
Solutions for Exercise 11

Fan Yang

1. (a) Construct a well ordering on ω that is different from the usual ordering
∈ on ω.

(b) Show that there are at least ℵ0 many distinct well orderings on ω.

Proof. (a) Pick a ∈ ω. Define an ordering ≺a on ω defined as

≺a= {(n,m) | n ∈m ∧ n,m 6= a}∪{(n,a) | n 6= a}.

Clearly ≺a is a linear ordering. We proceed to show that ≺a is a well
ordering on ω. Given any nonempty set x⊆ ω. If x= {a}, then clearly
a is the least element of x. Assume x \ {a} 6= /0. Since the relation ∈
is a well ordering on ω, the set x\{a} contains a least element m with
respect to ∈. As m ≺a a, we know that m is also the least element of
x with repect to ≺a.

(b) By the result of (a) above, for each a ∈ ω, ≺a is a well ordering on ω.
By the definitions of≺a and≺b, if a 6= b, then b≺a a and a≺b b thereby
≺a 6=≺b. Hence there are at least ℵ0 many distinct well orderings on
ω.

2. Prove items (a) and (b) of Lemma 7F.

Proof. (a) First we show that x <A x for no x ∈ A. Indeed, if x0 <A x0
for some x0 ∈ A, then f(x0) <B f(x0) for some f(x0) ∈ B, which
contradicts the assumption that <B is a partial ordering on B.
Secondly, for any x,y,z ∈A such that x<A y and y <A z, we have that
f(x)<B f(y) and f(y)<B f(z), which gives f(x)<B f(z) since <B

is a partial ordering on B. Hence x <A z by the definition of <A.

(b) Suppose that that <B is a linear ordering on B. It suffices to show the
trichotomy of <A. Given any x,y ∈ A. Since <B is a linear ordering
on B, exactly one of the following three alternatives holds:

f(x)<B f(y), f(x) = f(y), f(y)<B f(x).
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By the definition of <A,

[f(x)<B f(y) =⇒ x <A y ] and [f(y)<B f(x) =⇒ y <A x ].

Since f is one-to-one,

f(x) = f(y) =⇒ x= y.

Hence we conclude that exactly one of the following three alternatives
holds:

x <A y, x= y, y <A x.

3. Show that if R and R−1 are both well orderings on the same set S, then S is
finite.

Proof. Assume that S is infinite, and that R is a well ordering on S. Then
we can choose a0 = minS, an+1 = minS−{a0, . . . ,an} for all n ∈ ω. Thus
we obtain an infinite ascending chain

a0Ra1R · · ·RanR · · · ,

which gives an infinite descending chain

· · ·R−1anR
−1 · · ·R−1a1R

−1a0.

Thus by Theorem 7B, R−1 is not a well ordering on S.

4. Although the set Z of integers is not well-ordered by its normal ordering,
show that the ordering

0,1,2, . . . ,−1,−2,−3, . . .

is a well ordering on Z.

Proof. Denote by ≺ the assumed ordering. It is easy to see that ≺ is a linear
ordering on Z. For any nonempty subset A⊆ Z, let A+ =A∩ω.

If A+ 6= /0, then A+ has the least number m with respect to the normal or-
dering < on ω, which is also the least number of A with respect to ≺.

If A+ = /0, then x < 0 for all x ∈A, and the set −A= {−x : x ∈A} has the
least number m with respect to the normal ordering < on ω, which is also
the least number of A with respect to ≺.
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5. Assume that (A,<) is a partially ordered structure. Define the function F
by the equation

F (a) = {x ∈A|x≤ a},

and let S = ranF . Show that F is an isomorphism from (A,<) onto (S,⊂).

Proof. F is clearly surjective. Next, we show that f is one-to-one. Let
a,b ∈A. We have that

F (a) = F (b) =⇒{x ∈A|x≤ a}= {x ∈A|x≤ b}
=⇒∀x ∈A(x≤ a ⇐⇒ x≤ b)

=⇒ a≤ b and b≤ a

=⇒ a= b (since < is transitive and irreflexive).

Now, we show that F is an isomorphism. We have that

a < b=⇒∀x ∈A(x≤ a≤ b) and b /∈ F (a)

=⇒{x ∈A|x≤ a} ⊂ {x ∈A|x≤ b}
=⇒ F (a)⊂ F (b).

Conversely,

F (a)⊂ F (b) =⇒{x ∈A|x≤ a} ⊂ {x ∈A|x≤ b} and a 6= b

=⇒∀x ∈A(x≤ a=⇒ x≤ b) and a 6= b

=⇒ a≤ b and a 6= b

=⇒ a < b.

6. Assume that A is a finite set and that < and≺ are two linear orderings on A.
Show that (A,<) and (A,≺) are isomorphic.

Proof. If A is a finite set, and if < and≺ are two linear orderings on A, then
we may set A= {a1,a2, . . . ,an}= {ai1 ,ai2 , . . . ,ain} such that

a1 < a2 < · · ·< an and ai1 ≺ ai2 ≺ ·· · ≺ ain .

Define a function f : A→A by putting

f(aj) = aij for each j = 1,2, . . . ,n.

Clearly f is an isomorphism from (A,<) onto (A,≺).
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