
Lecture 06: Continuous Time Random Walk and Montroll–Weiss
equation

1 Introduction

A mathematically rigorous and at the same time very readable introduction to continuous time Markov process can
be found in appendix 1 of [1]. Random walks are still a subject of active research both in statistical physics and
mathematics. An up-to-date physics style introduction is [2]. Lecture 17 of the 2003 MIT course [3] is an alternative
reference for the derivation of the Montroll–Weiss equation.

2 Some definitions

We introduce the following definition to fix the terminology. Please refer to § 2.1 of [4] for more explanations and
details.

Definition 2.1. Let (Ω ,Fn ,P) be a probability space. A (discrete time) filtration is an increasing sequence F :=
{Fk}nk=0 of σ-algebras F0 ⊆ F1 ⊆ . . .Fn. The quadruple (Ω ,Fn ,F ,P) is called a filtered probability space

Definition 2.2. A stochastic process is just a collection of random variables {ξt}t≥0, indexed by a time parameter t
discrete or continuous.

Definition 2.3. Let (Ω ,Fn ,F ,P) be a filtered probability space. A stochastic process {ξi}i≥ 1 is called Fn-adapted
ξn if is Fn-measurable for every n, and is called Fn-predictable if ξn is Fn−1-measurable for every n.

Definition 2.4. Let (Ω ,F ,P) be a probability space and {ξk}
n
k=1 be a stochastic process. The filtration generated

by {ξk}
n
k=1 is defined as Fξ

n = σ (ξ1 , . . . , ξn) and the process is Fξ
n-adapted by construction.

3 Poisson process as a random clock for a generalized random walk

We construct the stochastic process Ξ ≡ {Ξt, t ≥ 0} as the sum

Ξt =

νt∑
i=1

ξi (3.1)

where νt : Ω× R+ 7→ N is a Poisson process. The definition implies that

E {Ξt|νt = n} =
n∑
i=1

ξi = Sn (3.2)

the right hand side being a sum over the sequence of random variables {ξi}i≥1 which we suppose to be i.i.d. clones
of a random variable ξ : Ω 7→ S, independent of the Poisson process. We assume the state space S of ξ to be finite
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dimensional e.g. S = {−y, y} if ξ is Bernoulli. The Poisson process forces us to consider in (3.2) sums for value of
n arbitrarily large. The consequence is that the process Ξ takes values on a countable state space X, formally

“ X ≡ lim
n↑∞

Sn ”

Proposition 3.1. Under the above hypotheses the probability distribution of Ξ is

PΞ(x, t) =

∞∑
n=0

Pν(n, t) PSn(x) ∀x ∈ X (3.3)

with the following provisos

• S0 = 0

• PSn(x) = 0 if x ∈ X/Sn

Proof.
At every time t we can write the characteristic function of Ξt as

E eı uΞt =
∞∑
n=0

Pν(n, t) E eı u Sn =
∞∑
n=0

Pν(n, t)
(

E eı u ξ
)n

We notice that the characteristic function depends upon the conjugate variable u only through powers of the charac-
teristic function of ξ. Hence taking the Fourier anti-transform with respect to u yields the claim.

In order to interpret the result let us prove that

Proposition 3.2. The probability

Pν(n, t) =
(r t)n

n!
e−r t

equals the probability of occurrence of exactly n independent identically exponentially distributed jumps. In other
words, we claim that given the sequence {τi}i≥1 of i.i.d. random variables, clones of the positive definite random
variable

τ
P
= P(t ≤ τ < t+ dt) = r e−r t (3.4)

if we construct the sequence {Tn}n≥0 such that T0 = 0 and

Tn =

n∑
i=1

τi ∀n ≥ 1 (3.5)

then

Pν(n, t) = P (Tn ≤ t < Tn+1)

Proof.
By the independence hypothesis we can write

P (Tn ≤ t < Tn+1) ≡ P (Tn ≤ t , τn+1 > t− Tn) =

∫ t

0
dt1 pTn(t1) P (τ > t− t1)
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By hypothesis

P (τ > t− s) =

∫ ∞
t

dt2 r e
−r t2 = e−r t

The calculation of the probability density pTn is most conveniently done passing as usual through the characteristic
function,

pTn(t) =

∫
R

du

2π
e−ı u tE eı u Tn =

∫
R

du

2π
e−ı u t

(
r

r − ı u

)n
We integral on right hand side we perform using Cauchy residuum theorem: the u ∈ C analytic continuation of
the integrand decreases exponentially for =u < 0. We identify the residuum by expanding the exponential around
ı u = r so that we get into

pTn(t) =
rntn−1 e−r t

(n− 1)!

Gathering the above information we can finally evaluate

P (Tn ≤ t, Tn+1 > t) =

∫ t

0
dt1

rn tn−1
1 e−r t1

(n− 1)!
e−r (t−t1) =

rn tn e−r t

n!
(3.6)

which proves the claim.

An immediate corollary of this proposition is

Corollary 3.1. The Poisson process admits the representation

νt =

∞∑
n=1

n11[Tn,Tn+1)(t) (3.7)

where

1. T0 = 0 and the Tn’s are as in (3.5);

2. the function 11[t1,t2)(t) is the indicator function of the right open interval [t1, t2) ⊆ R+:

11[t1,t2)(t) =

{
1 & t1 ≤ t < t2

0 & t ∈/ [t1, t2)

Proof.
Let us start by noticing that we can equivalently write the addends in (3.7) as the product

11[Tn,Tn+1)(t) = 11(0,t](Tn)11(t,∞)(Tn+1)

In other words (3.7) means that νt is equal to n if Tn ≤ t < Tn+1 when the Tn’s are computed according to (3.5)
and (3.4). But the proposition above tells us that in such a case

P (Tn ≤ t < Tn+1) ≡ P (Tn ≤ t, Tn+1 > t) =
rn tn e−r t

n!

for any t. Hence (3.7) any path up to time t ∈ R+ of the Poisson process admits the representation (3.7) as claimed.
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To summarize: the process Ξ describes the random walk obtained by summing independent realizations of ξ with
exponentially distributed waiting times separating the addition of the new increments to the sum of the previous ones.

Proposition 3.3. The probability distribution on X of Ξ satisfies the master equation of a continuous time Markov
process.

Proof.
If we time differentiate (3.3) we get into

∂tPΞ(x, t) =
∞∑
n=0

∂tPν(n, t) PSn(x)

We recall that

∂tPν(n, t) = −rPν(n, t) + rPν(n− 1, t)

which allows to rearrange terms into the form

∂tPΞ(x, t) = −rPΞ(x, t) + r

∞∑
n=1

Pν(n− 1, t) PSn(x) (3.8)

The probability distributions of the {Sn}n≥0 obey the discrete Markov chain relation of the form

PSn(x) =
∑
y∈X

P(x|y) PSn−1(y)

where as above we set

PSn(y) = 0 ∀ y ∈ X/Sn

Upon inserting in (3.8) we get into

∂tPΞ(x, t) = −rPΞ(x, t) + r
∑
y∈X

P(x|y)
∞∑
n=1

Pν(n− 1, t) PSn−1(y)

whence

∂tPΞ(x, t) = −rPΞ(x, t) + r
∑
y∈X

P(x|y) PΞ(y, t)

Finally we avail us of the normalization of the conditional probabilities∑
x∈X

P(x|y) = 1

to couch the master equation in the general form

∂tPΞ(x, t) =
∑
y∈X

[K(x|y)PΞ(y, t)−K(y|x)PΞ(x, t)] (3.9)

for

K(x|y) = rP(x|y)

It is worth noticing that two properties of Ξ which made the derivation of (3.9)

1. The Poisson process can increase by only one step per time unit: in other words the time derivative ∂tPν(n, t)
depends only upon Pν(n, t) and Pν(n− 1, t).

2. The transition probability P(x|y) of the Markov chain is independent of n i.e. the number of steps previously
taken. For this reason we can carry the sum over the states over the sum over n.
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4 Montroll–Weiss equation

We will now revisit (3.1), (3.3) under slightly different assumptions. In particular we suppose

1. Pν describes the probability distribution of an increasing N valued stochastic process {νt}t≥0 which at every
time step we write as

νt =

∞∑
n=1

11[Tn,Tn+1)(t)

where

• the function 11[t1,t2)(t) is the indicator function of the right open interval [t1, t2) ⊆ R+ as in the previous
section.

• T0 = 0 and the Tn’s as in (3.5) where now {τn}n≥1 are independent identically distributed random
variables, clones of a positive definite random variable τ

τ : Ω 7→ R+

which at variance with the previous section we do not assume to be exponentially distributed. We define
instead, the Laplace transform of the probability density of τ :

E e−s τ ≡
∫
R+

dt e−s t pτ (t) > 0 s ∈ R+ (4.1)

• We suppose that sequence ξi’s of i.i.d. random variables we are adding in (3.1) are clones of a random
variable ξ taking values on a countable state space X which we identify with the state space of Ξt itself.

Under the above hypotheses, our aim is now to compute

G(u, s) =

∫
R+

dt e−s tE eıΞt u =
∞∑
n=0

(
E eı ξ u

)n ∫
R+

dt e−s tPν(n, t) (4.2)

Proposition 4.1. We claim that

G(u, s) =
1− (E e−s τ )

s [1− (E eı ξ u) (E e−s τ )]
(4.3)

Proof.
We need to compute the Laplace transform of the probability that νt = n. In order to do accomplish this task we
recall that Pν(n, t) can be written as an event for the random sums Tn, Tn+1:∫

R+

dt e−s tPν(n, t) =

∫
R+

dt e−s t P(Tn ≤ t < Tn+1)

Proceeding as for the Poisson process we obtain the chain of equalities∫
R+

dt e−s tPν(n, t) =

∫
R+

dt e−s t
∫ t

0
dt1 pTn(t1) P (τ > t− t1)

=

∫
R+

dt1 pTn(t1) e−s t1
∫ ∞
t1

dt e−s (t−t1) P (τ > t− t1)

=

∫
R+

dt1 pTn(t1) e−s t1
∫
R+

dt e−s t P (τ > t)
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Finally we notice that the definition (3.5) implies∫
R+

dt1 pTn(t1) e−s t1 = E e−s Tn =
(
E e−s τ

)n
whilst ∫

R+

dt e−s t P (τ > t) =

∫
R+

dt e−s t [1− P (τ ≤ t)] =
1− E e−s τ

s

the last equality following from an integration by parts and recalling that

dP

dt
(τ ≤ t) = pτ (t)

To prove the claim we need only to insert the above results into (4.2)

G(u, s) =

∞∑
n=0

(
E eı ξ u

)n 1− (Ee−s τ )

s

(
E e−τ s

)n
and observe that the resulting series is a geometric series in (E eı ξ u)(E e−s τ ).

The identity (4.3) was first discovered in [5] and it is referred to as the Montroll–Weiss equation.
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