 0.5

√
π. Evaluate this

integral approximately by Monte Carlo simulations (e.g. in R) to get approximations for π = 3.14....
How large Monte Carlo sample is roughly needed to get �rst two decimals correct?

5. Number of arriving customers per time unit is modeled as x ∼ Poisson(λ). In other words, the
arrival times follow a Poisson process with constant intensity λ, and at any time point, the next arrival
time has exponential distribution with parameter λ. We followed the process for one time unit and
observed x = 70 customers. Solve the posterior density of λ, by (A) using an uninformative (improper)
prior π(λ) ∝ 1/λ, and (B) using informative conjugate prior based on the knowledge that last week
there were 50 customers per time unit on average, and the standard deviation of customers per time
unit was 10. What is posterior mean in both cases? Explain also how to �nd out posterior predictive
distribution of the arrival time of the next customer, using Monte Carlo method. Solve the posterior
predictive distribution analytically, to show it is not one of the familiar standard distributions.
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