
Exercises II

1. Prior distribution for the height of Ei�el. Each individual expert, n = 19, is asked to think of a
minimum and a maximum value for which he/she is sure that the true value h is between, h ∈ [ai, bi].
Combine the expert opinions as a mixture of uniform distributions π(h) =

∑
wiU(ai, bi) with equal

weights wi = 1/n in R and plot the result. The list of a- and b-values is below. Hint: make a vector
x<-seq(10,700,by=0.2) and evaluate the mixture density at each point of x and plot. (help(plot)).

a=c(100,240,60,140,150,250,250,200,100,180,70,70,100,300,290,150,100,300,190)

b=c(300,320,200,450,250,450,350,600,300,300,150,130,500,400,310,500,400,400,250)

2. Solve (and plot in R) the posterior density of proportion r based on x = 3 positives in a sample of
n = 8 assuming model π(x | n, r) = Binom(n, r) and prior π(r) = Uniform(0, 1). Compare posterior
density with those obtained with di�erent priors: π(r) = Beta(0.5, 0.5), π(r) = Beta(α ≈ 0, β ≈ 0).
Compare posterior modes, posterior means, and sample mean x/n. What if the data had been di�er-
ent, for example x = 0, n = 8? (Create a sequence of values p<-seq(0,1,by=0.005) for plotting and
use dbeta() to evaluate densities).

3. In estimating population prevalence (proportion) p of 'bad eggs', show that the posterior distribu-
tion of p becomes the same in the following cases: (1) we decide to collect N eggs and observe x of
them to be bad. (2) We keep collecting eggs until we �nd x bad eggs - and the total sample happens
to become N . We assume the prior distribution π(p) is the same - whatever it is - in both cases. (And
values of N and x are the same in both).

4. Locomotives of a railroad company are numbered 1, 2, 3, . . . , N . While watching trains, we observe
the number of one locomotive to be 131. Solve P (N | x = 131). What then is the most probable
value for N? Use a discrete uniform prior distribution U(1, L) that is: P (N = n) = 1/L for all
n ∈ {1, 2, . . . , L} where we simply choose some large L.

5. In the previous problem, the results are sensitive to the choice of L in the prior. So the outcome
depends much on what we think is a plausible range [1, L] in the �rst place. Moreover, it may not
be reasonable to think any value of locomotives to be equally plausible in this range. Actually, huge
railroad companies should be rare, so that smaller companies tend to be more probable than large.
Such prior knowledge could be expressed in the form of a distribution that is proportional to 1/N .
However, P (N) ∝ 1/N is not a proper probability distribution and we cannot make it proper because∑∞

N=1 1/N = ∞. We can still try if the posterior could be a proper distribution. Solve it and check
that it does integrate to one. Hint:

∑∞
N=1 1/N

2 = π2/6, where π = 3.14159....
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