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Preface

Einführung

Suchmaschinen im Internet, Gennetzwerke, Aktienkurse, Wettervorher-
sage, Bevölkerungsentwicklung, Komprimierungsverfahren – Stochas-
tische Modelle spielen mittlerweile in den verschiedensten Bereichen
von Wissenschaft und Anwendung eine wichtige Rolle. Bei genauer Be-
trachtung handelt es sich fast immer um Markovprozesse, die für die
Modellierung herangezogen werden. Außerdem werden Markovprozesse
sehr häufig zur Simulation und Optimierung von Systemen verwen-
det, die sich wegen ihrer hohen Komplexität gegen einen analytischen
Zugang sträuben. Für diese zentrale Bedeutung der Markovprozesse
gibt es zwei wesentliche Gründe. Zum einen sind zeitdiskrete Markov-
prozesse sehr leicht zu simulieren. Ihr fehlendes Erinnerungsvermögen
benötigt kaum Speicher und sie werden im Wesentlichen von Bernoulli-
prozessen angetrieben. So reicht oft ein einfacher Zufallsgenerator, um
den Prozess im Computer zu simulieren. Ein weiterer Grund für die
Verwendung von Markovprozessen zur Modellierung ist deren weit er-
forschte mathematische Theorie. Für viele Klassen von Markovprozes-
sen gibt es handliche Kriterien, das Langzeitverhalten – Konvergenz
ins Gleichgewicht, Mischungsverhalten, Rekurrenz, etc. – qualitativ zu
beschreiben.

Auf endlichen Zustandsräumen sind darüber hinaus einige quantita-
tive Abschätzungen bekannt. So besitzt ein Markovprozess auf einer
endlichen Menge S stets eine stationäre Verteilung µstat, auch Gleich-
gewichtsverteilung genannt. Sind zudem alle Übergangswahrscheinlich-
keiten des Prozesses strikt positiv, so ist die stationäre Verteilung ein-
deutig. Für jede beliebige Startverteilung µ0 auf S konvergiert dann die
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Einführung

Folge der Verteilungen µn zum Zeitpunkt n ∈ N gegen µstat, und es gilt
die Abschätzung

|µn(s)− µstat(s)| ≤ (1− |S| · δ)n

für jeden Punkt s ∈ S, wobei δ > 0 die kleinste Übergangswahrschein-
lichkeit des Markovprozesses bezeichnet.

Auf unendlichen Mengen haben Markovprozesse im Allgemeinen keine
stationäre Verteilung. Das Langzeitverhalten eines solchen Prozesses
lässt sich deshalb oft nur qualitativ beschreiben, beispielsweise durch
sein Rekurrenzverhalten. Um für Markovprozesse insbesondere auf un-
endlichem Zustandsraum das asymptotische Verhalten verschiedener
Startverteilungen zu untersuchen, hat sich in den vergangenen zwei
Jahrzehnten die Kopplungsmethode etabliert (siehe [Lin02, Tho00]).
Dabei werden zwei gegebene stochastische Prozesse (Xn)n und (Yn)n
mit Werten in derselben Menge S auf einem gemeinsamen Wahrschein-
lichkeitsraum realisiert. Der entstehende gemeinsame Prozess auf S×S
heißt auch Kopplung. Die Wahrscheinlichkeit, dass Xn und Yn über-
einstimmen, schreibe P(Xn = Yn), liefert dann eine Schranke für den
Variationsabstand der Verteilungen µn von Xn und die Verteilung νn
von Yn; genauer gilt die Kopplungsungleichung

‖µn − νn‖ ≤ 2− 2 · P(Xn = Yn) , (1)

wobei ‖·‖ die Variationsnorm bezeichnet. Die Kopplung heißt erfolg-
reich, falls die rechte Seite von Ungleichung (1) für n→∞ verschwin-
det. Besonders interessant ist die Kopplungsungleichung, wenn (Xn)n
und (Yn)n Markovprozesse mit gleichen Übergangswahrscheinlichkeiten
aber verschiedenen Startverteilungen sind. In diesem Fall beschreibt die
Kopplungsungleichung quantitativ, in welchem Maße sich die verschie-
denen Startverteilungen im Laufe der Zeit einander nähern (z. B. siehe
[Pit74]). Ist beispielsweise der Prozess (Yn)n stationär verteilt, so liefert
die Kopplungsungleichung eine Abschätzung dafür, wie gut Xn durch
die stationäre Verteilung approximiert wird. Aber auch für Prozesse
ohne stationäre Verteilung kann auf diese Weise gezeigt werden, dass
sich verschiedene Startverteilung einander nähern. Die Herausforderung
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Einführung

der Methode besteht darin, erfolgreiche Kopplungen zu finden, also ge-
meinsame Realisierung von Xn und Yn, sodass die Wahrscheinlichkeit
P(Xn = Yn) mit wachsendem n ∈ N nachbeweisbar (oder sogar bere-
chenbar) groß wird.

Auch in der Physik spielt die Stochastik schon seit Langem eine große
Rolle. Bei Vielteilchensystemen, wie sie beispielsweise in der Thermody-
namik betrachtet werden, lassen sich keine Aussagen mehr über einzelne
Teilchen treffen, sondern nur statistische Aussagen über das Gesamt-
system. Bei sehr kleinen Systemen, zum Beispiel in der Teilchenphysik,
lassen sich die einzelnen Teilchen nicht direkt beobachten, sondern nur
durch indirekte Messungen. Beide Fälle verlangen eine stochastische Be-
schreibung des physikalischen Systems. Für die Grundlagenexperimente
der Quantenmechanik ist dabei charakteristisch, dass sich einige Phäno-
mene nicht mehr im Rahmen der klassischen Wahrscheinlichkeitstheorie
beschreiben lassen (siehe [KM98] und dortige Referenzen). Für die ma-
thematische Modellierung von quantenmechanischen Systemen hat sich
deshalb eine operatoralgebraische Verallgemeinerung der Wahrschein-
lichkeitstheorie durchgesetzt, die Quanten-Wahrscheinlichkeitstheorie
(vgl. [Mey85, Par92]). In dieser Theorie wird ein physikalisches Sys-
tem statt durch einen Wahrscheinlichkeitsraum (Ω,Σ, µ) durch ein Paar
(M, ϕ) aus einer W∗-Algebra M und einem Funktional ϕ : M → C
(mit gewissen zusätzlichen Eigenschaften) beschrieben. Genauer ent-
sprechen die Elemente von M den physikalischen Observablen des
Systems, und ϕ beschreibt die zugehörigen Erwartungswerte, also die
Stochastik des physikalischen Systems. Mathematik und mathemati-
sche Physik stehen nun vor der Herausforderung, die Vielfalt der Me-
thoden aus der klassischen Wahrscheinlichkeitstheorie in den Rahmen
der Quanten-Wahrscheinlichkeitstheorie zu übertragen. Und auch diese
Dissertation möchte einen Beitrag dazu leisten.

Speziell auf Markovprozesse gibt es in der klassischen Wahr-
scheinlichkeitstheorie verschiedene Blickwinkel, die in der Quanten-
Wahrscheinlichkeitstheorie zu wesentlich verschiedenen Verallgemeine-
rungen führen. Die vorliegende Arbeit stützt sich auf den Zugang
von L. Accardi, A. Frigerio und J.T. Lewis [AFL82] zu Quanten-
Markovprozessen und von B. Kümmerer [Küm85] zu Quanten-
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Markovdilatationen. Viele qualitative Aussagen über das Langzeit-
verhalten von klassischen Markovprozessen mit stationärer Vertei-
lung konnten in den vergangenen Jahrzenten auch für Quanten-
Markovprozesse mit stationärem Zustand gezeigt werden. Insbeson-
dere gibt es verschiedene Charakterisierungen für die Konvergenz ge-
gen den Gleichgewichtszustand (z. B. [Arv97, Küm85]). Konkrete Ab-
schätzungen für die Konvergenzgeschwindigkeit sind hingegen rar und
können in konkreten Beispielen nur sehr mühsam angewendet wer-
den, selbst bei endlich-dimensionalem Zustandsraum. Für Quanten-
Markovprozesse mit unendlich-dimensionalem Zustandsraum sind keine
Abschätzungen für die Konvergenz gegen die stationäre Verteilung be-
kannt. Das Langzeitverhalten von Prozessen ohne stationären Zustand
wird in der bisherigen Literatur erst seit kurzer Zeit systematisch stu-
diert. Hierzu gibt es bisher nur qualitative Resultate, z. B.. Rekurrenz
solcher Prozesse ([FR03, Uma06]).

In der Physik entstehen Quanten-Markovprozesse typischerweise durch
die lokale Wechselwirkung eines quantenmechanischen Systems mit ei-
ner stochastisch wechselnden Umgebung, auch Wärmebad genannt.
Einfache Beispiele sind das Spin- 1

2
-Teilchen in einem stochastischen

Magnetfeld [Küm02] oder das durch Atome angeregte elektromagne-
tische Feld eines Hohlraumresonators, das sogenannte Micromaser-
Experiment [JC63, WBKM00]. Derartige Prozesse werden durch einen
einfachen Quanten-Bernoulliprozess, das Rauschen der Umgebung, an-
getrieben. Der Markovprozess selbst lässt sich als Störung des freien
Rauschens auffassen. Durch diesen Blickwinkel konnten B. Kümmerer
und H. Maassen [KM00] die Streutheorie von P. Lax und R.S. Phillips
[LP89] auf Quanten-Markovprozesse übertragen. Für eine spezielle
Klasse von Quanten-Markovprozessen, sogenannte Tensordilatationen,
haben R. Gohm, B. Kümmerer und T. Lang [GKL00] darüber hinaus
gezeigt, wie sich die Streutheorie im Rahmen der Kodierungs- und Au-
tomatentheorie interpretieren lässt. Für endlich-dimensionale Algebren
ergeben sich dadurch leicht anwendbare Kriterien für die Konvergenz
ins Gleichgewicht.

Wir stellen uns in dieser Dissertation der Frage, wie sich die
Kopplungsmethode aus der klassischen Wahrscheinlichkeitstheorie auf
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Quanten-Markovprozesse übertragen lässt. Gibt es eine Quanten-
Kopplungsungleichung? Und finden sich für Quanten-Markovprozesse
in Tensordilatation (oder für geeignete Teilklassen) Kopplungen, die
erfolgreich sind? Auf diese Weise können wir konkrete Abschät-
zungen für die Konvergenzgeschwindigkeit verschiedener Startzustän-
de erhalten – auch ohne die Existenz eines stationären Zustands
vorauszusetzen.

Überblick

Wir beginnen damit, in Kapitel 1 die für die weitere Arbeit grund-
legenden Begriffe aus der Theorie der W∗-Algebren zusammenzufas-
sen und dabei die Notation zu fixieren. Vor diesem Hintergrund ent-
wickeln wir dann die Sprache der Quanten-Wahrscheinlichkeitstheorie.
Die zentralen Objekte dieser Arbeit sind stationäre quanten-dynamische
Systeme. Dabei handelt es sich um Tupel (M, ω, α,M0) aus einer
W∗-Algebra M mit einem treuen, halbendlichen, normalen Gewicht
ω, einem Gewicht erhaltenden, normalen ∗-Endomorphismus α und ei-
ner W∗-Unteralgebra M0 ⊆ M. Im Gegensatz zu einem Großteil der
Literatur lassen wir hier bewußt auch nicht notwendigerweise endli-
che Gewichte zu. Damit schaffen wir den Rahmen, um in den spä-
teren Kapiteln auch Quanten-Markovprozesse ohne stationären Zu-
stand untersuchen zu können. Zum Abschluss des Kapitels skizzie-
ren wir den Zusammenhang zwischen der mathematischen Quanten-
Wahrscheinlichkeitstheorie und der stochastischen Beschreibung quan-
tenmechanischer Systeme in der Physik und konkretisieren dies anhand
des Micromaser-Experiments.

Kapitel 2 ist zweigeteilt. Im ersten Teil des Kapitels führen wir den
Begriff des homogenen stationären Quanten-Markovprozesses ein. Da-
bei handelt es sich um ein spezielles quanten-dynamisches System
(M, ω, α,M0), bei dem ein wesentlicher Teil der Dynamik durch einen
Übergangsoperator T :M0 →M0 beschrieben wird. Zu einem gegebe-
nen Startzustand ϕ0 aufM0 erhalten wir so eine Folge ϕn := ϕ0 ◦ Tn
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von Zuständen auf M0, die jeweils das System zum Zeitpunkt n be-
schreiben. Diese Folge heißt die zu ϕ0 gehörige Markovkette. Nach
der abstrakten Definition von Quanten-Markovprozessen stellen wir ein
Verfahren zur Konstruktion von Quanten-Markovprozessen aus einem
∗-Homomorphismus Γ : M → M⊗ C vor. Die so entstehenden Ten-
sordilatationen treten in der Physik auf, wenn die Wechselwirkung des
betrachteten Systems mit seiner Umgebung nur örtlich und zeitlich be-
schränkt stattfindet und so die Umgebung zu verschiedenen Zeitpunk-
ten als unabhängig angenommen werden kann. Die zuvor erwähnten
Beispiele, das Spin- 1

2
-Teilchen im Magnetfeld oder das Micromaser-

Experiment, sind von dieser Form.

Im zweiten Teil des Kapitels wenden wir uns einer speziellen Mi-
schungseigenschaft dynamischer Systeme zu. Genauer stellen wir uns
die Frage, ob sich für zwei verschiedene Startzustände eines Quanten-
Markovprozesses mit Übergangsoperator T die zugehörigen Markovket-
ten einander nähern, d. h., ob

lim
n→∞

‖ϕ0 ◦ Tn − ψ0 ◦ Tn‖ = 0

für beliebige Zustände ϕ0 und ψ0 gilt. Ist dies der Fall, so nennen wir
T gleichmäßig mischend. Für Übergangsoperatoren in der klassischen
Wahrscheinlichkeitstheorie gibt es hierfür verschiedene äquivalente Kri-
terien von M. Lin [Lin71] und parallel von St. Orey [Ore71]. Diese Kri-
terien übertragen wir auf Quanten-Markovprozesses und ihre Dilatatio-
nen und erhalten so verschiedene Charakterisierungen für gleichmäßiges
Mischen.

In Kapitel 3 legen wir die Grundlagen, um die Kopplungsmetho-
de in den Rahmen der Quanten-Wahrscheinlichkeitstheorie zu über-
tragen. Zu Beginn des Kapitels stellen wir die Kopplungsmethode in
der klassischen Wahrscheinlichkeitstheorie vor und demonstrieren sie
anhand eines einfachen Beispiels. Danach stellen wir die grundlegen-
den Definitionen für Quanten-Kopplungen bereit. Unter einer Kopp-
lung zweier Zustände ϕ und ψ auf W∗-Algebren M bzw. N verste-
hen wir dabei einen Zustand ϕ̂ auf dem Tensorprodukt M⊗N , des-
sen Einschränkung auf die Unteralgebren M⊗ 1 und 1 ⊗ N jeweils
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den Zustand ϕ bzw. ψ liefert. Wie zuvor erwähnt ist eine der grund-
legenden Zutaten der Kopplungsmethode die Kopplungsungleichung
(1), Seite viii. Aufgrund einiger Sätze aus der Theorie der Operatoral-
gebren, zum Beispiel dem No-Cloning-Theorem, können wir belegen,
dass eine Verallgemeinerung dieser Ungleichung in den Rahmen der
Quanten-Wahrscheinlichkeitstheorie nicht durch die übliche Quantisie-
rung möglich ist. Vereinfacht gesagt fehlt ein Analogon für die Dia-
gonale {(ω, ω) | ω ∈ Ω} im Produktraum einer Menge Ω. Durch den
Übergang zu Kommutanten zeigen wir, wie sich diese Probleme stellen-
weise umgehen lassen. Auf ähnliche Weise hat R. Duvenhage [Duv08]
bereits kürzlich eine C∗-algebraische Verallgemeinerung von auf die Dia-
gonale konzentrierten Wahrscheinlichkeitsmaßen konstruiert. Wir fol-
gen diesem Ansatz und zeigen mit Hilfe diagonaler Projektionen eine
Quanten-Kopplungsungleichung. Genauer gilt für eine Kopplung ϕ̂ von
ϕ und dem zu ψ gespiegelten Zustand

‖ϕ− ψ‖ ≤ 4− 4 · ϕ̂(p∆)

für jede diagonale Projektion p∆. Für Quanten-Markovprozesse er-
halten wir damit ein hinreichendes Kriterium für gleichmäßiges Mi-
schen und eine Abschätzung für die Konvergenzgeschwindigkeit. Die
schärfsten Abschätzungen in obiger Quanten-Kopplungsungleichung
liefern maximale diagonale Projektionen. Für die W∗-Algebra B(H)
der beschänkten Operatoren auf einem separablen Hilbertraum geben
wir zu Kapitelende eine konkrete Charakterisierung dieser Projektio-
nen an.

Für Kapitel 4 kommen wir auf die in Kapitel 2 eingeführten Markov-
prozesse in Tensordilatation zurück. Zu Beginn stellen wir den Zusam-
menhang dieser Prozesses zur Kodierungs- und Automatentheorie dar.
Durch diese Interpretation induzieren klassische Tensordilatationen auf
kanonische Weise ein Kopplung des Markovprozesses mit sich selbst. Es
zeigt sich, dass für klassische Tensordilatationen die Existenz von syn-
chronisierenden Worten für den Automaten äquivalent dazu ist, dass die
Kopplung erfolgreich ist. Dieser Zusammenhang wurde von R. Gohm,
B. Kümmerer und T. Lang [GKL00, Lan02] bei der Untersuchung der
Streutheorie von Tensordilatationen festgestellt. Außerdem haben diese
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Autoren gezeigt, dass die Existenz synchronisierender Worte äquivalent
zur asymptotischen Vollständigkeit der Dilatation ist. Die Rechnungen
in [GKL00] für klassische Markovprozesse deuten an, das die kanonische
Kopplung eng mit dem erweiterten, dualen Übergangsoperator aus der
Streutheorie verknüpft ist. Wir konstruieren auch für nicht-klassische
Tensordilatationen auf kanonische Weise ein solche Kopplung, die dia-
gonale Kopplung und zeigen, dass diese Kopplung noch immer dual
zum erweiterten, dualen Übergangsoperator ist. Dadurch erhalten wir
eine neue Charakterisierung asymptotischer Vollständigkeit mit einer
interessanten physikalischen Interpretation des Begriffes. Insbesondere
folgt, dass für asymptotisch vollständige Prozesses die diagonale Kopp-
lung tatsächlich erfolgreich ist. Für Tensordilatationen mit stationärem
Zustand liefert die Quanten-Kopplungsungleichung also sinnvolle Ab-
schätzungen für die Konvergenz ins Gleichgewicht.

Zum Abschluss gibt Kapitel 5 einen Ausblick auf eine Art von Kopp-
lungen zwischen klassischer und nicht-kommutativer Theorie. Bei die-
sen halbklassischen Kopplungen handelt es sich um klassischen Markov-
prozesse auf dem Zustandsraum einer W∗-Algebra. Durch ihre Zwi-
schenposition lassen sich sowohl Methoden für klassische stochas-
tische Prozesse als auch für nicht-kommutative Zustandsräume an-
wenden. Um eine mögliche Richtung für weitere Forschung anzudeu-
ten, finden sich am Ende des Kapitels einige einfache Anwendungen
hierfür.
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Introduction

Introduction

Online search engines, gen networks, share prices, weather forecast,
demographic developement, data compression—in our days stochastic
models play an important role in various areas of research and appli-
cations. On closer inspection the models in most cases involve Markov
processes. Moreover, Markov processes are frequently used for simu-
lating and optimising systems that due to their high complexity deny
an analytic approach. There are essentially two reasons for the par-
ticular importance of Markov process. First of all, it is very easy to
simulate Markov processes in discrete time. Their lack of memory of
the past demands only little computer storage and they are basically
driven by Bernoulli processes. Hence a simple random number gener-
ator frequently suffices to simulate the process on a computer. A second
reason for using Markov processes for modelling is their well-developed
mathematical theory. For various classes of Markov processes man-
ageable criteria are known that describe their long time behaviour
qualitatively—e. g. convergence to an equilibrium, mixing properties,
recurrence properties, etc.

Furthermore, on finite state spaces there are some quantitative esti-
mates. For instance, a Markov process on a finite set S always admits
a stationary distribution µstat also called equilibrium distribution. If
in addition all transition probabilities are strictly positive then this
stationary distribution is unique. In this case, for an arbitrary initial
distribution µ0 on S the sequence of the distributions µn at time n ∈ N
converges to µstat with the estimation

|µn(s)− µstat(s)| ≤ (1− |S| · δ)n

for every point s ∈ S, where δ > 0 denote the smallest transition
probability of the Markov process.

On infinite sets, however, a Markov processes in general does not ad-
mit a stationary distribution. Therefore, in many cases the long time
behaviour of such a process can only be characterised qualitatively,
for instance by its recurrence properties. Yet, in the recent decade
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the coupling method has established itself as a tool to investigate the
asymptotic behaviour of different initial distributions of a Markov pro-
cess, especially on an infinite set. For this method two given stochastic
processes (Xn)n and (Yn)n with values in the same set S are realised
on a common probability space. The arising joint process on S × S
is called a coupling. The probability that Xn and Yn coincide, write
P(Xn = Yn), then serves as a bound for the variation distance of the
distributions µn of Xn and the distribution νn of Yn; more precisely,
the Coupling Inequality

‖µn − νn‖ ≤ 2− 2 · P(Xn = Yn) (2)

holds, where ‖·‖ denote the norm of total variation. The coupling is
called successful if the right hand side of Equation (2) vanishes for
n → ∞. The Coupling Inequality becomes particularly intersting if
(Xn)n and (Yn)n are Markov processes sharing the same transition
probabilities but with different initial distributions. Then the Coupling
Inequality provides a quantitative estimate to which extend the different
initial distributions come close to each other (e. g. see [Pit74]). If, for in-
stance, the process (Yn)n is in a stationary distribution then the Coup-
ling Inequality yields a bound for the quality of approximating Xn by
the stationary distribution. But also for processes without any station-
ary distribution this inequality allows to show that different initial dis-
tributions approach each other. The challenge of the coupling method
is to find successful couplings, i. e., to construct joint realisations of Xn
and Yn such that it can be verified that the probability P(Xn = Yn)
increases with n (or even compute this probability).

Also in physics stochastic methods have a long tradition. In systems
with a huge amount of particles, as for instance considered in thermo-
dynamics, the properties of a single particle are not accessable. Such
experiments are described by the statistics of the whole system. Very
small systems, as they are studied in particle physics, suffer the problem
that a single particle cannot be observed directly, but only by indirect
measurements. Both cases demand a stochastic description of the phys-
ical system. The fundamental experiments of quantum mechanics have
yet eluded a description by classical probability theory (see [KM98]
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and references therein). Therefore, as a model for quantum mechan-
ical systems a generalisation of probability theory in term of operator
algebras, the quantum probability theory, has successfully estabilshed it-
self (cf. [Mey85, Par92]). In this theory the probability space (Ω,Σ, µ)
describing the stochastics of the physical system is replaced by a pair
(M, ϕ) of a W∗-algebra M and a functional ϕ : M → C (satisfying
certain conditions). More precisely, the elements of M represent the
physical observable of the system and ϕ describes the corresponding
expectation values, i. e. the stochastics of the physical system. Mathe-
matics and mathematical physics are now faced with the challenge to
generalise the variety of methods in classical probability theory to the
framework of quantum probability theory. And this dissertation wants
to contribute to this challenge.

On Markov processes in particular, classical probability theory offers
different points of view all essentially equivalent in the classical the-
ory. In quantum probability theory, however, they have lead to dif-
ferent generalisations of the notion of a Markov process. The facing
thesis relies on the approach to quantum Markov processes introduced
by L. Accardi, A. Frigerio, and J.T. Lewis [AFL82] and the notion of
quantum Markov dilation studied by B. Kümmerer [Küm85]. In the
past decade many well-known qualitative statements about the long
time behaviour of classical Markov processes with a stationary dis-
tribution were generalised to quantum Markov processes with a sta-
tionary state. In particular, there are several characterisations for
convergence to the equilibrium (e. g. [Arv97, Küm85]). Concrete es-
timates for the speed of convergence, however, are rarely found and
laboriously applied in concrete examples, even on a finite dimensional
algebra. The long time behaviour of processes without any station-
ary state is systematically investigated quite recently. Up to now
only qualitative result are known, e. g. about recurrence properties
([FR03, Uma06]).

In physics those processes typically arise by an interaction of a quantum
mechanical system with its stochastic environment called the heat bath.
Simple examples are given by the spin- 1

2
particle in a stochastic mag-

netic field or by the electromagnetic field of a cavity resonator inter-
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acting with excited atoms passing the cavity. The later is also known
as the micromaser experiment [JC63, WBKM00]. These processes are
driven by a simple quantum Bernoulli process, the noise of the envi-
ronment. The actual quantum Markov process then can be regarded
as a distortion of the free evolution of the noise. From this perspec-
tive B. Kümmerer and H. Maassen [KM00, Lan02] were able to extend
the scattering theory developed by P. Lax and R.S. Phillips [LP89] to
quantum Markov processes. Furthermore, R. Gohm, B. Kümmerer,
and T. Lang [GKL00] have shown that for a special class of quantum
Markov processes called tensor dilations the scattering theory allows
an interpretation in the language of coding and automata theory. For a
finite dimensional algebra this approach yields criteria for convergence
to the equilibrium that are easy to verify.

In this thesis we pose ourselves the question how the coupling method
can be transfered from classical probability theory to quantum Markov
processes. Is there a Quantum Coupling Inequality? And do we
find couplings of quantum Makrov processes in tensor dilation (or
suitable subclasses) that are successfull? With these ingredients we
may derive concrete estimates for the speed of convergence of differ-
ent initial states—even without requiring the existence of a stationary
state.

Outline

We start by summarising the fundamental notions of the theory of
W∗-algebras and fixing the notations in Chapter 1. Against this back-
ground we develop the language of quantum probability theory. The
primary object of this thesis are stationary quantum dynamical systems.
These are tuples (M, ω, α,M0) of a W∗-algebraM with a faithful semi-
finite normal weight ω, a weight preserving normal ∗-endomorphism α,
and aW∗-subalgebraM0 ⊆M. In contrast to most authors in the liter-
ature we deliberately allow not necessarily finite weights. This provide
a suitable framework to study quantum Markov processes without re-
quiring a stationary state in the later chapters. Closing the chapter, we
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sketch the connection between mathematical quantum probability the-
ory and the stochastic description of quantum mechanical systems in
physics. This relation is elaborated more concretely for the micromaser
experiment.

Chapter 2 splits into two parts. The first part introduces the no-
tion of homogeneous stationary quantum Markov processes. These
are special quantum dynamical systems (M, ω, α,M0) where an es-
sential part of the dynamic can be described by a transition operator
T :M0 →M0. For a given initial state ϕ0 on M0 we then obtain a
sequence ϕn := ϕ0 ◦ Tn of states on M0 each describing the system
at time n, respectively. This sequence is called the Markov chain as-
sociated with ϕ0. After the abstract definition of a quantum Markov
process we present a construction scheme for a quantum Markov pro-
cess out of a ∗-homomorphism Γ :M→M⊗C. These so called tensor
dilations arise in physics if the interaction of the focal system and its
environment is local in space and only happens for a short period of
time. In this case the environment for different time steps is assumed
to be stochastically independent. The previously mentioned examples,
the spin- 1

2
particle in a stochastic magnetic field or the micromaser

experiment, satisfy this condition.

The second part of the chapter is devoted to a special mixing property of
dynamical systems. More precisely, we investigate whether for different
initial states of a quantum Markov process with transition operator T
the associated Markov chains asymptotically come close to each other,
i. e., whether T satisfies

lim
n→∞

‖ϕ0 ◦ T − ψ0 ◦ Tn‖ = 0

for arbitrary states ϕ0 and ψ0. If this condition holds true, the op-
erator T is called uniformly mixing. In classical probability theory
M. Lin [Lin71] and St. Orey [Ore71] in parallel provided different equiv-
alent conditions for uniform mixing of Markov processes. We generalise
these criteria to quantum Markov processes and their dilations to ob-
tain different characterisations of uniform mixing of quantum Markov
processes.
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In Chapter 3 we provide the fundamentals to extend the coupling
method to quantum probability theory. At the beginning of the chapter
we present an introduction to the coupling method in classical probabi-
lity theory and demonstrate its use for a simple example. Afterward we
pose the basic definitions of quantum couplings. In this framework a
coupling of two states ϕ and ψ on W∗-algebrasM and N , respectively,
is a state ϕ̂ on the tensor productM⊗N such that its restriction to the
subalgebrasM⊗ 1 and 1⊗N are given by ϕ and ψ, respectively. As
already mentioned, one of the key ingredients of the coupling method is
the Coupling Inequality (2) on page xvi. Due to some general theorems
about operator algebras, e. g. the No-Cloning Theorem, we are able to
affirm that a generalisation of this inequality to quantum probability
theory is not possible along the usual quantisation procedure. Roughly
speaking, quantum probability theory lacks an analogon of the diagonal
{(ω, ω) | ω ∈ Ω} in the product space of a set Ω. By passing to the
commutant we show how this problem to some extend can be avoided.
In a similar way R. Duvenhage [Duv08] recently constructed a C∗-al-
gebraic generalisation of probability measures that are concentrated on
the diagonal. We follow this approach and prove a Quantum Coup-
ling Inequality involving diagonal projections. More precisely, for every
coupling ϕ̂ of ϕ and the opposite of ψ the inequality

‖ϕ− ψ‖ ≤ 4− 4 · ϕ̂(p∆)

holds for every diagonal projection p∆. For quantum Markov processes
we derive a sufficient condition for uniform mixing which provides an
estimate for the speed of convergence. In the above Quantum Coup-
ling Inequality the strongest bound is established for maximal diagonal
projections. For the W∗-algebra B(H) of all bounded linear operators
on a separable Hilbert space we give a concrete characterisation of the
these projections at the end of the chapter.

For Chapter 4 we return to Markov processes in tensor dilation as
introduced in Chapter 2. The first part of the chapter presents the
relation of these processes to coding and automata theory. With this
interpretation a tensor dilation canonically gives rise to a coupling of
the Markov process. It turns out that for classical tensor dilations
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the existence of synchronising word for the automaton is equivalent to
the fact that the associated coupling is successful. This was already
stated by R. Gohm, B. Kümmerer, and T. Lang [GKL00, Lan02], who
studied the scattering theory of tensor dilations. Moreover, these au-
thors proved that the existence of synchronising word is equivalent to
asymptotic completeness of the dilation. The calculations in [GKL00]
for classical Markov processes indicate that the canonical coupling is
closely connected with the extended dual transition operator from scat-
tering theory. We present a construction of such a coupling also for
non-classical tensor dilations, the diagonal coupling and show that this
coupling is still in duality to the extended dual transition operator.
This provides a new characterisation of asymptotic completeness with
an interesting interpretation of this notion in physics. In particular, it
follows that for asymptotically complete processes the diagonal coup-
ling is indeed successful. For tensor dilation with a stationary state the
Quantum Coupling Inequality hence yields reasonable estimates for the
convergence to the equilibrium.

Finally, Chapter 5 presents an outlook to a special kind of couplings
in between classical and quantum theory. These semiclassical couplings
are classical Markov processes on the state space of a W∗-algebra. Due
to their intermediate position methods for classical stochastic processes
and for quantum state spaces both can be applied to these processes.
At the end of the chapter we provide some simple applications pointing
towards a direction of possible future research.
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1. Towards Quantum Probability Theory

This chapter is intended to fix some notations and to present the fun-
damental theory needed for this thesis. Sections 1.1 to 1.5 will provide
the basic vocabulary for dealing with probability spaces, Hilbert spaces
and operator algebras. We assume that the reader is familiar with
the language of probability theory as for instance presented in [Dur04].
Moreover, we presume some basic knowledge about the theory of oper-
ator algebras as in [BR87, Sak02, Tak02].

In Section 1.6 we present the transition from classical probability the-
ory to quantum probability theory and introduce one of the most fun-
damental objects of this thesis, the quantum probability space. Af-
terwards, Sections 1.7 to 1.11 introduce some more advanced tools to
handle quantum stochastic processes and dynamical systems as intro-
duced in the succeeding Section 1.13.

Section 1.14 gives a further motivation for studying quantum proba-
bility theory discussing its relation to quantum physics. Finally, Sec-
tion 1.15 presents a concrete example which serves as a major motiva-
tion for this thesis.

1.1. Basic Notation

Let us start by fixing some basic notation. Throughout the thesis we
denote by N, Z, R, and C the natural numbers including 0, the integers,
the real numbers, and the complex numbers, respectively. For a subset
A ⊆ X of a topological space X write clA for its closure. All vector
spaces, in particular Hilbert spaces and algebras, are considered over
the complex field. For a subset A ⊆ V of a vector space V we write

1



1.1. Basic Notation

linA for the smallest linear subspace of V which contains A as a subset.
Hilbert spaces are usually denoted by the lettersH orK, their vectors by
ξ or η. Their inner product (ξ, η) 7→ 〈ξ, η〉 is assumed to be linear in the
first and conjugate linear in the second component.

The algebra of all bounded linear operators on a Hilbert space H is
denoted by B(H). For the action of an operator x ∈ B(H) on a vec-
tor ξ ∈ H we write x.ξ := x(ξ). By x∗ we denote the adjoint oper-
ator of x which is uniquely determined by 〈x∗.ξ, η〉 = 〈ξ, x.η〉 for all
ξ, η ∈ H. We write 1H (or briefly 1) for the identity operator on H.
For a positive definite operator x ∈ B(H) its (possibly infinite) trace is
denoted by

Tr(x) :=
∑
i∈I

〈x.ei, ei〉 , (1.1)

where (ei)i∈I is an arbitrary orthonormal basis of H. If an operator
x ∈ B(H) can be written as a finite linear combination of positive
definite operators with finite trace or, equivalently, if Tr

(
(x∗x)

1/2
)
<∞

then x is called a trace class operator . Equation (1.1) extends to a
well-defined linear functional on the set of trace class operators. This
extension is again denoted by Tr.

Measurable spaces are usually denoted by (Ω,Σ), where Ω is a set
and Σ is a σ-algebra on Ω. Measures on such spaces, in particular
probability measures, are indicated by the letters µ or ν. The set
of all finite complex measures µ on Ω is equipped with the norm of
total variation or variation distance ‖µ‖ := sup|

∫
f dµ|, where the

supremum is taken over all measurable functions f : Ω→ [−1, 1]. Note
that for two real valued measures µ, ν with µ(Ω) = ν(Ω) this norm is
given by

‖µ− ν‖ = 2 sup
A∈Ω
|µ(A)− ν(A)| .

Random variables on (Ω,Σ) are usually denoted by the letters X and
Y . Given a measurable space (Ω,Σ) and a measure µ on Ω we denote
by L2(Ω,Σ, µ) the Hilbert space of all measurable square integrable
functions f : Ω → C modulo sets of measure zero. By L∞(Ω,Σ, µ)
we denote the set of all bounded functions f : Ω → C modulo sets
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1.2. Operator Algebras

of measure zero. If the σ-algebra is fixed, we also write L2(Ω, µ)
or L∞(Ω, µ), respectively. On a discrete space S we will frequently
consider the counting measure µ and then put `2(S) := L2(S, µ) and
`∞(S) := L∞(S, µ).

1.2. Operator Algebras

Throughout the thesis we will freely use the language of operator al-
gebras, in particular of C∗-algebras and W∗-algebras. We assume the
reader to be familiar with this language. To fix the notation, this section
presents a few fundamental definitions and facts about these algebras.
As an introduction and for further details we refer to the standard
literature, for instance [BR87, Sak02, Tak02].

A Banach ∗-algebra A is a complex Banach space with an associative
multiplication and a conjugated linear involution x 7→ x∗ such that
‖x · y‖ ≤ ‖x‖ · ‖y‖ and ‖x‖ = ‖x∗‖ for all x, y ∈ A. If in addition
‖x∗x‖ = ‖x‖2 holds for every x ∈ A then A is called a C∗-algebra. We
will usually prefer the letters A and B for C∗-algebras. Their elements
are indicated by x, y, z or a, b, c.

An element x of a C∗-algebra A is called self-adjoint if x∗ = x. It is
called positiv if x = y∗y for some element y ∈ A. It can be shown
that the set of all positive elements is a proper generating positive cone
denoted by A+. This cone gives rise to a partial order on the set of self-
adjoint element of A by writing x ≤ y if y − x is positive. A projection
in A is an element p ∈ A with p∗ = p = p2. If the multiplication on
the C∗-algebra admits a neutral element, we denote this unit by 1A, or
briefly 1, and say that A is a unital C∗-algebra. In this case an element
u ∈ A with u∗u = 1 = uu∗ is called a unitary.

A linear functional ϕ : A → C on a C∗-algebra A is called positive
if ϕ(x∗x) ≥ 0 for every x ∈ A. It is called faithful if in addition
ϕ(x∗x) = 0 implies x = 0. A positive functional of norm 1 is called
a state. If the C∗-algebra has a unit then a positive functional ϕ is a
state if and only if ϕ(1) = 1. The set of all states is a convex set. Its
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extremal points are called pure states. We usually write ϕ, ψ, ρ or ω
for linear functionals on a C∗-algebra and prefer to use ϕ and ψ for
states.

A C∗-algebraM is called a W∗-algebra if it is the dual of some Banach
space M∗ called the predual of M. Up to isometric isomorphism the
Banach space M∗ is uniquely determined by the algebra M. Via du-
ality we may isometrically identifyM∗ with a subset of the dualM∗.
The functionals ϕ : M → C of M∗ are called normal functionals. It
can be shown that a W∗-algebra always has a unit 1M ∈ M. For
W∗-algebras we prefer to use the lettersM and N .

The predual M∗ gives rise to a weak∗-topology on M for which a
net (xi)i converges to x ∈ M if and only if limi ϕ(xi) = ϕ(x) for
each normal functional ϕ. This topology is called the σ-weak topology.
A ∗-subalgebra 1M ∈M0 ⊆M is called a W∗-subalgebra if it is closed
with respect to this topology. As a distiction from the σ-weak topology
(or other locally convex topologies) the topology given by the norm is
also called the uniform topology.

A second locally convex topology on M is given by the seminorms
x 7→ |ϕ(x∗x)|1/2 with ϕ ∈ M∗. This topology is called the σ-strong
topology. A net (xi)i in M converges to x ∈ M with respect to this
topology if and only if the net

(
(xi − x)∗(xi − x)

)
i
converges to zero

in the σ-weak topology. A third locally convex topology onM is given
by the seminorms x 7→ |ϕ(x∗x)|1/2 + |ϕ(xx∗)|1/2 with ϕ ∈ M∗. This
topology is called the σ-strong∗ topology. With respect to this topology
a net (xi)i in M converges to x ∈ M if and only if (xi)i converges to
x and (x∗i )i converges to x∗ σ-strongly.

The σ-weak topology is less strict than the σ-strong topology, the
σ-strong topology is less strict than the σ-strong∗ topology, and the
σ-strong∗ topology is less strict than the uniform topology on M. In
general these four topologies are indeed different. Moreover, the topo-
logical dual of M with respect to the σ-weak, the σ-strong, and the
σ-strong∗ topology coincides withM∗.
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Proposition 1.1 ([Tak02], Proposition 5.3). Let ϕ be a faithful normal
state on a W∗-algebra M. Then on the unit ball of M the σ-strong
topology coincides with the topology given by the norm

‖x‖ϕ := ϕ(x∗x)
1/2 (x ∈M) .

For a subset S ⊆M there is a smallest W∗-subalgebra ofM containing
S. This algebra is given by the σ-weak closure of the ∗-algebra gener-
ated by S ∪ {1}. For two subsets S1, S2 ⊆M or, more generally, for a
family of subsets Si ⊆M (i ∈ I) we denote this W∗-algebra by S1 ∨S2

or
∨
i∈I Si, respectively.

Example 1.2.

1) The most important example of a W∗-algebra is the ∗-algebra
M = B(H) of all bounded linear operators on a Hilbert space
H equipped with the operator norm. Its predual is isometri-
cally isomorphic to the space of all trace class operators, where
a trace class operator ρ ∈ B(H) is identified with the functional
ϕ(x) := Tr(ρ · x), x ∈ B(H).

Every σ-weakly closed unital subalgebra M ⊆ B(H) is a W∗-al-
gebra, too. These subalgebras are called concrete W∗-algebras or
von Neumann algebras. The example B(H) is of significant im-
portance, because every W∗-algebra can be realised as a σ-weakly
closed subalgebra of B(H) for some Hilbert space H and thus
many concepts can be extended from B(H) to more general W∗-al-
gebras.

For the finite-dimensional Hilbert space H = CN we identify
B(CN ) with the ∗-algebra MN of all complex square matrices
of size N via the canonical basis of CN . An important state on
this algebra is given by the normalisation of the trace

τN (x) := 1
N

Tr(x)

for every x ∈ MN . Note that since MN is finite dimensional,
all locally convex topologies on MN do agree with the uniform
topology.
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2) Coming from a stochastic perspective, the algebra L∞(Ω, µ) of
all essentially bounded function on some measure space (Ω,Σ, µ)
is a W∗-algebra. Its predual is given by the integrable functions
L1(Ω, µ), where ρ ∈ L1(Ω, µ) is identified with the functional
ϕ(f) :=

∫
f · ρ dµ, f ∈ L∞(Ω, µ). A canonical representation

of L∞(Ω, µ) as a von Neumann algebra is given on the Hilbert
space L2(Ω, µ) of square integrable functions, where an element
f ∈ L∞(Ω, µ) acts on g ∈ L2(Ω, µ) by pointwise multiplication,
i. e. (f.g)(ω) := f(ω) · g(ω) for all ω ∈ Ω.

1.3. Weights

A weight on a C∗-algebra A is a map ω : A+ → [0,∞] such that
ω(x + y) = ω(x) + ω(y) and ω(λx) = λω(x) for all x, y ∈ A+ and
λ ≥ 0, where we follow the convention 0 · ∞ = 0. We say that a
positive element x ∈ A has finite weight if ω(x) < ∞. The weight ω
itself is called finite if ω(1) < ∞. It is called faithful if ω(x∗x) = 0
implies x = 0. Please note that a state on A in particular is a weight
via restriction to A+. It is easily checked that the notions for weights
introduced in this section coincide with those for states. Usually, we
indicate weights by the letters ω or ρ. If the weight is a state we prefer
ϕ or ψ.

Let M be a W∗-algebra. A weight ω on M is called normal if it
satisfies

ω
(
supi∈I xi

)
= supi∈I ω(xi)

for every bounded increasing net (xi)i∈I inM+ or, equivalently, if ω is
σ-weakly lower semicontinuous. A normal weight ω is called tracial or a
trace if ω(x∗x) = ω(xx∗) for every x ∈M or, equivalently, if ω(u∗xu) =
ω(x) for every unitary u ∈M and every x ∈M+.

Given a normal weight ω onM we put

n := {a ∈M | ω(a∗a) <∞} , m := lin{b∗a | a, b ∈ n} .

6



1.3. Weights

Then n is a left ideal in M and m is a ∗-subalgebra of M. If we
want to put an emphasis on the weight we also write nω := n and
mω := m, respectively. The positive elements contained in m are exactly
the positive elements of finite weights, i. e.

m ∩M+ = {a ∈M+ | ω(a) <∞} .

This set linearly spans m and the weight can be extended to a linear
functional on m. The weight ω is called semifinite if the ideal n is
σ-weakly dense inM or, equivalently, if the subalgebra m is σ-weakly
dense inM. Note that since n is a left ideal, ω is semifinite if and only
if the σ-weak closure of n contains the unit 1M.
Example 1.3.

1) Consider the W∗-algebraM = L∞(Ω, µ) for some measure space
(Ω,Σ, µ). Then every measure ν on Ω which is absolutely continu-
ous with respect to µ gives rise to a normal weight on L∞(Ω, µ)
setting ων(f) :=

∫
f dν for every f ∈ L∞(Ω, µ). This weight is

finite if and only if ν is a finite measure, and it is faithful if and
only if the Radon-Nikodym derivative dν/dµ is strictly positive
µ-almost everywhere.

2) On the W∗-algebra B(H) the canonical trace ω(x) := Tr(x) is a
faithful semifinite normal weight. As the name suggests it is in-
deed tracial. There are other semifinite tracial weights on B(H)
(e. g. the Dixmier trace [Dix66]), but it can be shown that ω = Tr
is the unique normal semifinite trace on B(H) up to scalar mul-
tiples.

3) Let H be a Hilbert space and h a positive, self-adjoint, possibly
unbounded operator on H with dense domain. Then

ωh(x) := Tr(h · x)

for each positive x ∈ B(H) defines a semifinite weight on B(H).
This weight is finite if and only if h is a trace class operator. It
is faithful if and only if h has trivial kernel, i. e. if h is strictly
positive.
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1.4. Tensor Products

For two Hilbert spaces H and K we denote by H ⊗ K their Hilbert
space tensor product. Given x ∈ B(H) and y ∈ B(H) we write
x⊗ y ∈ B(H⊗K) for the tensor product operator given by the con-
tinuous linear extension of (x ⊗ y).(ξ ⊗ η) := (x.ξ) ⊗ (y.η) for all
ξ ∈ H, η ∈ K.

For two ∗-algebras A and B we denote by A�B their algebraic tensor
product. If A and B are both C∗-algebras, there are in general several
norms on A�B with ‖x⊗y‖ = ‖x‖·‖y‖ such that the completion yields
again a C∗-algebra. However, there is a unique minimal (and a unique
maximal) norm satisfying these conditions. The closure with respect to
the minimal (maximal) norm is called theminimal (maximal) C∗-tensor
product of A and B, denoted by A⊗minB (A⊗maxB).

The minimal tensor product A ⊗min B can also be obtained in a dif-
ferent way. Choose two injective ∗-representations πA : A → B(H) and
πB : B → B(K) on Hilbert spaces H and K. Then the norm closure of
the ∗-subalgebra of B(H⊗K) generated by all operators πA(x)⊗πB(y)
with x ∈ A, y ∈ B is isomorphic to the minimal tensor productA⊗minB.
In particular, this closure does not depend on the choice of the repres-
entations πA and πB.

LetM and N be two W∗-algebras. Choose two injective unital normal
∗-representations πM :M→ B(H) and πN : N → B(K) and identify
the minimal C∗-tensor product M⊗min N with the norm closure of
the ∗-subalgebra of B(H⊗K) generated by x⊗ y with x ∈M, y ∈ N .
Then the σ-weak closure of M⊗min N in B(H ⊗ K) is a W∗-algebra
called the W∗-tensor product ofM and N . We denote it byM⊗N . It
can be shown that up to ∗-isomorphisms this tensor product does not
depend on the choice of the representations. Inductively, we may define
finite tensor products of W∗-algebras. As an abbreviation for the n-fold
W∗-tensor product of the same algebra we putM⊗n :=

⊗n
k=1M and

M⊗0 := C.

8



1.4. Tensor Products

For two positive normal functionals ϕ and ψ onM and N , respectively,
we put

(ϕ⊗ ψ)(x⊗ y) := ϕ(x) · ψ(y)

for every x ∈ M, y ∈ N . This definition linearly extends to a positive
normal functional onM⊗N . We call this extension the tensor product
of ϕ and ψ and denote it again by ϕ ⊗ ψ. Moreover, it can be shown
that if ϕ and ψ are both faithful then ϕ⊗ψ is faithful, too. With some
technical adjustment this can be generalised to weights: Let ω and ρ be
two semifinite normal weights on W∗-algebrasM and N , respectively.
On the W∗-tensor product M⊗N define a semifinite normal weight
by setting

(ω ⊗ ρ)(z) := sup

{
(ϕ⊗ ψ)(z)

∣∣∣∣∣ ϕ ∈M∗, 0 ≤ ϕ ≤ ω,
ψ ∈ N∗, 0 ≤ ψ ≤ ρ

}}

for every positive z ∈ M⊗N . We call ω ⊗ ρ the tensor product of ω
and ρ. Clearly, if x ∈ M and y ∈ N are elements of finite weight then
(ω ⊗ ρ)(x ⊗ y) = ω(x) · ρ(y). Moreover, it can be shown that if ω and
ρ are both faithful then ω ⊗ ρ is faithful, too.
Example 1.4.

1) Consider the commutative W∗-algebras M := L∞(Ω1, µ1) and
N := L∞(Ω2, ν2) with two σ-finite measure spaces (Ω1,Σ1, µ1)
and (Ω2,Σ2, µ2). The Hilbert space tensor product L2(Ω1, µ1)⊗
L2(Ω2, µ2) is naturally isometrically isomorphic to the Hilbert
space L2(Ω1 ⊗ Ω2, µ1 ⊗ µ2), where µ1 ⊗ µ2 denotes the product
measure of µ1 and µ2 on the corresponding product σ-algebra.
For f1 ∈ L2(Ω1, µ1) and f2 ∈ L2(Ω2, µ2) this isomorphism iden-
tifies the elementary tensor f1 ⊗ f2 with the pointwise product
(ω1, ω2) 7→ f1(ω1) f2(ω2) for all ω1 ∈ Ω1, ω2 ∈ Ω2. Via this uni-
tary equivalence the W∗-tensor product L∞(Ω1, µ1)⊗L∞(Ω2, µ2)
is isomorphic to the W∗-algebra L∞(Ω1 × Ω2,Σ1,⊗Σ2, µ1 ⊗ µ2).

2) Consider the W∗-algebras M := B(H) and N := B(K) for
Hilbert spaces H and K. The tensor product B(H) ⊗ B(K) is
isomorphic to the algebra B(H⊗K), where an elementary tensor

9



1.5. Completely Positive Maps

x⊗ y ∈ B(H)⊗ B(K) is identified with the tensor product oper-
ator given by the continuous linear extension of (x⊗y).(ξ⊗η) :=
(x.ξ) ⊗ (y.η) for all ξ ∈ H, η ∈ K. We will freely use this identi-
fication without mentioning the isomorphism.

3) Consider an arbitrary W∗-algebra M and the algebra of com-
plex n-by-n matrices N := Mn. The tensor productM⊗Mn is
isomorphic to the ∗-algebra Mn(M) of all n-by-n matrices with
entries inM equipped with the usual algebra structure, where an
elementary tensor x ⊗ (yi,j)i,j ∈ M ⊗Mn is identified with the
matrix (yi,j · x)i,j ∈Mn(M).

1.5. Completely Positive Maps

Let A,B be two C∗-algebras. A linear map T : A → B is called positive
if T (x∗x) ≥ 0 for every x ∈ A. By such a positive map every weight ρ
on B can be pulled back to a weight ω on A by setting ω(x) := ρ

(
T (x)

)
for every positive x ∈ B. We write ω = ρ ◦ T and

T : (A, ω)→ (B, ρ) .

Note that the notation ω = ρ ◦ T coincides with the usual composition
if ρ is a positive functional on B.

For a number n ∈ N a linear map T : A → B between C∗-algebras is
called n-positive if the tensor product map

T ⊗ Id : A⊗Mn → B ⊗Mn, x⊗ y 7→ T (x)⊗ y

is positive. The map T is called completely positive if it is n-positive for
every n ∈ N. It is well-known that if A or B is a commutative C∗-al-
gebras then positivity already implies complete positivity of T . Fur-
thermore, it is easily checked that ∗-homomorphisms between C∗-alge-
bras are completely positive and that the set of all completely positive
maps from A to B is a convex cone which is closed under composi-
tion.

10



1.5. Completely Positive Maps

One of the most important inequalities for completely positive maps
is the Inequality of Kadison and Schwarz : Let T : A → B be
a completely positive map between C∗-algebras. Then for every
x ∈ A

T (x)∗T (x) ≤ ‖T (1)‖ · T (x∗x) .

It follows that T is continuous with ‖T‖ = ‖T (1)‖.

Proposition 1.5 ([Tak02], Section IV.4 and IV.5).

1) Let T1 : A1 → B1 and T2 : A2 → B2 be completely positive maps
between C∗-algebras. Then there is a unique completely positive
map

(T1 ⊗ T1) : A1 ⊗min A2 −→ B1 ⊗min B2

such that for all a1 ∈ A1, a2 ∈ A2

(T1 ⊗ T2)(a1 ⊗ a2) = T1(a1)⊗ T2(a2) .

2) Let T1 :M1 → N1 and T2 :M2 → N2 be completely positive nor-
mal maps between W∗-algebras. Then there is a unique completely
positive normal map

(T1 ⊗ T2) :M1 ⊗M2 −→ N1 ⊗N2

such that for all x1 ∈M1, x2 ∈M2

(T1 ⊗ T2)(x1 ⊗ x2) = T1(x1)⊗ T2(x2) .

In both cases of this proposition map T1⊗T2 is called the tensor product
of the maps T1 and T2 in their respective category.
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1.6. From Classical to Quantum Systems

1.6. From Classical to Quantum Systems

Now that we have fixed the basic notations, we turn towards a de-
scription of some fundamental notions of probability theory using
the language of operator algebras. Let (Ω,Σ, µ) be a σ-finite mea-
sure space. Consider the W∗-algebra L∞(Ω,Σ, µ) of all essentially
bounded functions together with the faithful semifinite normal weight
ω(f) :=

∫
Ω
f dµ, f ∈ L∞(Ω,Σ, µ). Up to sets of measure zero the

events A ∈ Σ, more precisely their characteristic functions, are in
1-1-correspondence with the projections of L∞(Ω,Σ, µ). Sub-σ-al-
gebras Σ0 ⊆ Σ correspond to σ-weakly closed unital subalgebra
L∞(Ω,Σ0, µ) ⊆ L∞(Ω,Σ, µ). Thus, the pair(

L∞(Ω,Σ, µ), ω
)

is an algebraic version of the measure space (Ω,Σ, µ). Under reasonable
assumptions the original space (Ω,Σ, µ) can be reconstructed from the
W∗-algebra L∞(Ω,Σ, µ) and the weight ω (cf. [Tak02], Section II.1 or
[Sak02], Section 1.18).

Note that the W∗-algebra L∞(Ω,Σ, µ) is commutative. Mathemati-
cally, the starting point of algebraic measure theory or quantum mea-
sure theory is to allow the algebras to be non-commutative. Various
notions and concepts in quantum theory arise from the well-known clas-
sical theory along this so called quantisation procedure via dualising to
function spaces and then omitting commutativity.1

Apart from pure mathematical interests, there are some physical mo-
tivations for extending classical probability theory. Some fundamental
experiments in pure research, especially in quantum mechanics, have
eluded a description by classical probability theory. On the other hand,
quantum probability theory provides a reasonable model for this exper-
iments with a well-developed mathematical calculus (cf. [KM98]). In
exchange, the physical models raise interesting questions and challenges
for quantum probability theory. For the moment we postpone a more
detailed discussion of this relation to Section 1.14.
1However, be aware that generalisations sometimes are neither unique nor trivial.
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1.7. GNS-representation

Remark 1.6. We follow the common convention to use the term “clas-
sical” as a synonym for “commutative” and “quantum” as a synonym
for “non-commutative” or, more precisely, for “not necessarily commu-
tative”.

Let us start the introduction to quantum probability theory with the
most fundamental objects of this thesis: the quantum measure space
and the quantum probability space:

Definition 1.7. A quantum measure space is a pair (M, ω) of a W∗-
algebra M and a semifinite normal weight ω on M. If ω =: ϕ is a
normal state then (M, ϕ) is called a quantum probability space.

The quantum measure space (M, ω) or the quantum probability space
(M, ϕ) is called faithful if ω or ϕ is faithful, respectively. For
two quantum measure spaces (M, ω) and (N , ρ) an isomorphism
α : (M, ω)→ (N , ρ) is a normal ∗-isomorphism α : M → N with
ρ(α(x)) = ω(x) for every positive x ∈M.

1.7. GNS-representation

The GNS-representation2 presented in this section is one of the ma-
jor tools to connect the theory of quantum probability and quantum
measure spaces with the rich theory of Hilbert spaces. This section is
devoted to a presentation of the abstract construction. For concrete
examples we refer to Example 1.9 in Section 1.9.

Let (M, ϕ) be a quantum probability space. Then the map
(a, b) 7→ ϕ(b∗a) is a positive semidefinite sequilinear form on M. Its
kernel N := {a ∈ M | ϕ(a∗a) = 0} is a left ideal in M. The comple-
tion of the quotientM/N with respect to the norm obtained from the
inner product

〈a+N, b+N〉 := ϕ(b∗a)

2The common abbreviation ”GNS“ refers to I. Gelfand, M. Naimark and I. Segal.
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1.7. GNS-representation

for every a, b ∈ M yields a Hilbert space H with a normal ∗-represen-
tation

π :M→ B(H), π(x).(a+N) := xa+N

for every a, x ∈ M. The vector ξϕ := 1 + N ∈ H is cyclic for this
representation and satisfies

ϕ(x) = 〈π(x).ξϕ, ξϕ〉 (1.2)

for every x ∈ M. The Hilbert space H is called the GNS-space of
(M, ϕ), π is called the GNS-representation, and ξϕ the GNS-vector. If
we want to emphasise the reference to the state, we use ϕ as a subindex
and write Hϕ and πϕ for the GNS-space and the GNS-representation,
respectively.

Up to unitary equivalence the GNS-representation is the unique ∗-rep-
resentation π of M on a Hilbert space H with a cyclic vector ξϕ ∈ H
satisfying Equation (1.2). If the state ϕ is faithful, the vector ξϕ is
separating and hence the GNS-representation is injective. However,
note that the converse is not true. For instance, the algebraM = Mn

of complex n × n matrices does not have any non-trivial two-sided
ideal and, consequently, every non-zero ∗-representation of Mn is injec-
tive.

With some technical adjustment the GNS-construction generalises to
quantum measure spaces: Let (M, ω) be a quantum measure space.
Then ω gives rise to a positive semidefinite sequilinear form on the left
ideal n := {a ∈M | ω(a∗a) <∞} by

n× n→ C, (a, b) 7→ ω(b∗a) .

Its kernel N := {a ∈ M | ω(a∗a) = 0} is again a left ideal. The
completion of the quotient n/N with respect to the inner product
〈a+N, b+N〉 := ω(b∗a) (a, b ∈ n) yields a Hilbert space H called the
GNS-space of (M, ω). Denote by η : n→ H, η(a) := a+N the quotient
map. Then

π :M→ B(H), π(x).η(a) := η(xa)
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1.8. Tomita-Takesaki-Theory

for every x ∈M and a ∈ n extends to a normal ∗-representation ofM
called the GNS-representation. If the weight ω is faithful, the GNS-rep-
resentation is injective. In our notation we add ω as a subindex and
write ηω, Hω, and πω, respectively, if we want to emphasise the refer-
ence to the weight.

1.8. Tomita-Takesaki-Theory

This section will present the basic ingredients of Tomita-Takesaki-
Theory, named after its initiators M. Tomita and M. Takesaki. This
theory has become one of the main tools for a deeper analysis of non-
commutative aspects of quantum theory. Readers who are not famil-
iar with this subject are encouraged to look up some of the proofs
in [BR87, Str81, Tak03]. Like in the previous section, we will only
state the abstract theory and postpone the examples to Section 1.9,
Example 1.9.

Let (M, ω) be a faithful quantum measure space. Denote by H its
GNS-space with the associated injective linear map η : n → H.
Since the GNS-representation π of (M, ω) is injective, we may identify
M with the subalgebra π(M) ⊆ B(H). On H consider the map
η(x) 7→ η(x∗) for every x ∈ n ∩ n∗. It can be shown that this map
is closable, and its closure S admits a polar decomposition S = J∆

1/2

into a conjugated linear unitary J : H → H with J2 = 1 and a (not ne-
cessarily bounded) positive invertible operator ∆ with dense domain.3

The map J is called the modular conjugation and ∆ the modular oper-
ator associated with (M, ω). The set

H+ := cl{∆1/4.η(x) | x ∈M+ ∩ n ∩ n∗} = cl{x.Jη(x) | x ∈ n ∩ n∗}

is called the natural positive cone associated with (M, ω). It is a proper
convex cone in the fixpoint space of J . It linearly spans H and is
self-dual in the sense that it satisfies

H+ = {ξ ∈ H | ∀ξ+ ∈ H+. 〈ξ, ξ+〉 ≥ 0} .
3The power ∆1/2 is due to historical reasons.
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1.8. Tomita-Takesaki-Theory

Denote by M′ ⊆ B(H) the commutant of M, i. e. the set of all
y′ ∈ B(H) satisfying xy′ = y′x for every x ∈ M. One of the
results of Tomita-Takesaki-Theory is that the commutant of M is
given by

M′ = JM J .

Thus the algebra M and its commutant are conjugated linearly iso-
morphic via x 7→ JxJ . Equivalently, via x 7→ Jx∗J the commu-
tant M′ is linearly isomorphic to the vector space M equipped with
the reversed multiplication x • y := yx, called the opposite algebra
ofM.

The modular conjugation allows us to transfer each map on M to
its commutant. In particular, we may define a weight ω′ on M′
by

ω′(JxJ) := ω(x)

for every positive x ∈M. This weight is called the opposite weight of ω.
It is easily verified that ω′ is again faithful, semifinite, and normal. The
GNS-representation of (M′, ω′) yields the trivial representation ofM′
on Hω. The associated left ideal n′ := nω′ and its injection η′ : n′ → H
are given by

n′ = JnJ , η′(JxJ) = Jη(x)

for every x ∈ n. It follows that the natural positive cones of ω and
ω′ agree. Moreover, it can be shown that the modular conjugations
of ω and ω′ agree and that the modular operator of ω′ is given by
∆′ = ∆−1.

Another important result of Tomita-Takesaki-Theory is that the
∗-automorphisms x 7→ ∆−itx∆it on B(H) respect the subalgebra M,
i. e.

∆−itM∆it =M

for every t ∈ R. It follows that σωt (x) := ∆−itx∆it (x ∈ M) defines
a pointwise σ-weakly continuous one-parameter group of ∗-automor-
phisms onM. This group (σωt )t∈R is called the modular automorphism
group of (M, ω).
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1.9. The Standard Representation

For two faithful quantum measure spaces (M, ω) and (N , ρ) the
Tomita-Takesaki theory of the tensor product (M ⊗ N , ω ⊗ ρ) fac-
torises. More precisely, denote by Hω and Hρ the GNS-spaces and
by ηω : nω → Hω and ηρ : nρ → Hρ the corresponding injections of
the associated left ideals, respectively. Then the GNS-space of ω ⊗ ρ
is given by the tensor product representation on the Hilbert space
Hω ⊗Hρ. The corresponding injection ηω⊗ρ : nω⊗ρ → Hω ⊗Hρ satis-
fies

ηω⊗ρ(a⊗ b) := ηω(a)⊗ ηρ(b)
for every a ∈ nω and b ∈ nρ. If Jω and Jρ denote the mod-
ular conjugation of ω and ρ, respectively, then Jω⊗ρ := Jω ⊗ Jρ
is the modular conjugation of ω ⊗ ρ. The modular automorphism
group (σω⊗ρt )t∈R agrees with the tensor product σω⊗ρt = σωt ⊗ σρt for
every t ∈ R.

1.9. The Standard Representation

In the previous section we mentioned that for a faithful quantum mea-
sure space (M, ω) the commutant in the GNS-representation is iso-
morphic to the opposite algebra of M. In particular, up to ∗-isomor-
phism the commutant does not depend on the choice of the faithful
weight ω. Even more can be shown: Let ρ be a further faithful semifinite
normal weight onM. Then the GNS-representations

πω :M→ B(Hω) , πρ :M→ B(Hρ)

of ω and ρ, respectively, are naturally unitarily equivalent. More pre-
cisely, let H+

ω and H+
ρ denote the natural positive cones of ω and ρ,

respectively. Then there is a unique unitary map U : Hω → Hρ such
that

πρ(x) = U πω(x)U∗ , H+
ρ = U H+

ω

for every x ∈ M. It follows that U also commutes with the modular
conjugations Jω and Jρ of ω and ρ, respectively, i. e.

Jρ U = U Jω .
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1.9. The Standard Representation

Up to this identification via U the GNS-representation ofM, its natural
positive cone and its modular conjugation is unique and does not de-
pend on the choice of the faithful semifinite normal weight. This repre-
sentation is called the standard representation ofM.4

Remark 1.8. Be aware that in general for different faithful weights
ω and ρ the linear maps ηω : nω → H and ηρ : nρ → H, the modular
operators ∆ω and ∆ρ, and the modular automorphism groups (σωt )t∈R
and (σρt )t∈R do not agree.

Denote by H the Hilbert space of the standard representation and by
H+ ⊆ H its natural positive cone. Suppose thatM acts on its standard
representation space, i. e. M ⊆ B(H). Then it can be shown that for
every normal state ϕ on M there is a unique vector ξϕ ∈ H+ such
that

ϕ(x) = 〈x.ξϕ, ξϕ〉

for every x ∈M. It follows that up to unitary equivalence the GNS-rep-
resentation of (M, ϕ) is given by the restriction of the standard repre-
sentation to the cyclic subspace generated by ξϕ

Hϕ = cl{x.ξϕ | x ∈M}

with ξϕ as the GNS-vector. In this sense the standard representa-
tion contains every GNS-representation ofM with respect to a normal
state ϕ.
Example 1.9.

1) Consider M = L∞(Ω, µ) with a measure space (Ω, µ). Then
the standard representation of M is given by the action of
L∞(Ω, µ) on the Hilbert space H := L2(Ω, µ) by pointwise multi-
plication (cf. Example 1.2). The modular conjugation is given by
(Jf)(ω) = f(ω) for every f ∈ L2(Ω, µ) and ω ∈ Ω. The natural
positive cone is given by the set of all positive valued functions in
L2(Ω, µ).

4The existence of such a faithful semifinite normal weight is guaranteed by
[Tak03], Theorem VII.2.7. Hence every W∗-algebra can be represented in its
standard representation.

18



1.9. The Standard Representation

Each normal state ϕ on L∞(Ω, µ) is of the form ϕ(f) =
∫

Ω
f dν for

some probability measure ν on Ω which is absolutely continuous
with respect to µ. By the Radon-Nikodym Density Theorem there
is a positive integrable function rϕ : Ω→ [0,∞[ such that

ϕ(f) =

∫
Ω

f · rϕ dµ =

∫
Ω

(f · √rϕ) · √rϕ dµ

for every f ∈ L2(Ω, µ). Hence the positive square root √rϕ, as
an element of L2(Ω, µ), is the GNS-vector of the state ϕ.

Note that L∞(Ω, µ) is a commutative algebra. It follows that
every state on L∞(Ω, µ) is a trace and hence the modular operator
and the modular automorphism group are trivial.

2) LetM = B(H) for some Hilbert space H. The standard represen-
tation of B(H) is given by the action of B(H) on the Hilbert space
HS(H) of Hilbert-Schmidt operators on H by left multiplication,
i. e. x.ρ = x · ρ for every x ∈ B(H) and ρ ∈ HS(H). The modular
conjugation is given by Jρ = ρ∗ for every ρ ∈ HS(H). The nat-
ural positive cone is given by the set of all positive semidefinite
Hilbert-Schmidt operators. The commutant B(H)′ acts on HS(H)
by right multiplication or, more precisely, JxJ.ρ = ρ ·x∗ for every
x ∈ B(H) and ρ ∈ HS(H).

Each normal state ϕ on B(H) is of the form ϕ(x) = Tr(ρϕ · x)
for some positive definite operator ρϕ ∈ B(H) with finite trace.
Its square root √ρϕ then is a positive definite Hilbert-Schmidt
operator satisfying

ϕ(x) = Tr(
√
ρϕ · x ·

√
ρϕ) = 〈x.√ρϕ,

√
ρϕ〉

for every x ∈ B(H), ie, √ρϕ is the GNS-vector of the state ϕ.
It can be shown that the modular automorphism group (σϕt )t∈R
associated with ϕ is given by

σϕt (x) = ρ−itxρit

for every t ∈ R.
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1.10. Conditional Expectations

1.10. Conditional Expectations

Many concepts of classical probability theory can be formulated via
conditional expectations. Examples are the notions of independence,
martingales, and the Markov property (cf. Section 2.1 and 2.2).
For a quantum measure space (M, ω) a conditional expectation onto
a W∗-subalgebra M0 ⊆ M is an idempotent normal contraction
P : (M, ω)→ (M, ω) with P (M) = M0. In this case we also write
P : (M, ω)→ (M0, ω) slightly abusing the notation by identifying the
weight ω and its restriction toM0.

It can be shown that a conditional expectation P : (M, ω)→ (M0, ω)
onto a W∗-subalgebra M0 ⊆ M is automatically completely positive
and satisfies the modul property

P (a x b) = aP (x) b

for all a, b ∈M0 and x ∈M. If the weight ω is faithful, the conditional
expecation onto M0 is unique if it exists at all. However, unlike in
the classical theory the existence of conditional expectations onto a
given W∗-subalgebra is a difficult issue in quantum theory. The most
important criterion for the existence of a conditional expectation was
given by M. Takesaki:

Theorem 1.10 ([Tak72]). Let (M, ω) be a faithful quantum measure
space and M0 ⊆M a W∗-subalgebra. Then the following statements
are equivalent:

(a) The conditional expectation P : (M, ω)→ (M0, ω) exists.

(b) The restriction of ω toM0 is semifinite andM0 is invariant for
the modular automorphism group of ω, i. e. σωt (M0) ⊆ M0 for
every t ∈ R.

In this thesis we will frequently consider increasing sequences of
W∗-subalgebrasMn ⊆M, n ∈ N, of a faithful quantum measure space
(M, ω). Suppose that for each n ∈ N the conditional expectation
Pn : (M, ω) → (Mn, ω) exists. Then it follows from the uniqueness
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1.11. Markov Operators

of the conditional expectations that Pn ◦Pm = Pn = Pm ◦Pn for every
m ≥ n. In analogy to the classical notion, for each x ∈M the sequence
xn := Pn(x) is called a martingale, because it satisfies Pn(xm) = xn
for every m ≥ n. A generalisation of the well-known classical weak
convergence theorem for martingales to quantum measure spaces was
given by M. Tsukada:

Theorem 1.11 (Martingale Convergence Theorem, [Tsu83]). Let
(M, ω) be a faithful quantum measure space. Let Mn, n ∈ N be an
increasing sequence of W∗-subalgebras with M =

∨
n∈NMn such that

for each n ∈ N the conditional expectation Pn : (M, ω)→ (Mn, ω) ex-
ists. Then for each x ∈ M the sequence Pn(x), n ∈ N, converges to x
σ-strongly∗.

1.11. Markov Operators

Definition 1.12. Let M, N be W∗-algebras. A unital completely
positive normal map T :M→N is called a Markov operator .

Remark 1.13. The name Markov operators refers to their interpretation
as transition operators of a Markov process (cf. Section 2.2).

Let M and N be W∗-algebras. Denote by H and K the Hilbert
space of their standard representation and suppose that M ⊆ B(H)
and N ⊆ B(K) are given in their standard representation, respec-
tively. Denote by JM and JN the associated modular conjugations.
For a Markov operator T : M→ N define a map on the commutants
by

T ′ :M′ → N ′, T ′(JMxJM) := JN T (x) JN

for every x ∈ M. Then T ′ is a Markov operator called the opposite
operator of T .

Let (M, ω) and (N , ρ) be faithful quantum measure spaces and let
T : (M, ω)→ (N , ρ) be a weight preserving Markov operator. Denote
by ηω : nω → H and ηρ : nρ → K the associated linear maps into a dense
subset of the GNS-spaces, respectively. A simple computation using
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1.11. Markov Operators

the inequality of Kadison and Schwarz shows that there is a unique
contraction

t : H → K with t.ηω(a) := ηρ
(
T (a)

)
(1.3)

for every a ∈ nω. Since T respects the weights ω and ρ, the opposite
operator T ′ respect the opposite weights ω′ and ρ′, i. e. we obtain a
Markov operator T ′ : (M′, ω′)→ (N ′, ρ′). Again, the Markov operator
T ′ gives rise to a contraction t′ : H → K on the GNS-spaces. It is easily
checked that this contraction is given by

t′ = JN t JM .

Be aware that the contractions t and t′ depends on the choice of the
weights ω and ρ.

Proposition 1.14. Let T : (M, ω) → (N , ρ) be a Markov operator
between faithful quantum measure spaces such that T commutes with
the modular automorphism groups, i. e. σρt ◦ T = T ◦ σωt for every t ∈ R.
Denote by H,K the GNS-spaces of ω, ρ and by H+ ⊆ H,K+ ⊆ K their
natural positive cones, respectively. Then the contraction t given by
(1.3) satisfies

t.H+ ⊆ K+ .

Proof. Denote by ∆ω and ∆ρ the modular operators of ω and ρ, respec-
tively. Since T commutes with the modular groups, for every a ∈ nω
and t ∈ R we obtain

t∆it
ω .ηω(a) = ηρ

(
(T ◦ σωt )(a)

)
= ηρ

(
(σρt ◦ T )(a)

)
= ∆it

ρ t.ηω(a) .

It follows that t respects the domain of powers of the modular operators
and t∆α

ω = ∆α
ρ t on the domain of ∆α

ω for every α ∈ R. In particular,
for a positive element a ∈ nω ∩ n∗ω the vector

t∆
1/4
ω .ηω(a) = ∆

1/4
ρ t.ηω(a) = ∆

1/4
ρ ηρ

(
T (a)

)
is an element of the positive cone K+. Since the vectors ∆

1/4
ω .ηω(a)

with a positive a ∈ nω ∩ n∗ω are dense in H+ the assertion follows.
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1.11. Markov Operators

Corollary 1.15. Under the hypotheses of Proposition 1.14 the con-
traction t associated with T and the contraction t′ associated with T ′

agree.

Proof. Since H+ is a proper generating convex cone of H, we may
decompose each vector ξ ∈ H uniquely into a sum

ξ = ξ+ − ξ− + i(η+ − η−)

with ξ+, ξ−, η+, η− ∈ H+. Since each vector of H+ is a fixed point of
JM, we compute

tJM.ξ = t.ξ+ − t.ξ− − i(t.η+ − t.η−)

= JN (t.ξ+ − t.ξ−)− iJN (t.η+ − t.η−) = JN t.ξ .

Hence we obtain tJM = JN t and hence t′ = JN tJM = t as asserted.

Remark 1.16. For a Markov operator T : (M, ϕ) → (M, ϕ) on a
faithful quantum probability space (M, ϕ) the literature offers sev-
eral ways to associated a dual operator, which could lead to confu-
sions with the opposite operator. For instance the Commutant Radon-
Nikodym Theorem (see [KR97], Theorem 7.3.5) gives rise to a unique
map S′ :M′ →M′ satisfying

〈T (x).ξϕ, y
′.ξϕ〉 = 〈x.ξϕ, S′(y′).ξϕ〉 (1.4)

for every x ∈ M and y′ ∈ M′. This map is called the dual
map of T . It is easily checked that it is again a Markov operator
S′ : (M′, ϕ′)→ (M′, ϕ′). The dual map and its extensions were stud-
ied by R. Gohm [Goh04] to classify tensor dilations of T [Goh04]. The
opposite operator of the dual map S′ is the unique Markov operator
T+ : (M, ϕ)→ (M, ϕ) satisfying

〈T (x).ξϕ, JyJ.ξϕ〉 = 〈x.ξϕ, J T+(y) J.ξϕ〉 (1.5)

for all x, y ∈ M. This operator and its relation to T was studied by
U. Groh and B. Kümmerer [GK82]. We continue to denote by t the
contraction associated with T on the GNS-space of (M, ϕ). Then it
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follows from Equation (1.4) that the contraction associated with the
dual map S′ is given by t∗. By Corollary 1.15 the contraction asso-
ciated with T+ is given by J t∗ J , which is also easily deduced from
Equation (1.5).

1.12. Inductive Limits and Infinite Tensor Products

For two quantum measure spaces (M, ω) and (N , ρ) their tensor
product is the quantum measure space consisting of the W∗-tensor
product M ⊗ N with the tensor product weight ω ⊗ ρ. We briefly
write

(M, ω)⊗ (N , ρ) := (M⊗N , ω ⊗ ρ) .

Inductively we may define the tensor product of finitely many quantum
measure spaces. For infinite tensor products we need some technical
tool.

Theorem 1.17 (Inductive Limit). Let (Mn, ωn)n∈N be a sequence of
faithful quantum measure spaces and in : (Mn, ωn) → (Mn+1, ωn+1),
n ∈ N, a sequence of unital normal ∗-homomorphisms that commute
with the corresponding modular automorphism groups. Then there is a
faithful quantum measure space (M, ω) and a sequence of unital normal
∗-homomorphisms jn : (Mn, ωn)→ (M, ω), n ∈ N, that commute with
the with modular automorphism groups such that:

1) jn = jn+1 ◦ in for each n ∈ N.

2) M =
∨
n∈N jn(Mn).

The quantum measure space (M, ω) is unique up to isomorphism.

For a detailed proof of Theorem 1.17 we refer to Ap-
pendix A.

Definition 1.18. The quantum measure space (M, ω) in Theorem 1.17
is called the inductive limit of the sequence (Mn, ωn)n∈N along the
embeddings in, n ∈ N.
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1.13. Stochastic Processes and Dynamical Systems

(M, ω)

· · · (Mn, ωn) (Mn+1, ωn+1) · · ·
in

jn

in+1

jn+1

Figure 1.1.: Inductive Limit

A typical application of inductive limits is the construction of in-
finite tensor products: Let (Mn, ϕn)n∈N be a sequence of faithful
quantum probability spaces. The sequence of finite tensor products⊗n

m=0(Mm, ϕm), n ∈ N, is an inductive system with respect to the
embeddings

n⊗
m=0

(Mm, ϕm) −→
n⊗

m=0

(Mm, ϕm)⊗ (Mn+1, ϕn+1), x 7−→ x⊗ 1 .

(1.6)

Definition 1.19. The inductive limit (M∞, ϕ∞) of the sequence
(Mn, ϕn)n∈N along the embeddings in (1.6) is called the infinite tensor
product of (Mn, ϕn)n∈N. We write

(M∞, ϕ∞) =

∞⊗
n=0

(Mn, ϕn) .

1.13. Stochastic Processes and Dynamical Systems

We now proceed to introduce some basic notions of quantum proba-
bility theory. The notions presented here naturally arise along the
quantisation procedure mentioned in Section 1.6. For a more de-
tailed introduction and some further motivations we refer to [AFL82,
Küm03].
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1.13. Stochastic Processes and Dynamical Systems

First take a look at some fundamental notions of classical probability
theory. Let (Ω, µ) be a probability space and X : (Ω, µ) → S be a
random variable with values in some measurable space S. Without loss
of generality we suppose that X is surjective. Denote by ν := µ◦X the
push forward measure on S. Consider the W∗-algebras L∞(Ω, µ) and
L∞(S, ν). Then X gives rise to an injective unital normal ∗-homomor-
phism

iX : L∞(S, ν)→ L∞(Ω, µ), iX(f) := f ◦X .

The probability measures µ and ν are reflected by the normal states
ϕ(f) :=

∫
Ω
f dµ on L∞(Ω, µ) and ψ := ϕ◦iX on L∞(S, ν), respectively.

This operator algebraic description of a classical random variable serves
us as a key motivation for the following definition:

Definition 1.20. Let (M, ϕ) be a quantum probability space and N
a W∗-algebra.

1) A random variable on (M, ϕ) with values in N is an injec-
tive unital normal ∗-homomorphism i : N → M. We write
i : N → (M, ϕ). The state ϕ ◦ i on N is called the distribution of
the random variable.

2) A one-sided (two-sided) quantum stochastic process on (M, ϕ)
with values in N is a family in, n ∈ N (n ∈ Z), of random
variables in : N → (M, ϕ).

Remark 1.21. In the following we will focus on one-sided processes and
only give the definitions for this case. If not explicitely mentioned the
two-sided variant can simply be obtained by replacing the set of indices.

Let in : N → (M, ϕ), n ∈ N, be a quantum stochastic process. Many
probabilistic notions for quantum stochastic processes do not refer to
the values of the homomorphisms itself, but only to the subalgebras
Mn := in(N ), n ∈ N. More generally, for a subset I ⊆ N we denote
by MI ⊆M the W∗-subalgebra generated by all subalgebras in(N )
with n ∈ I:

MI :=
∨
n∈I

in(N ) .
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1.13. Stochastic Processes and Dynamical Systems

For the empty set we putM∅ := C1. The quantum stochastic process
is called minimal if M = MN. Note that minimality can always be
achieved replacingM byMN.

Remark 1.22. Though we work with discrete time, we use the in-
terval notation to denote subsets of N. For instance, we write
M[0,n] :=M{0,1,...,n} andM[3,∞[ :=M{3,4,...}.

Two quantum stochastic processes in : N → (M1, ϕ1) and
jn : N → (M2, ϕ2), n ∈ N, with values in the same W∗-algebra N
are called stochastically equivalent if

ϕ1

(
in1(y1) · . . . · ink (yk)

)
= ϕ2

(
jn1(y1) · . . . · jnk (yk)

)
(1.7)

holds for all n1, . . . , nk ∈ N and all y1, . . . , yk ∈ N . The numbers (1.7)
are called the generalised mixed moments of the process. If (in)n and
(jn)n are both minimal and stochastically equivalent, it follows that the
GNS-representations of (M1, ϕ1) and (M2, ϕ2) agree up to GNS-vec-
tor preserving unitary equivalence. This generalises the well-known
construction of Kolmogorov and Daniel in classical probability the-
ory.

Example 1.23.

1) Consider the shift on the integers Z → Z, n 7→ n + 1. On
the W∗-algebra `∞(Z) the shift gives rise to a ∗-automorphism
S : `∞(Z) → `∞(Z) by (Sf)(n) := f(n + 1). For a probability
measure µ on Z denote by ϕµ the corresponding normal state on
`∞(Z) given by ϕµ(f) :=

∑
n∈Z f(n)µ(n), f ∈ `∞(Z). Then we

obtain a two-sided quantum stochastic process

in : `∞(Z)→
(
`∞(Z), ϕµ

)
, in(f) := Snf (n ∈ Z) .

2) The previous example is a deterministic classical process. For a
non-classical deterministic quantum stochastic process consider
the W∗-algebra B(H) for some Hilbert space H. Fix a unitary
u ∈ B(H) and define a ∗-automorphism on B(H) by α(x) := u∗xu
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1.13. Stochastic Processes and Dynamical Systems

for every x ∈ B(H). Then for each normal state ϕ on B(H) we
obtain a two-sided quantum stochastic process by

in : B(H) −→
(
B(H), ϕ

)
,

in(x) := αn(x) = (u∗)n xun
(n ∈ Z) .

3) Proceed with the previous example. We fix a commutative
subalgebra M⊆ B(H). Then we obtain a two-sided quantum
stochastic process with values in the commutative algebraM by

in :M−→
(
B(H), ϕ

)
,

in(x) := αn(x) = (u∗)n xun
(n ∈ Z) .

Note that this classical stochastic process is not deterministic in
general.

As a common construction principle the above examples arise from an
endomorphism of some algebra. Moreover, in each example there is
a canonical choice of a weight (an equilibrium) which is respected by
the automorphism. This leads to the notion of a stationary quantum
dynamical system:

Definition 1.24. A stationary quantum dynamical system is a tuple
(M, ω, α,M0) consisting of

1) a faithful quantum measure space (M, ω),

2) a W∗-subalgebraM0 ⊆ M such that the restriction of ω toM0

is semifinite,

3) a unital normal ∗-endomorphism α : (M, ω)→ (M, ω).

Remark 1.25. In the above definition, the endomorphism α is auto-
matically injective. Indeed, if α(x) = 0 for some x ∈ M then
0 = ω(α(x)∗α(x)) = ω(α(x∗x)) = ω(x∗x) and hence x = 0 by
faithfulness.
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1.14. Interpretation in Physics

We adopt the notation for subalgebras setting MI :=
∨
n∈I α

n(M0)
for each subset I ⊆ N. The system is called minimal if M = MN.
If the endomorphism α is surjective, i. e. α is an automorphism, the
system is called reversible. By an inductive limit construction it can be
shown that, if the system is minimal and α commutes with the modular
automorphism group of ω then the system admits an extension to a
reversible system (in a natural sense).

Let (M, ω, α,M0) be a stationary quantum dynamical system. By
fixing a normal state ϕ onM we obtain a one-sided quantum stochastic
process with values in N :=M0 by putting

in :M0 → (M, ϕ), in(x0) := αn(x0)

for every n ∈ N. A quantum stochastic process arising in this way from
a stationary quantum dynamical system is called a stationary processs.
Note that the finite generalised mixed moments of this processs with
respect to ω are invariant for the times shift, i. e.

ω
(
in1(x1) · . . . · ink (xk)

)
= ω

(
in1+1(x1) · . . . · ink+1(xk)

)
(1.8)

for all n1, . . . , nk ∈ N and x1, . . . , xk ∈ M0 with finite weight. Con-
versely, under some additional requirements each quantum stochastic
process satisfying Equation 1.8 for some faithful weight ω on M is
implemented by a quantum dynamical system.

1.14. Interpretation in Physics

The language of quantum probability is frequently used in physics to
describe quantum mechanical systems and their stochastics. In this
interpretation a W∗-algebra M contains all observables of a physical
system M. The spectrum of an element x ∈ M corresponds to the
possible values for a measurement of the observable. The physical state
of M can only be described stochastically by its expectation values on
the observables of the system. Thus a physical state on M is indeed
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1.14. Interpretation in Physics

mathematically described by a unital positive linear functional onM,
i. e. a state in the mathematical sense.

A stationary quantum dynamical system (M, ω, α,M0) can be inter-
preted as a quantum mechanical system M with some discrete dy-
namic. Its action on the observables is described by the endomorphism
α (Heisenberg picture). Equivalently, the action on the states of M
is described by the dual map of α (Schrödinger picture). The subal-
gebraM0 corresponds to the observables that can be measured at time
n = 0. The weight ω can be interpreted as an equilibrium measure of
the stochastic system.

Example 1.26. Many closed quantum mechanical systems and their
dynamics are given by a separable Hilbert space H with a (pos-
sibly unbounded) self-adjoint operator H on H called the Hamiltonian.
This operator defines a strongly continuous group (ut)t∈R of unitaries
ut := eitH ∈ B(H) and hence a group (αt)t∈R of normal ∗-automorphism
onM := B(H) by αt(x) := u∗t xut. If we are only interested in a step-
wise dynamic, we fix t ∈ R. By scaling H we may without loss of
generality restrict to t := 1 and consider the ∗-automorphism

α : B(H)→ B(H), α(x) := u∗xu

with u := eiH. Note that the canonical trace on H is invariant for α,
but in certain cases there may be other interesting invariant weights or
states. Choose one of the faithful semifinite normal weights ω on B(H)
satisfying ω ◦ α = ω.

Frequently, the Hilbert space will come along with a canonical factorisa-
tion H =: H0⊗K where H0 and K are interpreted as locally separated,
but interacting subsystems. If we are only interested in the subsystem
corresponding to H0, we set M0 := B(H0) and identify B(H0) with
the subalgebra B(H0) ⊗ 1 ⊆ B(H0 ⊗ K). Then we may consider the
quantum dynamical system(

B(H0)⊗ B(K), ω, α, B(H0)
)
.
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1.15. The Micromaser

1.15. The Micromaser

One of the concrete physical examples which serves as a motivation for
this thesis is the micromaser experiment. For the experimental setup
consider a cavity with a electromagnetic field inside. On two opposing
sides of the cavity there is a tiny opening such that a beam of certain
atoms may pass the cavity. Then a beam of excited atom is directed
through this opening. The flux of the beam is adjusted to allow only
one atom to be inside the cavity at a time. The atom interacts with the
field only while it is inside the cavity. For simplicity we assume that the
atoms of the beam are equidistant (see Figure 1.2).

• • •

Figure 1.2.: Micromaser Experiment

For a two-level atom and a single mode electromagnetic field the dy-
namics is described by the model of E.T. Jaynes and F.W. Cummings
[JC63]. We also apply the rotating wave approximation to simplify the
model. Then the observables of the two-level atom are described by
the algebra M2 of complex 2-by-2 matrices. For the electromagnetic
field we choose the energy representation, where the observables of the
field are described by B(H) for the Hilbert space H := `2(N). De-
note by (ek)k∈N the canonical orthonormal basis of `2(N) and denote
by s ∈ B(H) the isometric shift with s.ek := ek+1 for every k ∈ N.
We identify the tensor product B(H) ⊗M2 with the algebra of 2-by-2
matrices with entries in B(H). Then the interaction is mathematically
given by the ∗-automorphism

α : B(H)⊗M2 → B(H)⊗M2, α(x) := u∗xu
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with the unitary in B(H)⊗M2 = M2

(
B(H)

)
given by

u :=

(
s∗as is∗b
ibs a

)
(1.9)

and operators a, b ∈ B(H) given by

a.ek := cos(g
√
k) ek , b.ek := − sin(g

√
k) ek

for every k ∈ N and a suitable constant g ∈ R. The constant g is
determined by the experimental design, for instance the duration of
the interaction.

Now take the whole beam into account and consider an infinite sequence
of atoms successively interacting with the electrodynamic field. Let all
atoms be independently prepared in the same state. Suppose that the
atoms do not interact with each other and that the field and the atom
do not change their states as long as there is no interaction. The first as-
sumption can be realised by the adjustments of the experimental design.
The second assumption can be realised mathematically by renormal-
ising with respect to the well-known free evolutions.

Denote by ψ the state on M2 describing the atom after preparation.
Mathematically, the algebra of observables of the sequence of atoms is
given by the infinite tensor product

(C+, ψ+) :=
∞⊗
n=1

(M2, ψ) ,

the whole system, including the cavity, is described by the algebra
B(H) ⊗ C+. The interaction of the first atom with the field is given
by the ∗-automorphism α acting on B(H) and the first tensor factor
of C+ = M2 ⊗ C+. By our assumptions the interaction of the second
atom is also given by α acting on B(H) and the second tensor factor of
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C+ = M2 ⊗M2 ⊗ C+. More general, we obtain the interaction α(k) in
the k-th step as the normal linear extension of

α(k) :

 B(H)
⊗⊗k

m=1 M2 ⊗ C+

 −→
 B(H)

⊗⊗k
m=1 M2 ⊗ C+

 ,

α(k)

 x

⊗
c1 ⊗ . . .⊗ ck−1⊗ck ⊗ c̄

:=


c1 ⊗ . . .⊗ ck−1⊗

α

x

⊗
ck


⊗ c̄

 .

Fix a normal state ϕ on B(H) describing the initial state of the field.
Then there are several associated quantum stochastic processes. If we
focus the field of the cavity and are interested in the action of atoms
on the field then we may study the process

in : B(H)→
(
B(H)⊗ C+, ϕ⊗ ψ+),

in(x) := (α(n) ◦ · · · ◦ α(1))(x⊗ 1C+)

for each n ∈ N. In this thesis we will mainly consider this particular
variant. On the other hand, if we focus the atoms and are interested in
the action of the field on the sequence of atoms then we may also study
the process

jn : C+ →
(
B(H)⊗ C+, ϕ⊗ ψ+),

jn(c̄) := (α(n) ◦ · · · ◦ α(1))(1B(H) ⊗ c̄)

for each n ∈ N.

33





2. Uniform Mixing of Quantum Markov
Processes

Apart from Bernoulli processes, Markov processes are one of the
simplest class of stochastic processes with respect to their degree of
independence for different time steps. They are used in various ap-
plications as a stochastic model. The classical theory of Markov pro-
cesses is very well developed and provides numerous methods to analyse
their ergodic properties. A brief introduction to fundamental notion for
Markov processes including some examples is given in the first section
of this chapter.

Mathematically, there are different but essentially equivalent perspec-
tives on classical Markov processes. In quantum theory these perspec-
tives lead to non-equivalent generalisations. Our approach goes back
to L. Accardi, A. Frigerio, and J.T. Lewis [AFL82], who gave a general
notion of a quantum Markov processes. We are also inspired by the
work of B. Kümmerer, who provided a dilation theory for such pro-
cesses [Küm85] and, together with H. Maassen, developed a scattering
theory for quantum Markov dilations [KM00].

Despite this rich theory, we will observe that on an infinite state space
there are interesting classical Markov processes that do not admit
any stationary probability measure. Likewise, some quantum mech-
anical experiments give rise to quantum stochastic processes that can-
not be dealt within the usual context of stationary quantum Markov
processes because they lack the existence of a stationary state. Yet,
most of these examples do admit a stationary measure or a stationary
weight, respectively. In Section 2.2 we thus are encouraged to relax
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the notion of a stationary quantum Markov process to cover stationary
weights.

The third and fourth section of this chapter provide some funda-
mentals about dilation of quantum Markov processes with a sta-
tionary weight generalising some results of [Küm85]. Finally, Sec-
tion 2.5 presents some examples of quantum Markov processes and
their dilations.

The rest of this chapter is devoted to the investigation of a special
mixing property called uniform mixing. For Markov processes it was
first studied by M. Lin [Lin71] and, in parallel, by St. Orey [Ore71]
as a substitute for the convergence to the invariant probability mea-
sure in cases where no such measure exists. They both gave different
characterisations of uniform mixing for Markov processes on σ-finite
sets. Sections 2.6 to 2.8 generalise this characterisations to stationary
quantum Markov dilations.

2.1. Classical Markov Processes

This section provides a brief introduction to the fundamentals of
Markov processes in classical probability theory. We expect the reader
to be familiar with some basic knowledge about Markov processes
on discrete sets and their transition kernels as for instance presented
in [Beh00, Dur04]. For the interested reader we recommend [Fel50]
as a good additional source including numerous examples of Markov
processes.

Definition 2.1. A stochastic process Xn : (Ω,Σ, µ) → S, n ∈ N, is
called a Markov process if it satisfies

µ(Xn+1 ∈ An+1 | X0 ∈ A0, . . . , Xn ∈ An)

= µ(Xn+1 ∈ An+1 | Xn ∈ An)
(2.1)

for all measurable subsets A0, . . . , An, An+1 ⊆ S (n ∈ N) with
µ(X0 ∈ A0, . . . , Xn ∈ An) 6= 0. The Markov process is called homo-
geneous if the conditional probabilties in Equation (2.1) are constant
with respect to n ∈ N.
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Markov processes can be interpreted as a stochastic process without a
memory of the past. According to Equation (2.1) the future of the pro-
cess does not depend on the whole past, but only on the present state.
Note that the condition in Equation (2.1) can easily be reformulated
equivalently using conditional expectations: For some subset I ⊆ N we
denote by ΣI ⊆ Σ the σ-subalgebra generated by the random variables
Xn with n ∈ I. For simplicity set Σn := Σ{n}. We write Eµ(f | ΣI) for
the conditional expectation of a function f ∈ L∞(Ω,Σ, µ) with respect
to the σ-subalgebra ΣI ⊆ Σ and the measure µ. Then (Xn)n∈N is a
Markov process if and only if

Eµ(f | Σ[0,n]) = Eµ(f | Σn) (2.2)

for every n ∈ N and every f ∈ L∞(Ω,Σ[n,∞[, µ) ⊆ L∞(Ω,Σ, µ). Note
that this reformulation allows a canonical generalisation to quantum
theory (see Section 2.2).

Up to stochastic equivalence a Markov process is uniquely deter-
mined by its initial distribution and the conditional probabilities
of Xn and Xn+1 in Equation (2.1). Formalising these conditional
probabilities leads to the following notion of a Markov transition
kernel:

Definition 2.2. A Markov (transition) kernel on a measurable space
(S,Σ) is a map p : S × Σ→ [0, 1] such that

1) for each s ∈ S the map A 7→ p(s,A) is a probability measure on
(S,Σ) and

2) for each A ∈ Σ the map s 7→ p(s,A) is a measurable function on
(S,Σ).

The value p(s,A) is called the transition probability from s ∈ S to
A ∈ Σ.

Obviously, the set of Markov kernels is convex. Moreover, two Markov
kernels p, q on (S,Σ) can be composed to a Markov kernel p◦q on (S,Σ)
by setting

(p ◦ q)(s,A) :=

∫
S

p(t, A) dq(s, t)
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for every s ∈ S, A ∈ Σ. In particular, we may define powers of a
Markov kernel p inductively by p1 := p and pn+1 := p ◦ pn for every
n ≥ 1. The arising semigroup of all Markov kernels on (S,Σ) admits a
neutral element given by the Markov kernel with p(s,A) := 1 if s ∈ A,
and p(s,A) := 0 otherwise (s ∈ S, A ∈ Σ).

A Markov transition kernel p gives rise to a linear operator Tp : µ 7→ µTp
on the set of all probability measures or, more generally, on the set of
all complex measures on (S,Σ) by

(µTp)(A) :=

∫
S

p(s,A) dµ(s)

for every A ∈ Σ. This operator or its restrictions to suitable subspaces
of measures is called the transition operator of p. With a slight abuse
of notation we will frequently identify the Markov kernel p with its
transition operator and write µp instead of µTp. Note that this nota-
tion is consistent with respect to composition, because for two Markov
kernels p, q on S we have µTp◦q = (µTp)Tq for every complex measure
µ on S.

A measure µ on S is called invariant for a Markov kernel p on S if
µ = µTp. A measurable subset A ⊆ S is called invariant if p(a,A) = 1
for every a ∈ A. It is called absorbing if additionally for every
s ∈ S

lim
n→∞

pn(s,A) = 1 .

Given an initial probability measure µ0 on S the sequence of probability
measures µn := µ0p

n, n ∈ N, is called the Markov chain of p starting
at µ0. For such a Markov chain the construction of Kolmogorov and
Daniell provides a homogeneous Markov process Xn : (Ω,Σ, µ) → S,
n ∈ N, where for each n ∈ N the distribution of Xn is µn and the
conditional probabilities of the process are given by

µ(Xn+1 ∈ A | Xn ∈ B) =

∫
B

p(s,A) dµ(s)

for all measurable subsets A,B ⊆ S.
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If the space S is discrete, we may identify a measure µ on S with the
row vector

(
µ(s)

)
s∈S of the singleton probabilities µ(s) := µ({s}). In

this sense the set of all finite complex measures on S is identified with
the Banach space `1(S) of all absolutely summable complex valued
functions on S. For a Markov kernel p on S the transition operator
Tp may be identified with the matrix

(
p(s, t)

)
s,t∈S of the singleton

transition probabilities p(s, t) := p(s, {t}). Then the measure µTp can
be computed by a left multiplication of the row vector µ with this
matrix, i. e.

(µTp)(t) =
∑
s∈S

µ(s) p(s, t)

for every t ∈ S. Using the duality of `1(S) and `∞(S), the matrix of the
transition operator acts on the commutative W∗-algebra `∞(S) by mul-
tiplication from the right, i. e., for f ∈ `∞(S) we have

(Tpf)(s) =
∑
t∈S

p(s, t)f(t)

for every s ∈ S. Thus Tp can be regarded as a unital positive, and hence
completely positive, normal map on `∞(S), i. e. a Markov operator in
the sense of Definition 1.12 on page 21.

On a discrete set S we frequently use a graphical representation of a
Markov transition kernel by its so called its transition graph. This is
the directed weighted graph whose vertices are the points of S. An edge
from s ∈ S to t ∈ S exists if and only if p(s, t) 6= 0. This edge then is
equipped with the weight p(s, t).

Example 2.3.

1) Figure 2.1 shows an example of a particular transition graph for
a Markov kernel on the set S = {s1, s2, s3}. The associated tran-
sition operator is given by the matrix

T =

1/3 2/3 0
1/3 0 2/3
0 1/3 2/3

 .
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2.1. Classical Markov Processes

s1 s2 s31/3

2/3

1/3

2/3

1/3

2/3

Figure 2.1.: Transition Graph

Computation of the left eigenvectors of T yields µ = (1/7, 2/7, 4/7)
as the only invariant probability measure of this kernel.

2) The random walk on the integers is given by the Markov kernel
p : Z× Z→ [0, 1] with

p(s, s+ 1) := λ , p(s, s− 1) := 1− λ ,

for every s ∈ Z and p(s, t) := 0 for all s, t ∈ Z with |s − t| 6= 1,
where 0 < λ < 1 is a fixed number. The transition graph of p is
shown in Figure 2.2. An invariant measure µ for this kernel must
satisfy

λ · µ(s− 1)− µ(s) + (1− λ) · µ(s+ 1) = 0 .

for every s ∈ Z. It can easily been shown that every solu-
tion of this difference equation is a linear combination of the
counting measure µ(s) = 1, s ∈ Z, and the geometric measure
µ(s) = ( λ

1−λ )s, s ∈ Z. In particular, the kernel does not admit an
invariant probability measure.

−1 0 1 · · ·· · ·
λ

1− λ

λ

1− λ

λ

1− λ

λ

1− λ

Figure 2.2.: Random Walk on the Integers
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2.1. Classical Markov Processes

3) More generally, let G be a locally compact group G equipped with
the Borel σ-algebra Σ. For a fixed measure ν on G consider the
Markov kernel p : G× Σ→ [0, 1] given by

p(s,A) := ν(s−1A)

for every s ∈ G and A ∈ Σ. This Markov kernel is called the right
convolution kernel of ν. The left Haar measure on G is invariant
for this kernel, but for certain choices of ν there may be other
invariant measure as well. Note that the random walk on the
integers is of this type for the group G = Z and the probability
measure ν on Z given by ν(1) = λ, ν(−1) := 1 − λ, and zero
otherwise.

4) For our later studies (cf. Section 3.9) the following Markov kernel
p : N × N → [0, 1] is of special interest: Fix a number 0 < λ < 1
and set

p(s, s+ 1) := λ , p(s+ 1, s) := 1− λ , p(0, 0) := 1− λ

for every s ∈ N and p(s, t) := 0 for all other choices of s, t ∈ N
(see Figure 2.3). This Markov kernel and its Markov chains are
special birth and death chains, a class of Markov processes which
is of significant importance in queueing theory, especially for so
called M/M/1 queues. An invariant measure µ of this Markov
kernel must satisfy the difference equations

λ · µ(s− 1)− µ(λ) + (1− λ) · µ(s+ 1) = 0 ,

µ(1) = 1−λ
λ
µ(0)

for every s ≥ 1. These equations can iteratively been solved to
verify that up to positive multiples the Markov kernel admits a
unique invariant measure given by µ(s) := ( λ

1−λ )s, s ∈ N. Note
that this measure is finite if and only if λ < 1/2.
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2.2. Quantum Markov Processes

0 1 2 3 · · ·
λ

1− λ

λ

1− λ

λ

1− λ

λ

1− λ
1− λ

Figure 2.3.: M/M/1 queue

2.2. Quantum Markov Processes

The classical notion of Markov processes allows different approaches
to generalise the concept to quantum theory. One of them is founded
on the construction of Kolmogorov and Daniel to provide a measure
on the infinite product of the state space (see for instance [Acc75]).
We will, however, take a different approach initiated by L. Accardi,
A. Frigerio and J.T. Lewis [AFL82]. It is based on the existence of
global conditional expectations and does not restrict to algebras with
a specific local structure. This section will give a brief introduction
to this subject. For a broader overview we recommend the proceed-
ing articles [Küm02, Küm03, Küm06]. Concrete examples of quantum
Markov processes will be given later in Section 2.5 after providing some
general theory.

Let (M, ω, α,M0) be a stationary quantum dynamical system. Recall
that at stationary quantum stochastic process with values in a W∗-al-
gebra N is a sequence of injective unital normal ∗-homomorphisms
in : N → (M, ϕ), n ∈ N, such that i0(N ) = M0 and in = αn ◦ i0
for every n ∈ N. For each subset I ⊆ N we denote by MI ⊆ M
the W∗-subalgebra generated by the sets αn(M0) with n ∈ I and put
Mn :=M{n} as an abbreviation.
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2.2. Quantum Markov Processes

Definition 2.4. Let (M, ω, α,M0) be a quantum dynamical system.
A stationary quantum stochastic process in : N → (M, ϕ), n ∈ N, is
called a stationary quantum Markov process if the following conditions
hold:

1) For every n ∈ N the conditional expectation P[0,n] : (M, ω) →
(M[0,n], ω) exists and

P[0,n](M[n,∞[) ⊆Mn . (2.3)

2) ϕ = ϕ ◦ P0.

Remark 2.5.

1) The Relation (2.3) is called the Markov property . Observe that it
generalises the classical characterisation of Markov processes via
conditional expectations (cf. Equation (2.2) on page 37).

2) Note that we do not require the existence of a conditional expecta-
tion onto every subalgebraMI with I ⊆ N. Though the weight ω
is semifinite on each subalgebraMI , the modular automorphism
group of ω need not leave MI invariant. However, the Markov
property assures that for each n ∈ N the restriction of P[0,n] to
the W∗-subalgebraM[n,∞[ yields a conditional expectation

Pn : (M[n,∞[, ω[n,∞[)→ (Mn, ω[n,∞[), Pn(x) := P[0,n](x) ,

where ω[n,∞[ denotes the weight ω restricted toM[n,∞[. Due to
uniqueness this conditional expectation is also given by

Pn
(
αn(x)

)
= αn

(
P0(x)

)
for every x ∈M.

3) Suppose that for each n ∈ N the subalgebra in(N ) is in-
variant under the modular automorphism group of ω, i. e.
σωt
(
in(N )

)
⊆ in(N ) for every t ∈ R. Then Theorem 1.10 on

page 20 guarantees the existence of the conditional expectation
PI : (M, ω)→ (MI , ω) for every subset I ⊆ N.
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2.2. Quantum Markov Processes

4) The above definition of a stationary quantum Markov process is
slightly more general than those found in the literature. Most
authors restrict their studies to quantum Markov processes with
a faithful stationary state. However, we are highly interested in
processes that do not admit any stationary state at all (cf. Ex-
ample 2.3). For such processes J.-L. Sauvageot [Sau86] proposed
a relaxed definition without demanding any stationarity (see also
[Bia95]). For the arguments in this chapter, however, a faithful
stationary weight for the dynamical system turns out to be a quite
powerful tool.

Note that for a quantum Markov process the sequence of ∗-homo-
morphisms in : N → M, n ∈ N, actually gives rise to a whole
family of quantum Markov processes: For each normal state ψ0 on
N put ϕ := ψ0 ◦ i−1

0 ◦ P0 to obtain the quantum Markov process
in : N → (M, ϕ), n ∈ N. The state ψ0 on N is called the initial state
of the Markov process. The sequence ψn := ϕ ◦ in of states on N
is called the Markov chain associated with the process and the initial
state ψ0.

For each 1 ≤ n ∈ N define a Markov operator

Tn : (N , ρ)→ (N , ρ), Tn := i−1
n−1 ◦ P[0,n−1] ◦ in ,

where ρ := ω ◦ i0 = ω ◦ in. This map is called the n-th transition
operator of the Markov process. The sequence of transition opera-
tors allows an iterative computation of the associated Markov chain
via

ψn = ψ0 ◦ T1 ◦ · · · ◦ Tn

for every n ∈ N. If all transition operators Tn, n ≥ 1, do agree, the
Markov process is called homogeneous. In this case the set of transition
operators is a semigroup, i. e. Tn+m = Tn ◦ Tm for all n,m ∈ N, where
T0 := Id. Hence, with T := T1 the Markov chain of an initial state ψ0

on N is given by ψn := ψ0 ◦ Tn, n ∈ N.
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2.3. Quantum Markov Dilations

2.3. Quantum Markov Dilations

Unlike in the classical theory, a quantumMarkov process is not uniquely
determined by its transition operators and its initial state. In general,
for a homogeneous quantum Markov process in : N → (M, ϕ), n ∈ N,
with transition operator T : N → N only the mixed moments with pyr-
amidically ordered indices

ϕ
(
i0(x0) · . . . · ik(xk)ik(yk) · . . . · i0(y0)

)
= ψ0

(
x0 T (. . . T (xk yk) . . .) y0

)
with x0, . . . , xk, y0, . . . , yk ∈ N (k ∈ N) can be computed us-
ing T . Indeed, even on the finite-dimensional algebra N := M2

there are infinitely many inequivalent homogeneous quantum Markov
processes with the same transition operator (see Example 2.11 on
page 52).

The question arises how many different Markov processes with a fixed
transition operator T exist or whether such a process exists at all. This
question first was studied by D.E. Evans and J.T. Lewis [EL76]. How-
ever, their dilations do not take any stationarity into account. The
study of Markov dilations with a stationary state was initiated by
B. Kümmerer [Küm85]. It has become a fruitful and rich theory with
many applications in physics (e. g. [WBKM00]) and quantum informa-
tion theory (e. g. [GKL00]). Although in this theory for a given Markov
operator no general theorem that guarantees the existence of a Markov
dilation is known, most concrete examples that are relevant in physics
come along with a specific Markov dilation.

Like previously for Markov processes this section presents slightly more
general definitions of a dilation and of a Markov dilation to additionally
cover stationary weights. Though most arguments in this section and
in Section 2.4 can be adopted easily from the case of stationary states,
we included the proofs for sake of completeness.
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2.3. Quantum Markov Dilations

Definition 2.6. Let (N , ρ) be a faithful quantum measure space and
T : (N , ρ)→ (N , ρ) a Markov operator. A dilation of T is a tupel
(M, ω, α, i) consisting of a quantum dynamical system (M, ω, α,M0)
and an injective unital normal ∗-homomorphism i : (N , ρ)→ (M, ω)
onto the W∗-subalgebraM0 := i(N ) such that the conditional expect-
ation P0 : (M, ω) → (M0, ω) exists and (see Figure 2.4) for every
n ∈ N

Tn = i−1 ◦ P0 ◦ αn ◦ i . (2.4)

If Equation (2.4) is required only for n = 1 then the tupel (M, ω, α, i)
is called a dilation of first order.

(N , ρ) (N , ρ)

(M, ω) (M, ω)

Tn

αn

i i−1 ◦ P0

Figure 2.4.: Dilation Property

For a dilation (M, ω, α, i) we adopt the notation for subalgebras setting
MI :=

∨
n∈I α

n(M0) for each subset I ⊆ N and put Mn := M{n}.
The dilation is called minimal if the dynamical system is minimal, i. e.
M =MN. Note that minimality can always be achieved replacingM
byMN.

We will frequently identify N with the subalgebra M0 = i(N ). Then
up to isomorphism the Markov operator T can be reconstructed from
α and M0. Therefore, we call the dynamical system (M, ω, α,M0)
a dilation if the conditional expectation P0 : (M, ω)→ (M0, ω) exists
and satisfies (P0◦α)n(x0) = (P0◦αn)(x0) for every n ∈ N and x0 ∈M0.
If the quantum measure space (M, ω) and the subalgebraM0 are given
by the context, we briefly call α a dilation.
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2.3. Quantum Markov Dilations

Though every dilation (M, ω, α, i) gives rise to a quantum stochastic
process

in : N → (M, ϕ), in := αn ◦ i, (n ∈ N)

by choosing a (suitable) normal state ϕ on M, this process is not
a Markov process in general, because it lacks the existence of con-
ditional expectations and the Markov property. These two condi-
tions have to be forced and lead to the following notion of a Markov
dilation:

Definition 2.7. A dilation (M, ω, α, i) of a Markov operator
T : (N , ρ)→ (N , ρ) is called a (quantum) Markov dilation if for every
n ∈ N the conditional expectation P[0,n] : (M, ω)→ (M[0,n], ω) exists
and

P[0,n](M[n,∞[) ⊆Mn .

Indeed, for a Markov dilation (M, ω, α, i) we may choose an arbitrary
normal state ψ0 on N to obtain a homogeneous stationary quantum
Markov process with transition operator T by

in : N → (M, ψ0 ◦ i−1
0 ◦ P0), in := i0 ◦ αn (n ∈ N) .

Proposition 2.8 (cf. [Küm85], Proposition 2.2.7). Let (M, ω, α,M0)
be a dilation of first order satisfying the Markov property, i. e.,
suppose that for every n ∈ N the conditional expectation
P[0,n] : (M, ω)→ (M[0,n], ω) exists and

P[0,n](M[n,∞[) ⊆Mn .

Then (M, ω, α,M0) is a Markov dilation.

Proof. Since we presume the Markov property, it suffices to show that
(M, ω, α,M0) is a dilation, i. e. (P0 ◦αn)(x0) = (P0 ◦α)n(x0) for every
x0 ∈ M0 and n ≥ 1. The proof is by induction. For n = 1 equality is
guaranteed by the hypothesis that α is a dilation of first order. Now
suppose n ≥ 1 and (P0 ◦ αn)(x0) = (P0 ◦ α)n(x0) for every x0 ∈ M0.
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2.4. Tensor Dilation

Denote by Pn restriction of P[0,n] to the subalgebraM[n,∞[, which, by
the Markov property, is also given by

Pn
(
αn(x)

)
= αn

(
P0(x)

)
for every x ∈ M[0,∞[ (cf. Remark 2.5 on page 43). For x0 ∈ M0 we
compute

P0

(
αn+1(x0)

)
= (P0 ◦ P[0,n] ◦ αn+1)(x0) = (P0 ◦ Pn ◦ αn+1)(x0)

= (P0 ◦ αn ◦ P0 ◦ α)(x0) = (P0 ◦ αn)
(
(P0 ◦ α)(x0)

)
= (P0 ◦ α)n

(
(P0 ◦ α)(x0)

)
= (P0 ◦ α)n+1(x0) .

2.4. Tensor Dilation

In this section we consider a special class of Markov dilations called
tensor dilations (cf. [Küm85]). This class admits an easy way to con-
struct Markov dilations from dilations of first order and thus provides
a good source for Markov dilations. Moreover, in many physical ap-
plications the Markov operator acts on the algebra B(H) for some
Hilbert space H. In this case considering tensor dilation is not a re-
striction at all, because every Markov dilation actually is a tensor dila-
tion.

Let T : (M0, ω0) → (M0, ω0) be a Markov operator on a faithful
quantum measure space (M0, ω0). Suppose there is a faithful quantum
probability space (C, ψ) and an injective unital normal ∗-homomor-
phism

Γ : (M0, ω0)→ (M0, ω0)⊗ (C, ψ)

such that

T = (Id⊗ψ) ◦ Γ , (2.5)

where (Id⊗ψ) : (M0 ⊗ C, ω0 ⊗ ψ) → (M0, ω0) denotes the nor-
mal linear extension of x0 ⊗ c 7→ ψ(c) · x0 for every x0 ∈ M0,
c ∈ C.
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2.4. Tensor Dilation

M0 ⊗ C+

M0 ⊗ C ⊗ C+

M0 ⊗ C ⊗ C ⊗ C+

Γ Id

Γ Id Id

Figure 2.5.: Construction of Tensor Dilation

We are now going to lift Γ to a dilation of T . A sketch of
the construction is shown in Figure 2.5. Mathematically, for each
n ∈ N we inductively define an injective unital normal ∗-homomor-
phism

Γ(n) : (M0, ω0)→ (M0 ⊗ C⊗n, ω0 ⊗ ψ⊗n)

by

Γ(0) := IdM0 , Γ(n+1) := (Γ(n) ⊗ IdC) ◦ Γ = (Γ⊗ IdC⊗n) ◦ Γ(n)

for every n ∈ N. Let (C+, ψ+) :=
⊗∞

n=1(C, ψ) denote the infinite
tensor product of the quantum probability space (C, ψ) with itself and
put

(M, ω) := (M0 ⊗ C+, ω0 ⊗ ψ+) = (M0, ω0)⊗
∞⊗
n=1

(C, ψ) .

We identify M0 and C+ with the W∗-subalgebras M0 ⊗ 1C+ and
1M0 ⊗ C+, respectively. Now consider the unital normal ∗-endo-
morphism α : (M, ω) → (M, ω) given by the normal linear exten-
sion of

α(x0 ⊗ c̄) := Γ(x0)⊗ c̄
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2.4. Tensor Dilation

for every x0 ∈ M0, c̄ ∈ C+. Note that it is eas-
ily checked inductively that αn(x0 ⊗ c̄) = Γ(n)(x0)⊗ c̄ for every
n ∈ N. Denote by P0 := IdM0 ⊗ψ+ the conditional expectation
from (M, ω) onto M0 which can be obtained by the normal lin-
ear extension of P0(x0 ⊗ c̄) = ψ+(c̄) · x0 for every x0 ∈ M0 and
c̄ ∈ C+.

Theorem 2.9 (cf. [Küm85], Section 4.2).

1) The quantum dynamical system (M, ω, α,M0) is a dilation of T .

2) The minimal dynamical system (MN, ω|MN , α|MN ,M0) is a
Markov dilation.

3) If M0 ⊗ C = M0 ∨ Γ(M0) then (M, ω, α,M0) is a minimal
Markov dilation.

Proof.

1) We inductively prove (P0 ◦αn)(x0) = Tn(x0) for every n ≥ 1 and
x0 ∈M0. For n = 1 this holds by Equation (2.5) on page 48. Let
n ≥ 1 and suppose (P0 ◦ αn)(x0) = Tn(x0) for every x0 ∈ M0.
For the subalgebra M0 ⊗ C⊗n ⊆ M the conditional expectation
PM0⊗C⊗n : (M, ω)→ (M0⊗C⊗n, ω) is given by the normal linear
extension of

PM0⊗C⊗n(x[0,n] ⊗ c̄) = ψ+(c̄) · (x[0,n])

for every x[0,n] ∈ M0 ⊗ C⊗n, c̄ ∈ C+. For x0 ∈ M0 and c̄ ∈ C+

we hence compute

PM0⊗C⊗n
(
αn(x0 ⊗ c̄)

)
= PM0⊗C⊗n

(
Γ(n)(x0)⊗ c̄

)
= ψ+(c̄) · Γ(n)(x0) = Γ(n)(P0(x0 ⊗ c̄)

)
= αn

(
P0(x0 ⊗ c̄)

)
.
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2.4. Tensor Dilation

Consequently, continuous linear extension yields PM0⊗C⊗n ◦α
n =

αn ◦ P0. It follows for x0 ∈M0

(P0 ◦ αn+1)(x0) = (P0 ◦ PM0⊗C⊗n ◦ α
n ◦ α)(x0)

= (P0 ◦ αn ◦ P0 ◦ α)(x0) = (P0 ◦ αn)
(
T (x0)

)
= Tn

(
T (x0)

)
.

2) In the first part of the proof we have shown that for every n ∈ N
the conditional expectation PM0⊗C⊗n satisfies

PM0⊗C⊗n ◦ α
n = αn ◦ P0 .

It follows that for each m ≥ n the subalgebraM[0,m], and hence
MN, is mapped ontoM[0,n]. The restriction PM0⊗C⊗n |MN yields
the conditional expectation P[0,n] : (MN, ω|N) → (M[0,n], ω|N).
Moreover, we obtain

P[0,n](M[n,∞[) ⊆ PM0⊗C⊗n
(
αn(MN)

)
= αn ◦ P0(MN)

= αn(M0) =Mn ,

i. e., the restricted system (MN, ωMN , α|MN ,M0) is indeed a
Markov dilation.

3) We obviously have M[0,n] ⊆ M0 ⊗ C⊗n for every n ∈ N. By
induction we prove that actually M[0,n] = M0 ⊗ C⊗n holds.
Then the assertion follows because these algebras generate M
as a W∗-algebra. For n ∈ {0, 1} equality is clear by the hypo-
theses. Suppose M[0,n] = M0 ⊗ C⊗n for some n ≥ 1. Then
M[0,n+1] =M0 ∨ α(M[0,n]) contains the three subalgebras

M0 , α(M0) = Γ(M0) , α(1M0 ⊗ C
⊗n) = 1M0 ⊗ 1C ⊗ C⊗n .

By the hypothesis M0 and Γ(M0) generate M0 ⊗ C. Since the
products of elements fromM0⊗C and 1M0 ⊗1C ⊗C⊗n generate
M0 ⊗ C⊗n+1, we may concludeM[0,n+1] =M0 ⊗ C⊗n+1.
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Remark 2.10. In physics the map Γ : (M0, ω0)→ (M0, ω0)⊗ (C, ψ) can
often be interpreted as an interaction of the system in focus with a noisy
environment. The Markov process then arises by repeated interaction
of the system with different independent parts of the environment each
mathematically given by (C, ψ) (see for instance Example 2.11 on this
page or Example 2.14 on page 54 or [Küm06]).

2.5. Examples of Markov Dilations

Example 2.11. As a first simple example we present a family of inequi-
valent Markov processes sharing the same transition operator. Consider
the matrix algebra M0 := M2 equipped with the tracial state τ2 and
the Markov operator

T : (M2, τ2)→ (M2, τ2), T

(
x1,1 x1,2

x2,1 x2,2

)
:=

(
x1,1 ρ · x1,2

ρ · x2,1 x2,2

)
for some fixed number −1 < ρ < 1. To give a dilation of T choose two
complex numbers ζ1, ζ2 ∈ C with |ζ1| = |ζ2| = 1 and 0 < µ1, µ2 < 1
with µ1 + µ2 = 1 such that

ρ = µ1ζ1 + µ2ζ2 .

Note that actually there is only one degree of freedom because ζ2, µ1,
and µ2 are uniquely determined by ρ and the choice of ζ1 (cf. Fig-
ure 2.6). For each ζ ∈ C with |ζ| = 1 denote by uζ ∈M2 the unitary

uζ :=

(
1 0
0 ζ

)
. (2.6)

Now consider the injective unital ∗-homomorphism

Γ : M2 →M2 ⊗ C2 = M2 ⊕M2, Γ(x) := u∗ζ1xuζ1 ⊕ u
∗
ζ2xuζ2 .

It is easily checked that for the state ψ := (µ1, µ2) on C2 the homomor-
phism Γ yields a dilation of first order of T , i. e. T = (IdM2 ⊗ψ) ◦ Γ.
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2.5. Examples of Markov Dilations

Moreover, some simple computations show that Γ(M2) and M2 ⊗ 1 to-
gether generate the whole algebra M2⊗C2. Hence, by Theorem 2.9 on
page 50 the homomorphism Γ : (M2, τ2) → (M2 ⊗ C2, τ2 ⊗ ψ) extends
to a Markov dilation of T . Moreover, we compute

z := Γ( 0 1
0 0 ) ·

(
( 0 0

1 0 )⊗ 1

)
=
(
ζ1 0
0 0

)
⊗ ( 1

0 ) +
(
ζ2 0
0 0

)
⊗ ( 0

1 ) .

Then for each n ∈ N we obtain (τ2 ⊗ ψ)(2 · zn) = µ1ζ
n
1 + µ2ζ

n
2 .

ζ2

ζ1

ρ

Figure 2.6.: Decomposition of ρ

Observe that (τ2 ⊗ ψ)(zn), n ∈ N, are mixed moments of the Markov
process. The above computation shows that for different choices of ζ1
the arising Markov dilations have different generalised mixed moments.
The associated Markov processes hence are not stochastically equiva-
lent although they share the same transition operator. By an analogue
argument every probability measure µ on the unit circle with bary-
centre ρ gives rise to a tensor dilation of T . It can be shown that the
associated Markov processes are stochastically equivalent if and only if
the measures do agree (see [Küm85]).

Remark 2.12. The Markov process of Example 2.11 arises in physics
as a model of a spin- 1

2
particle in a stochastic magnetic field where

the field randomly changes its orientation. In this context the al-
gebra M2 describes the observables of the particle and the algebra
(C+, ψ+) :=

⊗∞
n=1(C2, ψ) occurring in the Markov dilation are inter-

preted as the observables of the stochastic field (cf. [Küm02]).
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2.5. Examples of Markov Dilations

Example 2.13. For the next example recall the random walk on the
integers introduced in Example 2.3 on page 39; also see Figure 2.2 for
its transition graph. To construct a quantum analogue of this random
walk consider the W∗-algebra B(H) for the Hilbert space H = `2(Z)
with the canonical basis (ek)k∈Z. On this algebra we define a Markov
operator by

T : B(H)→ B(H), T (x) := λ · s∗xs+ (1− λ) · sxs∗ ,

where 0 < λ < 1 is a fixed number and where s : `2(Z)→ `2(Z) denotes
the right shift with s.ek = ek+1 for every k ∈ Z. Observe that the
subalgebra `∞(Z) ⊆ B(H) of multiplication operators with respect to
the canonical basis (cf. Example 1.2 on page 5) is invariant for T , i. e.
T
(
`∞(Z)

)
⊆ `∞(Z). As a restriction of T to this algebra we regain

the transition operator of the classical random walk on the integers.
A non-zero invariant measure for the classical random walk is given by

µ(k) = µ1 + µ2( λ
1−λ )k (k ∈ Z)

with µ1, µ2 ≥ 0, µ1 + µ2 > 0. This measure can be lifted to a faithful
semifinite normal weight on B(H) by setting

ω(x) := µ1 Tr(x) + µ2

∑
k∈Z

( λ
1−λ )k · 〈x.ek, ek〉

for every positive x ∈ B(H). A straightforward computation verifies
that this weight is indeed invariant for T . Moreover, a minimal tensor
dilation of T arises from the injective unital normal ∗-homomorphism

Γ :
(
B(H), ω

)
→
(
B(H)⊗ C2, ω ⊗ ψ

)
=
(
B(H)⊕ B(H), λω ⊕ (1− λ)ω

)
,

Γ(x) := s∗xs⊕ sxs∗ ,

where ψ denotes the state ψ = (λ, 1− λ) on C2.
Example 2.14. Let us briefly recall the Micromaser experiment intro-
duced in Section 1.15. A specific unitary u ∈ B(H)⊗M2 describes the
interaction of an electromagnetic field inside a cavity with an atom fly-
ing through the cavity. We focus on the field and ignore the atom after
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2.6. Uniform Mixing

the interaction. Mathematically speaking, we consider the injective
unital normal ∗-homomorphism

Γ : B(H)→ B(H)⊗M2, Γ(x) := u∗(x⊗ 1)u .

For a state ψ on M2 the Markov operator

Tψ : B(H)→ B(H), Tψ := (Id⊗ψ) ◦ Γ

describes the state transition of the electromagnetic field when an atom
in state ψ passes through it. Suppose in addition that there is a faithful
semifinite normal weight ω0 on B(H) with ω0 ◦ Tψ = ω0.1 Then the
homomorphism Γ : (B(H), ω0) → (B(H) ⊗M2, ω0 ⊗ ψ) gives rise to a
tensor dilation of Tψ on the quantum measure space

(M, ω) =
(
B(H), ω0

)
⊗
∞⊗
n=1

(M2, ψ)

with the normal ∗-automorphism α : (M, ω)→ (M, ω) with α(x⊗ c̄) =
Γ(x)⊗ c̄ for every x ∈ B(H) and c̄ ∈

⊗∞
n=1 M2. Using the precise form

of the unitary u it can be shown that this dilation is indeed minimal
and hence a Markov dilation (except for the trivial interaction constant
g = 0).

In this context the quantum probability space given by the inductive
limit (C+, ψ+) :=

⊗∞
n=1(M2, ψ) can be interpreted as the observables

of an infinite sequence of independend atoms each in state ψ. In this
sense the automorphism α describes the local interaction of the field
with this sequence of atoms.

2.6. Uniform Mixing

Uniform mixing is a special mixing property that in classical probability
theory was first studied by M. Lin [Lin71] and in parallel by St. Orey
[Ore71]. M. Lin gave characterisations of uniform mixing of Markov
1This can be guaranteed, for instance, for states ψ with a diagonal density matrix.
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2.6. Uniform Mixing

chains on σ-finite sets by analysing general mixing properties from a
functional analytic point of view. In parallel St. Orey obtained similar
results by stochastic arguments on the path space. In quantum theory
W. Arveson [Arv97, Arv03] studied some aspects of uniformly mixing
continuous semigroups of Markov operators or endomorphisms. Instead
of the term “uniformly mixing” he used “pure”, which refers to an ana-
logue term in the decomposition theory of isometries on Hilbert space.
We do not use these result of W. Arveson; for the interested reader
we included a reference to the continuous analogue, where it could be
found in the literature.

Definition 2.15. Let T :M→M be a Markov operator on a W∗-al-
gebraM. Then T is called uniformly mixing if for every pair of normal
states ϕ,ψ onM

lim
n→∞

‖ϕ ◦ Tn − ψ ◦ Tn‖ = 0 .

Remark 2.16.

1) Note that if the Markov operator T admits a normal invariant
state ϕ0 then T is uniformly mixing if and only if ϕ0 is uniformly
absorbing , i. e. limn‖ϕ ◦ Tn − ϕ0‖ = 0 for every normal state ϕ.

2) As already mentioned above, several other terms for the uniform
mixing property can be found in the literature. For instance,
W. Arveson [Arv07, Arv03] preferes the term “pure” in analogy
to a similar notion in the decomposition of isometries on Hilbert
spaces. St. Orey [Ore71] used the term “weakly ergodic”. This
term, however, seems to be misleading; neither is the property
weaker than ergodic (trivial fixed point space), nor does it refer
to any weak topology.

It is well-known that the set of positive normal functionals on a W∗-al-
gebra M separates the points of M. The following lemma is a direct
consequence. We state it here to serve as a reference for the forthcoming
sections.
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2.7. Uniformly Mixing Endomorphisms

Lemma 2.17. LetM be a W∗-algebra. Then for x ∈M the following
statements are equivalent:

(a) x = λ1 for some λ ∈ C.

(b) ϕ(x) = ψ(x) for every pair of normal state ϕ,ψ onM.

Proof. Fix a normal state ψ on M and set λ := ψ(x). Then x − λ1
vanishes on every positive normal functional and hence x = λ1.

Proposition 2.18. If T : M → M is uniformly mixing then the
multiples of 1 are the only eigenvectors of peripheral eigenvalues of T .

Proof. Let x ∈ M be an eigenvector of T for some eigenvalue λ ∈ C
with |λ| = 1, i. e. T (x) = λx. Then for every pair of normal states ϕ,ψ
onM we obtain

|ϕ(x)− ψ(x)| = |(ϕ ◦ Tn)(x)− (ψ ◦ Tn)(x)| ≤ ‖ϕ ◦ Tn − ψ ◦ Tn‖ .

By uniform mixing the right hand side converges to zero which implies
ϕ(x) = ψ(x). Lemma 2.17 then yields the assertion.

Remark 2.19. Note that by the Theorem of Banach and Alaoglu the
unit ball ofM is σ-weakly compact. It follows that for fixed x ∈M the
sequence Tn(x), n ∈ N, has a σ-weak accumulation point. Now, if T is
weakly ergodic, an argument similiar to the proof of Proposition 2.18
shows that this accumulation point must be multiple of 1.

2.7. Uniformly Mixing Endomorphisms

Throughout this section let α : M → M be an injective unital
normal ∗-endomorphism on a W∗-algebra M and let M0 ⊆ M be
a W∗-subalgebra. Recall that for a subset I ⊆ N we denote by
MI :=

∨
n∈I α

n(M0) the W∗-subalgebra generated by the subsets
αn(M0) with n ∈ I. We suppose M = MN by restricting α if ne-
cessary.
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2.7. Uniformly Mixing Endomorphisms

Definition 2.20. The subalgebra M∞ :=
⋂∞
n=0M[n,∞[ is called the

tail algebra.

In classical probability theory the tail algebra of a stochastic process
Xn : (Ω,Σ, µ)→ S, n ∈ N, contains precisely those events A ∈ Σ that
occur infinitely often. The above definition also permits this interpre-
tation when the quantum stochastic process in : M0 → (M, ϕ) with
in(x0) := αn(x0) is considered, where ϕ is an arbitrary normal state on
M. For this process the algebra M[n,∞[ describes the observables of
the future from time n on. An element x ∈ M∞ lies in each of these
algebras and hence must be observed infinitely often.

Proposition 2.21 ([Arv07], Section 7). The restriction
α|M∞ :M∞ →M∞ is a ∗-automorphism.

Proof. For each x ∈M∞ =
⋂
nM[n,∞[ we have α(x) ∈

⋂
nM[n+1,∞[ =

M∞. So the restriction is well-defined. Injectivity follows from injectiv-
ity of α. For surjectivity let x ∈ M∞. For each n ∈ N it follows from
x ∈M[n+1,∞[ = α(M[n,∞[) that there is an element yn ∈M[n,∞[ such
that α(yn) = x. Due to injectivity of α these elements must agree. Put
y := yn for an arbitrary n ∈ N to obtain an element y ∈M∞ satisfying
α(y) = x.

Consider the W∗-algebra `∞(N,M) of all norm bounded sequences
(xn)n∈N of elements xn ∈ M. We define a unital normal ∗-homo-
morphism

α̂ : `∞(N,M)→ `∞(N,M), (xn)n 7→
(
α(xn+1)

)
n
.

Since M is generated by the W∗-subalgebras αn(M0), n ∈ N, the
W∗-algebra `∞(N,M) is generated by the W∗-subalgebra `∞(N,M0)
and its shifted copies αn

(
`∞(N,M0)

)
, n ∈ N.

Definition 2.22. The ∗-endomorphism α̂ : `∞(N,M) → `∞(N,M)
together with the W∗-subalgebra `∞(N,M0) is called the space-time
process associated with α andM0.
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2.7. Uniformly Mixing Endomorphisms

Proposition 2.23. The W∗-algebra of fixed points of the space-time
process α̂ is isomorphic to the tail algebraM∞.

Proof. Consider the normal ∗-homomorphism Φ : `∞(N,M) → M,
(xn)n 7→ x0. An element (xn)n which is fixed under α̂ satisfies
xn = α(xn+1) for every n ∈ N. Inductively, for every n ∈ N we ob-
tain x0 = αn(xn) and hence x0 ∈ M∞. Moreover, if 0 = x0 = αn(xn)
then injectivity of α implies xn = 0. We conclude that Φ maps the
algebra of fixed points injectively into M∞. It remains to prove sur-
jectivity: Let x ∈ M∞. Since α is an automorphism on M∞ we may
put xn := α−n(x) ∈M∞ for each n ∈ N. Then a straightforward com-
putation shows that the sequence (xn)n ∈ `∞(N,M) is indeed a fixed
point of α̂ with x0 = x.

Lemma 2.24 (cf. [Arv07], Lemma 3.5). Let E be a Banach space
and E∗ its dual Banach space. Let E∗n ⊆ E∗ be a decreasing se-
quence of weak∗-closed linear subspaces with intersection E∗∞. Then
for every v ∈ E

lim
n→∞

sup
w∈E∗n, ‖w‖≤1

|w(v)| = sup
w∈E∗∞, ‖w‖≤1

|w(v)| .

Proof. Since E∗∞ ⊆ E∗n for each n ∈ N the right hand side is smaller
than the left hand side. For the converse inequality note that the limit
on the left hand side actually is an infimum, because the sequence of
subspaces is decreasing. By the Theorem of Banach and Alaoglu the
unit ball of each subspace E∗n is weak∗-compact. Hence there is an
element wn ∈ E∗n, ‖wn‖ ≤ 1 satisfying

sup
w∈E∗n,‖w‖≤1

|w(v)| = |wn(v)| .

Choose such a sequence (wn)n∈N. Again by weak∗-compactness of the
unit ball of E∗ this sequence has an accumulation point w∞ with
‖w∞‖ ≤ 1. Since each E∗n is weak∗-closed and the subspaces are in
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2.7. Uniformly Mixing Endomorphisms

decreasing order, w∞ ∈ E∗n for each n ∈ N, i. e. w∞ ∈ E∗∞. For the
limit on the left hand side we obtain

lim
n→∞

sup
w∈E∗n,‖w‖≤1

|w(v)| = inf
n∈N
|wn(v)| ≤ |w∞(v)| ,

which finally proves the converse inequality.

Theorem 2.25. The following statements are equivalent:

(a) α is uniformly mixing.

(b) For every normal state ϕ onM and every a ∈M

lim
n→∞

sup
b∈M[n,∞[, ‖b‖≤1

∣∣ϕ(a b)− ϕ(a)ϕ(b)
∣∣ = 0 .

(c) The tail algebra is trivial, i.e. M∞ = C1M.

(d) The space-time process α̂ has trivial fixed space C1`∞(N,M).

Proof. First note that the equivalence of condition (c) and (d) is estab-
lished by Proposition 2.23 on the previous page.

1) We begin by proving the that condition (c) implies (b) and (a):
The subalgebrasM[n,∞[, n ∈ N, constitute a decreasing sequence
of σ-weakly closed linear subspaces with intersection M∞. By
Lemma 2.24 for each normal linear functional ρ onM the norm
of the restriction ‖ρ|M∞‖ agrees with the limit of the norms
‖ρ|M[n,∞[

‖ = ‖ρ ◦ αn‖.

Now suppose M∞ = C1. To deduce (b), for a normal state ϕ
on M and a ∈ M consider ρ(x) := ϕ(ax)− ϕ(a)ϕ(x), x ∈ M.
This normal functional vanishes on M∞ = C1 and hence by
Lemma 2.24

lim
n→∞

sup
b∈M[n,∞[, ‖b‖≤1

|ϕ(ab)− ϕ(a)ϕ(b)|

= lim
n→∞

‖ρ|M[n,∞[
‖ = ‖ρ|M∞‖ = 0 .

60



2.7. Uniformly Mixing Endomorphisms

To deduce (a), for two normal states ϕ1, ϕ2 on M con-
sider ρ := ϕ1 − ϕ2. Again, this normal functional vanishes on
M∞ = C1 and from Lemma 2.24 we deduce

lim
n→∞

‖ϕ1 ◦ αn − ϕ2 ◦ αn‖ = ‖(ϕ1 − ϕ2)|M∞‖ = 0 .

2) For the implication (b) ⇒ (c) it suffices to show that the W∗-al-
gebraM∞ has only the trivial projections p = 0 and p = 1: Let
p ∈M∞ be an orthogonal projection. Since p ∈M[n,∞[ for every
n ∈ N, condition (b) implies ϕ(ap) = ϕ(a)ϕ(p) for every normal
state ϕ on M and every a ∈ M. In particular, putting a := p
we obtain ϕ(p) = ϕ(p)2. Since the set of normal states is convex,
either ϕ(p) = 0 for every normal state ϕ or ϕ(p) = 1. By the
separation property of Lemma 2.17 on page 57 we conclude p = 0
or p = 1.

3) We now turn to the implication (a) ⇒ (d). Let x̂ =: (xn)n be
a fixed point of α̂. A simple induction verifies xn = αk(xn+k)
for every n, k ∈ N. Consequently, for every pair of normal states
ϕ1, ϕ2 onM we obtain

|ϕ1(xn)− ϕ2(xn)| = |ϕ1

(
αk(xn+k)

)
− ϕ2

(
αk(xn+k)

)
|

≤ ‖ϕ1 ◦ αk − ϕ2 ◦ αk‖ · ‖x̂‖ .

If condition (a) is met, the right hand side vanishes in the limit
k →∞. The separation property of Lemma 2.17 on page 57 then
implies xn = λn1 for some λn ∈ C. Since α is unital, λn1 = xn =
αk(xn+k) = λn+k1 for all n, k ∈ N. Hence all λn must agree and
we conclude xn = λ1 with the constant λ := λn.

Remark 2.26.

1) The continuous version of the equivalence of (c) and (a) is proven
in [Arv97], Proposition 1.1, along the same line of arguments.
The implications (b) ⇒ (c) and (c) ⇒ (d) are almost literally
translations of the proofs given by St. Orey [Ore71] for the shift
of a classical Markov chain.

61



2.8. Uniformly Mixing Markov Operators

2) For a quantum dynamical system (M, ϕ, α,M0) with a stationary
state the above theorem has some nice consequences for study-
ing the K-systems property . In this context W. Schroeder [Sch84]
provided a different proof of the first three equivalences of The-
orem 2.25.

2.8. Uniformly Mixing Markov Operators

The characterisations of uniformly mixing Markov chains on countable
discrete sets given by St. Orey [Ore71] are based on investigating the
path space of the process. In this section we present a generalisation
of this result to stationary quantum Markov dilations, where the path
space is replaced by a Markov dilation.

Definition 2.27. Let T : (M0, ω0) → (M0, ω0) be a Markov oper-
ator on a faithful quantum measure space (M0, ω0). The space-time
transition operator associated with T is the Markov operator

T̂ : `∞(N,M0)→ `∞(N,M0), (xn)n 7→
(
T (xn+1)

)
n
.

Theorem 2.28. Let (M, ω, α,M0) be a minimal quantum Markov
dilation of T . Denote by P0 : (M, ω) → (M0, ω) the corresponding
conditional expectation. Then the following statements are equivalent:

(a) T is uniformly mixing.

(b) α is uniformly mixing.

(c) For every a ∈ M and every normal state ϕ0 on M0 the state
ϕ := ϕ0 ◦ P0 satisfies

lim
n→∞

sup
b∈M[n,∞[, ‖b‖≤1

∣∣ϕ(a b)− ϕ(a) · ϕ(b)
∣∣ = 0 .

(d) The space-time transition operator T̂ has trivial fixed space C1M̂.
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2.8. Uniformly Mixing Markov Operators

Proof. Note that the implication (b) ⇒ (c) follows directly from the
analogue characterisation of uniform mixing of α given in Theorem 2.25
on page 60. Also the implication (b) ⇒ (a) follows easily from The-
orem 2.25 because we have

‖ϕ ◦ Tn − ψ ◦ Tn‖ = ‖(ϕ ◦ P0 ◦ αn − ψ ◦ P0 ◦ αn)|M0‖
≤ ‖(ϕ ◦ P0) ◦ αn − (ψ ◦ P0) ◦ αn‖

for every pair of normal states ϕ,ψ onM0 and every n ∈ N. Further-
more, the implication (a) ⇒ (d) can by proven along the same line of
arguments as in the corresponding part of the proof of Theorem 2.25,
because neither injectivity nor the homomorphism property was used
there.

The implication (c) ⇒ (b) can also be deduced similarly to The-
orem 2.25. Denote by M∞ :=

⋂∞
n=0M[n,∞[ the tail algebra of α

and M0. We claim that M∞ only has the trivial projections p = 0
and p = 1. Let p ∈ M∞ be an orthogonal projection. In condition (c)
put a := b := p to deduce (ϕ0 ◦ P0)(p) = (ϕ0 ◦ P0)(p)2 for every normal
state ϕ0 on M0, i. e. ϕ0

(
P0(p)

)
∈ {0, 1}. From convexity of the state

space and Lemma 2.17 on page 57 it follows P0(p) = 0 or P0(p) = 1.
By faithfulness of ω = ω ◦ P0 we conclude p = 0 or p = 1.

It remains to prove the implication (d) ⇒ (b). Suppose T̂ only has
trivial fixed points and let x ∈ M∞. Note that α restricts to an au-
tomorphism on M∞. We claim that the sequence x̂ = (xn)n with
xn := P0

(
α−n(x)

)
is a fixed point of T̂ . Recall that due to the Markov

property for each n ∈ N the conditional expectation P[0,n] ontoM[0,n]

satisfies P[0,n]

(
αn(x)

)
= αn

(
P0(x)

)
for every x ∈ M (see Remark 2.5

on page 43). Consequently, for every n ∈ N we obtain

T (xn+1) = T
(
P0(α−n−1(x))

)
= P0

(
α
(
P0(α−n−1(x))

))
= P0

(
P[0,1]

(
α−n(x)

))
= P0

(
α−n(x)

)
= xn .

This shows that x̂ = (xn)n is indeed a fixed point of T̂ and hence
x̂ = λ1 for some λ ∈ C. Then by the Martingale Convergence Theorem
(Theorem 1.11 on page 21) the sequence

P[0,n](x) = (P[0,n] ◦ αn)
(
α−n(x)

)
= (αn ◦ P0)(xn) = λ1

converges to x σ-weakly; and we may conclude x = λ1.
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2.8. Uniformly Mixing Markov Operators

Remark 2.29. A result that sounds similar to the first two conditions in
Theorem 2.28 holds in the dilation theory of W. Arveson (see [Arv07],
Proposition 2.4). He considered a continuous semigroup of Markov
operators Tt, t ≥ 0 on B(H) and proved that if (Tt)t is uniformly
mixing then every dilation (in his sense) of Tt is also uniformly mixing.
However, he refers to a different notion of a dilation; so there is no
obvious relation to Theorem 2.28.
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3. Couplings in Quantum Theory

In the recent years two branches of ergodic theory received some at-
tention which both are founded on a systematic analysis of the set of
joined distributions with fixed marginals. One of these branches goes
back to H. Fürstenberg [Für67] who studied the following question:
Let σX : ΩX → ΩX and σY : ΩY → ΩY be two measure preserving
transformation of probability spaces (ΩX ,ΣX , µX) and (ΩY ,ΣY , µY ),
respectively.

Are there non-trivial measures µ̂ on (ΩX × ΩY ,ΣX ⊗ ΣY )
with marginals µX and µY that are invariant for the product
transformation σX × σY ?

In the above context a joint distribution µ̂ with marginals µX and µY
is also called a joining of µX and µY . For a fixed transformation σX
the class of this measures, even for trivial transformations σY , allows
to characterise ergodic properties of σX . For detailed results and as
an introduction to this subject we recommend the book by E. Glasner
[Gla03]. For some generalisations of this results to quantum theory we
refer to the work of R. Duvenhage [Duv08, Duv10].

We will, however, take a different direction asking the following ques-
tion: Let (Xn)n∈N and (Yn)n∈N be two stochastic processes with values
in the same space S.

Does Xn = Yn hold for large n?

Of course, this question is not well-defined yet, because Xn and Yn
might have different domains. To make it a precise question and avoid
domain problems we look for a stochastic process Zn = (X ′n, Y

′
n) :

(Ω,Σ, µ)→ S×S, n ∈ N, such that the marginal processes (X ′n)n∈N and
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(Y ′n)n∈N are stochastically equivalent to (Xn)n∈N and (Yn)n∈N, respec-
tively. Then the probability µ

(
{ω ∈ Ω | X ′n(ω) = Y ′n(ω)}

)
quantifies

to what extend Xn and Yn do agree. In this context a joint distribu-
tion is also called a coupling of its marginal distributions. Likewise,
a stochastic process (Zn)n as described above is called a coupling of
(Xn)n and (Yn)n.

The above question becomes particularly interesting when (Xn)n and
(Yn)n are both Markov processes with the same transition kernel but
different initial distributions. Then the above method of finding a suit-
able (Markov) process (Zn)n is called the coupling method. For an intro-
duction to this subject we recommend the books of T. Lindvall [Lin02]
and of H. Thorisson [Tho00]. Some interesting applications to mixing
rates of Markov chains can also be found in the work of J.W. Pit-
man [Pit74, Pit76].

The facing chapter presents a generalisation of the fundamentals of the
coupling method to quantum stochastic processes with an emphasis on
quantum Markov chains. The first two sections of the chapter give a
short introduction to stochastic couplings of probability measures and
coupling of Markov kernels in classical probability theory. In Section 3.3
we demonstrate the use of the coupling method to prove uniform mixing
of a simple stochastic process known as the random walk on the integers
with one reflecting boundary.

Section 3.4 introduces couplings of states and Markov operators on
W∗-algebras. In the classical theory a central tool for an application of
the coupling method is the so called Coupling Inequality. Towards an
analogue of this inequality in quantum theory—a Quantum Coupling
Inequality—we have to overcome several no-go facts of quantum proba-
bility theory. One of them is the No-Cloning Theorem, which we present
in Section 3.5. In spite of this no-go facts, Section 3.6 and Section 3.7
present ways to avoid the obstructions of the No-Cloning Theorem and
give a construction of so called diagonal states and provide a Quantum
Coupling Inequality. The inequality uses special projections, which we
call diagonal projections. For the W∗-algebra M = B(H) a complete
characterisation of these projections is given in Section 3.8. Finally,
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Section 3.9 presents an application of the Quantum Coupling Inequal-
ity to prove uniform mixing of a quantum analogue of the random walk
on the integers with a reflecting boundary.

3.1. Stochastic Couplings

Definition 3.1. Let (ΩX ,ΣX), (ΩY ,ΣY ) be two measurable spaces
and let µ, ν be probability measures on ΩX and ΩY , respectively.
A coupling of µ and ν is a probability measure µ̂ on ΩX × ΩY with
marginals µ and ν, i. e. for all measurable subsets A ⊆ ΩX , B ⊆ ΩY

µ̂(A× ΩY ) = µ(A) , µ̂(ΩX ×B) = ν(B) . (3.1)

Note that actually every probability measure on ΩX ×ΩY is a coupling
of its marginals and thus the notion of a coupling only becomes interest-
ing when the marginals are fixed. Furthermore, observe that for fixed
probability measures µ and ν the set of all couplings of µ and ν is a
non-empty (µ̂ := µ⊗ν) convex set. For a finite space Ω it is a polyeder;
its faces and extreme points can be characterised by the system of the
linear equationsr (3.1) for all singleton sets A and B.
Example 3.2.

1) Let µ =
∑∞
k=1 λkµk and ν =

∑∞
k=1 λkνk be (possibly infinite)

convex combinations of probability measure µk, νk with the same
coefficients λk ≥ 0,

∑∞
k=1 λk = 1. Then

µ̂ :=

∞∑
k=1

λk · (µk ⊗ νk)

is a coupling of µ and ν. Note that for a discrete space ΩX every
coupling can be obtained in this way: Given a coupling µ̂ of µ
and ν decompose it into the convex combination

µ̂ =
∑
x∈SX

λx · (δx ⊗ νx)
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with the coefficients λx := µ̂({x}×ΩY ) and the probability mea-
sures νx(B) := λ−1

x · µ̂({x} ×B) for each x ∈ ΩX and every meas-
urable subset B ⊆ ΩY . Then a simple computation shows that
µ =

∑
x∈SX

λxδx and ν =
∑
x∈SX

λxνx are indeed convex decom-
positions of the marginals.

2) For a measure µ on Ω a coupling of µ with itself is given by the
extension of µ∆(A × B) := µ(A ∩ B) for all measurable subsets
A,B ⊆ Ω. This measure is called the diagonal measure of µ. If
the diagonal ∆ := {(ω, ω) | ω ∈ Ω} is measurable in Ω × Ω then
µ∆ is supported on the diagonal.

The notion of a coupling canonically extends to random variables and
stochastic processes: For two random variables X : (ΩX ,ΣX , µ)→ SX
and Y : (ΩY ,ΣY , ν)→ SY a coupling of X and Y is a random variable
X̂ : (Ω̂, Σ̂, µ̂)→ SX × SY such that the distribution of X̂ is a coupling
of the distributions of X and Y . Likewise, a coupling of two stochastic
processes (Xn)n∈N and (Yn)n∈N with values in SX and SY , respectively,
is a stochastic process X̂n = (X ′n, Y

′
n), n ∈ N, with values in SX × SY

such that the marginal processes (X ′n)n and (Y ′n)n are stochastically
equivalent to (Xn)n and (Yn)n, respectively.

For this thesis couplings of two probability measures which are both
defined on the same space are of significant importance. One of the
reasons is the following upper bound on the variation distance of the
marginals:

Proposition 3.3 (Coupling Inequality). Let (Ω,Σ) be a measurable
space such that the diagonal ∆ := {(ω, ω) | ω ∈ Ω} in Ω×Ω is measur-
able with respect to the product σ-algebra Σ⊗Σ. Let µ̂ be a coupling of
two probability measures µ and ν on Ω. Then

‖µ− ν‖ ≤ 2− 2µ̂(∆) .

Proof. Let A ⊆ Ω be a measurable subset. Decompose A×Ω and Ω×A
both into its diagonal and its off-diagonal part. Since the diagonal parts
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coincide (i. e. (A× Ω) ∩∆ = (Ω×A) ∩∆), we obtain

µ(A)− ν(A) = µ̂
(
(A× Ω) ∩∆C)− µ̂((Ω×A) ∩∆C)

≤ µ̂
(
(A× Ω) ∩∆C) ≤ µ̂(∆C) ,

where ∆C := Ω×Ω\∆ denotes the off-diagonal. Then for the variation
distance ‖µ − ν‖ = 2 supA⊆Ω

(
µ(A) − ν(A)

)
the assertion follows by

taking the supremum over all measurable subsets A ⊆ Ω.

Remark 3.4. It can be shown that for fixed probability measures µ and
ν there is a coupling µ̂ of µ and ν that turns the Coupling Inequality
into equality. In general such a coupling is not unique. An example is
the so called γ-coupling (see [Lin02], Section I.5).

3.2. Couplings of Markov Kernels

In the preceding section we introduced couplings of general stochastic
processes. This particularly applies to Markov processes. However, a
coupling of two Markov processes is not necessarily a Markov process
again (cf. for instance [Gri75]). To relate the associated conditional
probabilities we introduce the following notion of couplings of Markov
transition kernels.

Definition 3.5. Let (ΩX ,ΣX), (ΩY ,ΣY ) be two measurable spaces and
let p, q be two Markov kernels on ΩX and ΩY , respectively. A coupling
of p and q is a Markov kernel p̂ on ΩX × ΩY such that

p̂
(
(ωX , ωY ), A× ΩY

)
= p(ωX , A) ,

p̂
(
(ωX , ωY ),ΩX ×B

)
= q(ωY , B)

(3.2)

for every (ωX , ωY ) ∈ ΩX × ΩY and all measurable subsets
A ⊆ ΩX , B ⊆ ΩY .

As for couplings of probability measures, for fixed Markov kernels p
and q the set of all couplings of p and q is a non-empty convex set. An
element of this set is the product kernel p⊗q given by

(p⊗ q)
(
(ωX , ωY ), A×B

)
:= p(ωX , A) · q(ωY , B)
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3.2. Couplings of Markov Kernels

for ωX ∈ ΩX , ωY ∈ ΩY and measurable subsets A ⊆ ΩX , B ⊆ ΩY .
Moreover, if ΩX and ΩY are both finite sets then the set of all coup-
lings of p and q is a polyeder, since it suffices to require condition (3.2)
for singleton sets. However, note that not every Markov kernel p̂ on
ΩX ×ΩY is a coupling because Equation (3.2) demands that the tran-
sition probability from a point (ωX , ωY ) some set of rows A×ΩY does
not depend on the current column ωY ; and likewise the transition pro-
bability to some set of columns ΩX×B does not depend on the current
row ωX . Every Markov kernel p̂ on ΩX ×ΩY satisfying this additional
condition then is a coupling of the marginal kernels p and q defined by
Equation (3.2).

Example 3.6. 1) The construction of couplings of probability mea-
sures from convex decomposition can easily be adapted to Markov
kernels. Let p =

∑N
k=1 λkpk and q =

∑N
k=1 λkqk be convex

combinations of Markov kernels pk, qk with the same coefficients
λk ≥ 0,

∑N
k=1 λk = 1. Then

p̂ :=

N∑
k=1

λk · (pk ⊗ qk)

is a coupling of p and q. Conversely, if p̂ is a coupling of two
Markov kernels p and q on discrete sets then p̂ can also be ob-
tained in this way by decomposing p̂ into extremal Markov ker-
nels, i. e. kernels with transition probabilities in {0, 1} (determin-
istic kernels).

2) Let p : S × S → [0, 1] be a Markov kernel on a discrete space S.
Then a coupling of p with itself is given by

p̂
(
(s, s′), (t, t′)

)
=


p(s, t) · p(s′, t′) if s 6= s′,
p(s, t) if s = s′ and t = t′,
0 otherwise

for all s, s′, t, t′ ∈ S. This coupling is said to go back to
W. Doeblin and, therefore, is called the Doeblin coupling (see
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[Pit76] and reference therein). Observe by construction the di-
agonal ∆ := {(s, s) | s ∈ S} is an invariant set for the Doeblin
coupling.

A simple computation shows that a coupling of two Markov kernels
preserves couplings of probability measures. More precisely: Let p̂ be
a coupling of two Markov kernels p and q on ΩX and ΩY , respectively.
Then for every coupling µ̂ of two probability measures µ and ν on
ΩX and ΩY , respectively, the probability measure µ̂p̂ is a coupling of
the probability measures µp and νq. As a direct consequence of this
observation together with the Coupling Inequality 3.3 we obtain the
following corollary:

Corollary 3.7 (Markovian Coupling Inequality). Let (Ω,Σ) be a meas-
urable space such that the diagonal ∆ := {(ω, ω) | ω ∈ Ω} in Ω × Ω is
measurable with respect to the product σ-algebra Σ ⊗ Σ. Let p be a
Markov kernel on Ω and let p̂ be a coupling of p with itself. Let µ̂ be a
coupling of two probability measures µ, ν on Ω. Then for every n ∈ N

‖µpn − νpn‖ ≤ 2− 2(µ̂ p̂n)(∆) .

In particular, if ∆ is an absorbing set for p̂ then p is uniformly mixing.

3.3. Examples for the Coupling Method

3.3.1. The Infinite Ruin Problem

Consider the following game: A player starts with a certain amount
of money, let’s say x ≥ 1 dollars. In each round he tosses a coin.
If the coin turns head, the player earns a dollar. If it turns tail, he
loses a dollar. The game stops if the player is ruined having no money
left, otherwise the next round starts. We suppose that the coin does
not give an advantage to the gambler, it may show head (win) with
probability λ ≤ 1/2 and tail (loss) with probability 1 − λ. Then the
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3.3. Examples for the Coupling Method

stochastic process describing the amount of the player’s money leads to
the Markov kernel p : N× N→ [0, 1] given by

p(x, x+ 1) := λ , p(x, x− 1) := 1− λ , p(0, 0) := 1

for every x ≥ 1 and p(x, y) := 0 for all other choices of x, y ∈ N. Its
transition graph is shown in Figure 3.1.

0 1 2 3 · · ·1
1− λ

λ

1− λ

λ

1− λ

λ

1− λ

Figure 3.1.: Infinite Ruin Problem

Remark 3.8. Note that the kernel agrees with the random walk on the
integers apart from the absorbing point x = 0 (cf. Example 2.3 on
page 39). Therefore, this kernel is also called the random walk on the
integers with absorbing boundary .

As a demonstration for the use of couplings we want to show
that the player eventually gets ruined no matter how much money
he was starting with. Mathematically speaking, we will prove
that

lim
n→∞

pn(x, 0) = 1

for every x ∈ N. The result itself is neither new nor suprising and can
for instance be found in the book of W. Feller [Fel50], Chapter XIV.
The arguments presented here are arranged to demonstrate the use of
couplings, not to give an optimised proof.

As a first step we consider a finite variant of the previously described
game where the player stops playing if he reaches a certain amount of
money, say N dollars, which is fixed in advance. This gives rise to a
Markov kernel pN on the finite space {0, . . . , N} with

pN (x, x+ 1) := λ , pN (x, x− 1) := 1− λ ,
pN (0, 0) := p(N,N) := 1
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0 1 2 · · · N − 1 N1
1− λ

λ

1− λ

λ

1− λ

λ

1− λ
λ

1

Figure 3.2.: Finite Ruin Problem

for every 1 ≤ x ≤ N −1 and p(x, y) := 0 for all other x, y ∈ {0, . . . , N}.
Its transition graph is shown in Figure 3.2. Due to finiteness of the
state space the analysis of this kernel is much easier. In particular, the
ruin probabilities rN (x) := limn p

n
N (x, 0) satisfy the finite set of linear

equations

rN (0) = 1 , rN (x) = λrN (x+ 1) + (1− λ)rN (x− 1) , rN (N) = 0

for every 0 < x < N . Solving this linear system yield

lim
n→∞

pnN (x, 0) = rN (x) =
1−

(
λ

1−λ

)N−x
1−

(
λ

1−λ

)N (3.3)

for every x ∈ {0, . . . , N} with the continuous extension rN (x) = 1− x
N

for λ = 1/2. Observe that since λ ≤ 1/2 this probability converges to 1
as N goes to infinity.

Now consider two players, one of them playing the infinite game, the
other one stops if he reaches N dollars. Suppose that both players de-
pend on the same coin. This new game with two players yields a coup-
ling p̂N of p and pN whose transition graph is shown in Figure 3.3. With
the transition graph it is easily checked that the set

A := {(x, y) | 0 ≤ x ≤ y < N or y = N}

marked in Figure 3.3 is invariant for the kernel. For studying the
Markov chain of p̂N starting at (x, x) with x < N—both players start-
ing with x dollars—we may thus restrict the kernel to the subset A.
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1

1

Each edges not labeled in the figure caries weight 1 − λ if it heads down left, and weight λ if
it heads up right.

Figure 3.3.: Coupling for the Ruin Problem

Observe that (0, 0) is the only point of the row N × {0} lying in A.
Hence for every n ∈ N we obtain

pn(x, 0) = p̂nN
(
(x, x), {0} × {0, . . . , N}

)
≥ p̂nN

(
(x, x), (0, 0)

)
= p̂nN

(
(x, x),N× {0}

)
= pnN (x, 0) .

(3.4)

In our interpretation as a game this inequality states that the player
on the infinite game is always more likely to be ruined than the player
on the finite game. This is not surprising at all because during the
game both players have the same amount of money until the second
player either has won the game with N dollars or is ruined, in which
case also the first player is ruined. The mathematically interesting fact
is that we have found a way to prove the inequality without analytic or
algebraic computation of probabilities for the kernel p on the infinite
set N.

Finally, return to our initial problem. To compute the probability of
getting ruined consider the limit n → ∞ in (3.4). Then together with
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Equation (3.3) we obtain

lim
n→∞

pn(x, 0) ≥ lim
n→∞

pnN (x, 0) =
1−

(
λ

1−λ

)N−x
1−

(
λ

1−λ

)N .

Taking the limit N → ∞ on the right hand side we then may con-
clude limn p

n(x, 0) = 1 as asserted in the beginning of this sec-
tion.

Remark 3.9. The value pn(x, 0) for arbitrary x ∈ N and n ∈ N would
be very interesting for the forthcoming examples. It can easily be com-
puted either iteratively or with some combinatorial effort. We did,
however, not succeed in finding a closed expression.

3.3.2. A Uniformly Mixing Markov Kernel

As a second demonstration of the coupling method consider the follow-
ing (admittedly unrealistic) variant of the infinite ruin problem: The
player does not stop playing if he reaches 0 dollars, but he continues
tossing the coin. If he succeeds (head), he earns a dollars; if he loses
(tail), he still remains at 0 dollars not getting in debt. The Markov
kernel arising from this game is given by

p(x, x+ 1) := λ , p(x+ 1, x) := 1− λ ,

for every x ∈ N and p(x, y) := 0 for all other choices x, y ∈ N. Its
transition graph is shown in Figure 3.4. Recall that we have already
examined this kernel in Example 2.3 on page 39. There we have seen
that it admits a unique invariant measure, which is a probability mea-
sure if and only if λ < 1/2. In this section we want to use the Coupling
Inequality to prove that this kernel is uniformly mixing, i. e., for all
probability measures µ and ν on N it satisfies

lim
n→∞

‖µpn − νpn‖ = 0 .
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0 1 2 3 · · ·
λ

1− λ

λ

1− λ

λ

1− λ

λ

1− λ
1− λ

Figure 3.4.: Infinite Ruin with Reflecting Boundary

Remark 3.10. In analogy to the kernel of the preceding section (Fig-
ure 3.1 on page 72) the kernel p is also called the random walk on the
integers with reflecting boundary .

Inspired by the coupling idea of the previous section, consider two play-
ers, both playing the same game as described and both depending on
the same coin. This gives rise to the coupling p̂ of p with itself given
by the transition graph shown in Figure 3.5. To conclude uniform mix-
ing of p, by the Coupling Inequality 3.7 on page 71 it suffices to show
that the diagonal ∆ := {(x, x) | x ∈ N} is absorbing for p̂. In our
interpretation as a game of two players this means that the players will
eventually reach the same amount of money, no matter how much they
were starting with.
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Figure 3.5.: Coupling of Random Walk with Reflecting Boundary
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It can easily been seen in Figure 3.5 that the diagonal is invari-
ant for this kernel. Moreover, the subsets (different colours in
Figure 3.5)

A0 := ∆ , Ak := {(k, 1) . . . , (k, k − 1)} ∪ {(1, k), . . . , (k − 1, k)}

with k ≥ 1 form a partition of N×N with the additional property that
for every pair k, l ∈ N the transition probabilities p

(
(x, y), Al

)
agree for

all (x, y) ∈ Ak. We may thus consider the kernel on the quotient space
with respect to this partition. This quotient kernel P̂ is given by (see
Figure 3.6)

P̂ (Ak, Ak+1) = λ , P̂ (Ak, Ak−1) = 1− λ , P̂ (A0, A0) = 1

for every k ≥ 1 and P̂ (Ak, Al) = 0 for all other choices of
k, l ∈ N.

A0 A1 A2 A3 · · ·1
1− λ

1− λ

λ

1− λ

λ

1− λ

λ

Figure 3.6.: Quotient Kernel

Observe that up to renaming the quotient kernel P̂ agrees with the
transition kernel of the infinite ruin problem studied in the preceding
section (cf. Figure 3.1 on page 72). In particular, we have already
shown that A0 is absorbing for this kernel. Consequently, the diagonal
∆ = A0 is absorbing for the original coupling p̂. Finally, it follows from
the Coupling Inequality 3.7 that the initial kernel p is indeed uniformly
mixing.
Remark 3.11. The Markov Coupling Inequality also provides an esti-
mation for the variation difference of two different initial distributions.
More precisely, if µ and ν are two initial distributions on N then for
every n ∈ N we have

‖µ pn − ν pn‖ ≤ 2− 2 (µ⊗ ν)(p̂n)(∆) .
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Passing to the quotient kernel, the right hand side can be computed in
the same way as the ruin probability of the infinite ruin problem in the
previous section (cf. Remark 3.9).

3.4. Quantum Couplings

Definition 3.12. LetM and N be W∗-algebras.

1) Let ϕ,ψ be normal states on M,N , respectively. A coupling of
ϕ and ψ is a normal state ϕ̂ onM⊗N with marginals ϕ and ψ,
i. e. for every x ∈M, y ∈ N

ϕ̂(x⊗ 1) = ϕ(x) , ϕ̂(1⊗ y) = ψ(y) .

2) Let S : M → M and T : N → N be two Markov operators.
A coupling of S and T is a Markov operator T̂ :M⊗N →M⊗N
such that for every x ∈M, y ∈ N

T̂ (x⊗ 1) = S(x)⊗ 1 , T̂ (1⊗ y) = 1⊗ T (y) .

Clearly, the above definitions generalise the classical notions of a
stochastic coupling of probability measures and of Markov kernels, re-
spectively. In analogy to the classical theory, we may canonically extend
the notion of a coupling to quantum random variables and quantum
stochastic processes.

As in the classical case for fixed normal states ϕ and ψ the set of
all couplings is a non-empty (ϕ̂ := ϕ ⊗ ψ) convex set. Also for two
fixed Markov operators S and T the set of all couplings is non-empty
(T̂ := S⊗T ) and convex. The precise geometry of these sets—even for
very simple non-commutative cases—is still part of the current research
(see for instance [Rud04, Par05]).
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Example 3.13.

1) Analogously to the classical situation, let ϕ =
∑∞
k=1 λkϕk and

ψ =
∑∞
k=1 λkψk be (possibly infinite) convex decompositions of ϕ

and ψ into normal states ϕk, ψk with the same convex coefficients
λk ≥ 0,

∑∞
k=1 λk = 1. Then

ϕ̂ :=

∞∑
k=1

λk(ϕk ⊗ ψk)

is a coupling of ϕ and ψ.

A similar line of arguments applies to Markov operators: Let
S :M→M and T : N → N be two Markov operators and sup-
pose there are convex decompositions S =

∑N
k=1 λk Sk and T =∑N

k=1 λk Tk into Markov operators S1, . . . , SN : M → M and
T1, . . . , TN : N → N with the same coefficients λ1, . . . λN ≥ 0,∑N
k=1 λk = 1. Then the Markov operator

T̂ :=

N∑
k=1

λk Sk ⊗ Tk

is a coupling of S and T .

2) Unlike in classical probability theory even for finite-dimensional
quantum systems there are couplings that do not arise from con-
vex decompositions of the marginals. For instance, consider the
matrix algebra M := N := MN for N ≥ 2 and the tracial state
ϕ := ψ := τN on MN . Choose an orthonormal basis e1, . . . , eN of
CN . Then the pure state ϕ̂ on MN ⊗MN given by

ϕ̂(z) := 〈z.ξ, ξ〉 with ξ :=
1√
N

N∑
k=1

ek ⊗ ek

has τN as both marginals, i. e., ϕ̂ is a coupling of τN with itself.
However, ϕ̂ can neither be decomposed into a non-trivial convex
combination of states, nor is it a tensor product state itself.
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3) The preceding example also extends to a more general context.
Let H be a separable Hilbert space of dimension N ∈ N ∪ {∞}
and let ϕ be a normal state on B(H). Fix a spectral decomposition

ϕ(x) =

N∑
k=1

λk〈x.ek, ek〉

with some λk ≥ 0 and some orthonormal basis (ek)Nk=1 of H.
Then the vector state ϕ̂ on B(H⊗H) = B(H)⊗ B(H) given by

ϕ̂(z) := 〈z.ξϕ, ξϕ〉 with ξϕ :=

N∑
k=1

√
λk ek ⊗ ek (3.5)

is a pure state which is a coupling of ϕ with itself.
Remark 3.14. In contrast to classical probability theory even for finite
dimensional algebrasM, N there are states that cannot be written as
a convex combination of tensor product states. These states are called
entangled ; non-entangled states, i. e., states that are in the convex hull
of tensor product states are called separable. The investigation of en-
tanglement properties, especially of entanglement measures, is a great
subject of current research (see e. g. [HHHH09, PV07, Arv09]). In par-
ticular, the states given by (3.5) are of significant importance for many
physical applications. Most non-classical quantum effects—for instance
quantum teleportation or secure quantum cryptography—rely on the
highly non-commutative nature of these states (see e. g. [Maa10]). In
the physics literature they are often refered to as (maximally) entangled
states.

3.5. The No-Cloning Theorem

We have seen in Section 3.3 that, despite its rather simple proof, the
Coupling Inequality 3.3 has some fruitful applications. A translation
of this inequality to the non-commutative framework, however, faces
some severe obstacles of quantum theory. One of them is the No-Clon-
ing Theorem, which is presented in this section. For the interested
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reader we recommend the article by H. Maassen [Maa10], which in
particular includes an overview of different restrictions in quantum
probability.

Lemma 3.15 ([Cho74], Theorem 3.1). Let T : A → B a completely
positive map between C∗-algebras A, B. Furthermore, let a ∈ A satisfy
T (a∗a) = T (a)∗T (a). Then for every x ∈ A

T (xa) = T (x)T (a) .

Remark 3.16. It follows that the subset M(T ) := {a ∈ A | T (a∗a) =
T (a)∗T (a)} is a closed subalgebra of A, which is in general not closed
under the involution x 7→ x∗. It is called the multiplicative domain
of T .

Proof. For a positive linear functional ψ on B consider the sequilinear
form

Dψ : A×A → C, Dψ(x, y) := ϕ
(
T (y∗x)− T (y)∗T (x)

)
.

Due to the inequality of Kadison and Schwarz Dψ is positive semidef-
inite. Moreover, Dψ(a, a) = 0 for each a ∈ M(T ). It follows by the in-
equality of Cauchy and Schwarz that also Dψ(a, x) = 0 for every x ∈ A.
For fixed x ∈ A and a ∈ M(T ) this proves that ψ

(
T (x∗a)−T (x)∗T (a)

)
vanishes for every positive functional ψ on B. Since these functional
separate the points of B, we may conclude T (x∗a) = T (x)∗T (a). The
assertion then follows replacing x by x∗.

Lemma 3.17 ([Lin99]). Let A,B be C∗-algebras and T : A⊗minB → A
a completely positive map. Let x ∈ A with

T (x⊗ 1) = x , T (x∗x⊗ 1) = x∗x .

Then for every y ∈ B

T (x⊗ y) = T (1⊗ y)x .
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Proof. Consider the completely positive map T̂ : A⊗min B → A⊗min B
given by continuous linear extension of T̂ (x ⊗ y) := T (x ⊗ y) ⊗ 1 for
every x ∈ A, y ∈ B. Denote by FM(T̂ ) the intersection of its fixed
point space and its multiplicative domain, i. e.

FM(T̂ ) := {c ∈ A⊗min B | T̂ (c) = c, T̂ (c∗c) = c∗c} .

Then by Lemma 3.15 for every z ∈ A⊗min B and c ∈ FM(T̂ )

T̂ (z · c) = T̂ (z)T̂ (c) = T̂ (z) · c

Note that by hypothesis x⊗ 1 is an element of FM(T̂ ). Consequently,
for every y ∈ A we obtain

T (x⊗ y)⊗ 1 = T̂ (x⊗ y) = T̂ (1⊗ y) · (x⊗ 1) =
(
T (1⊗ y) · x

)
⊗ 1

and hence T (x⊗ y) = T (1⊗ y)x.

Theorem 3.18 (No-Cloning Theorem, cf. [Lin99]). Let A be a C∗-al-
gebra. Then the following statements are equivalent:

(a) A is commutative.

(b) There is a completely positive map T : A⊗min A → A such that
for every x ∈ A

T (x⊗ 1) = x = T (1⊗ x) . (3.6)

In this case the map T : A⊗minA → A is unique and satisfies T (x⊗y) =
x · y for all x, y ∈ A.

Proof. Obviously, the implication (a) ⇒ (b) is given by the continuous
linear extension of T (x⊗y) := x ·y for every x, y ∈ A. For the converse
apply Lemma 3.17 with B := A to obtain

T (x⊗ y) = T (1⊗ y)x = y · x

for every x, y ∈ A. Exchanging the role of the tensor factors in
Lemma 3.17 we may analogously deduce T (x⊗ y) = x · y. Then clearly
commutativity of A and the asserted uniqueness of T follow.
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T ϕ

ϕ

ϕ

Figure 3.7.: A Cloning Apparatus

The name No-Cloning Theorem is derived from the following phys-
ical interpretation. Suppose the observables of a quantum mechanical
system are described by the algebra A, for instance a certain atom.
We ask whether there is a physical apparatus (e. g. some experimental
design) with the following property: As an input the apparatus takes
a single system in an arbitrary state ϕ and produces two such systems
as an output both individually in state ϕ (see Figure 3.7). Mathemat-
ically, such a device is described by a unital completely positive map
T : A⊗min A → A such that for every state ϕ on A and every x ∈ A
we have

(ϕ ◦ T )(x⊗ 1) = ϕ(x) = (ϕ ◦ T )(1⊗ x) .

Since the states on A separate the points of A, the map T then has to
satisfy Equation (3.6). In this interpretation the No-Cloning Theorem
thus asserts that such a device does not exist unless the system is
classical.

3.6. Diagonal States

Recall that for a probability measure µ on some measurable space
Ω the diagonal measure µ∆ on Ω × Ω is given by the extension of
µ∆(A×B) = µ(A∩B) for all measurable subsets A,B ⊆ Ω. We will see
later that these measures play a crucial role for constructing couplings of
Markov kernels in classical probability theory (see Chapter 4). The defi-
nition of a quantum analogue of this measures, however, turns out to be
a delicate problem. This is due to the fact that for a non-commutative
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W∗-algebra M the multiplication map M⊗M 3 x⊗ y 7→ x · y is not
positive.1 Hence for a normal state ϕ on M the canonical choice of
an analogue functional ϕ̂(x⊗ y) := ϕ(x · y) does not extend to a state
on M⊗M in general. Moreover, by the No-Cloning Theorem 3.18
for a non-commutative W∗-algebra M there is no completely posi-
tive map T :M⊗M→M with T (x ⊗ 1) = x = T (1 ⊗ x) for every
x ∈M. It is thus a non-trivial task to find a quantum analogue of
the embedding ω 7→ (ω, ω) of a measurable space Ω into the diagonal
of Ω× Ω.

Despite this no-go facts, Example 3.13 provides candidates for an ana-
logue of the diagonal measure. For instance, reconsider the tracial state
τN on MN and the self-coupling ϕ̂(z) := 〈z.ξ, ξ〉 on MN ⊗MN , where
ξ := 1/

√
N
∑N
k=1 ek ⊗ ek for some chosen orthonormal basis e1, . . . , eN

of CN . This coupling indeed satisfies

ϕ̂(x⊗ y) = τN (x · y)

for every x, y ∈ MN . In this section we introduce a notion of a di-
agonal state in quantum theory that generalises the classical diagonal
measure and allows to regard the above state ϕ̂ as a diagonal state
of τN .

Let (M, ϕ) be a quantum probability space and suppose that M is
given in its standard representation, i. e. M ⊆ B(H) for the standard
representation space H. Denote by ξϕ ∈ H the GNS-vector of ϕ. Since
by definition the algebraM commutes with its commutantM′ ⊆ B(H),
the algebraic tensor productM�M′ admits a ∗-representation π∆ on
B(H) given by the linear extension of

π∆(x⊗ y′) := x · y′ = y′ · x .

Definition 3.19. The diagonal state of ϕ is the functional
ϕ∆ :M�M′ → C which arises by linear extension of

ϕ∆(x⊗ y′) := 〈π∆(x⊗ y′).ξϕ, ξϕ〉 = 〈x · y′.ξϕ, ξϕ〉 .
1Positivity of the map x ⊗ y 7→ x · y is actually equivalent to commutativity of
M.
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By definition the diagonal state satisfies

ϕ∆(x⊗ 1) = ϕ(x) , ϕ∆(1⊗ y′) = ϕ′(y′)

for every x ∈M and y′ ∈M′, where ϕ′ denotes the opposite state of ϕ.
Apart from the purely algebraic domain, ϕ∆ satisfies the requirements
for a coupling of ϕ and ϕ′.

The diagonal state was used by R. Duvenhage [Duv08, Duv10] to char-
acterise ergodicity and mixing properties of reversible W∗-dynamical
systems by their couplings to suitable subsystems. These results do
not directly apply to general Markovian dynamics and do not lead to
quantitative results. Therefore, we head into a different direction and
do not use the results of Duvenhage.
Example 3.20. Let us first check whether the above notion of a diag-
onal state indeed generalises the classical notion of a diagonal measure:
Let (Ω, µ) be a probability space with a strictly positive measure µ.
Consider the W∗-algebra M = L∞(Ω, µ) equipped with the normal
state ϕ(f) =

∫
Ω
f dµ, f ∈ L∞(Ω, µ). Recall that the standard repre-

sentation of L∞(Ω, µ) is given by the multiplication operators on the
Hilbert space L2(Ω, µ) with the constant function ξ := 1 ∈ L2(Ω, µ)
as GNS-vector of ϕ. The commutant of L∞(Ω, µ) in B

(
L2(Ω, µ)

)
is

L∞(Ω, µ) itself. Hence the diagonal state ϕ∆ is the linear extension of

ϕ∆(f ⊗ g) =

∫
Ω

f(x) g(x) dµ(x) =

∫
Ω×Ω

f(x) g(y) dµ∆(x, y) ,

for every f, g ∈ L∞(Ω, µ), where µ∆ denotes the diagonal measure of µ.
In this sense, the diagonal state indeed generalises the classical diagonal
measure.

Note that the diagonal state is actually only defined on the algebraic
tensor product. Even for a commutative W∗-algebraM = L∞(Ω,Σ, µ)
the diagonal state may not admit any normal extension to the
W∗-tensor product M⊗M = L∞(Ω × Ω,Σ ⊗ Σ, µ ⊗ µ). This is due
to the fact that the diagonal ∆ := {(ω, ω) | ω ∈ Ω} may have mea-
sure zero in (Ω × Ω, µ ⊗ µ). A more concrete example is given in the
following:
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Example 3.21. Let µ be the Lebesgue measure on [0, 1] and de-
note by ϕ the corresponding normal state on L∞([0, 1], µ) given by
ϕ(f) :=

∫ 1

0
f dµ. For n ≥ 1 choose a finite partition

[0, 1] = A1 ∪̇ A2 ∪̇ . . . ∪̇ An

into measurable subsets Ak ⊆ [0, 1], each with measure µ(Ak) = 1/n
for 1 ≤ k ≤ n. Consider the subset B := (A1 ×A1) ∪ · · · ∪ (An ×An).
Then for the characteristic function χB of B a straightforward compu-
tation yields

ϕ∆(χB) = µ∆(B) = µ(A1) + · · ·+ µ(An) = 1 .

On the other hand for the product Lebesgue measure we ob-
tain (µ ⊗ µ)(B) = µ(A1)2 + · · · + µ(Ak)2 = 1/n. Now, as-
sume ϕ∆ admits a normal extension to the W∗-tensor product
L∞([0, 1])⊗ L∞([0, 1]) = L∞([0, 1]2). Then the above calculation for
n→∞ shows that the support of ϕ∆ has Lebesgue measure zero; but
this contradicts normality of the state ϕ∆.

Proposition 3.22. Let ϕ be a faithful normal state on a W∗-al-
gebra M. Then for an element x ∈ M the following statements are
equivalent:

(a) x is a element of the centraliser of ϕ, i. e. ϕ(xy) = ϕ(yx) for
every y ∈M.

(b) For every element y ∈M we have

ϕ∆(x⊗ JyJ) = ϕ(xy∗) .

Remark 3.23. Note that, in particular, the equation ϕ∆(x ⊗ JyJ) =
ϕ(xy∗) is satisfied for every x, y ∈ M if and only if the state ϕ is a
tracial state.

Proof. Denote by J the modular conjugation and by ∆ϕ the modular
operator associated with (M, ϕ). An element x ∈ M is in the central-
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iser of ϕ if and only if the vector x.ξϕ is a fixed point of ∆
1/2
ϕ . Since

x∗.ξϕ = J∆
1/2
ϕ x.ξϕ for every x ∈M we compute

ϕ∆(x⊗ JyJ) = 〈xJy.ξϕ, ξϕ〉 = 〈Jy.ξϕ, J∆
1/2
ϕ x.ξϕ〉

= 〈∆1/2
ϕ x.ξϕ, y.ξϕ〉 ,

ϕ(xy∗) = 〈y∗.ξϕ, x∗.ξϕ〉 = 〈J∆
1/2
ϕ y.ξϕ, J∆

1/2
ϕ x.ξϕ〉

= 〈∆ϕx.ξϕ, y.ξϕ〉 .

for all x, y ∈ M. Now, if we suppose that x is an element of the cen-
traliser (i. e., if x.ξϕ is a fixed point of ∆

1/2
ϕ ) then x.ξϕ is also a fixed

point of ∆ϕ. Consequently, ϕ∆(x ⊗ JyJ) and ϕ(xy∗) both simplify
to 〈x.ξϕ, y.ξϕ〉; and hence we obtain ϕ∆(x ⊗ JyJ) = ϕ(xy∗) for every
y ∈M. Conversely, if we suppose ϕ∆(x⊗JyJ)ϕ(xy∗) for every y ∈M
then the above computations imply ∆

1/2x.ξϕ = ∆ϕx.ξϕ because the
vectors y.ξϕ, y ∈ M are dense in the GNS-space. Since ∆

1/2 is in-
vertible, we conclude ∆

1/2
ϕ x.ξϕ = x.ξϕ, i. e., x is an element of the

centraliser.

Example 3.24.

1) Consider the W∗-algebraM := B(H) for some separable Hilbert
space H. Let ϕ be a normal state on B(H) with density
ρ ∈ B(H), i. e. ϕ(x) = Tr(ρ x) for every x ∈ B(H). Recall that
the GNS-representation of

(
B(H), ϕ

)
is given by the action of

B(H) via left multiplication on the Hilbert-Schmidt operators
HS(H) with the modular involution Jy = y∗, y ∈ HS(H), and
the GNS-vector ξϕ :=

√
ρ. It is well-known that the representa-

tion π∆ : B(H) � B(H)′ → B
(
HS(H)

)
with π∆(x⊗ y′) := x · y′

for every x ∈ B(H), y′ ∈ B(H)′ extends to a ∗-isomorphism of
the W∗-tensor product B(H)⊗ B(H)′ and B

(
HS(H)

)
. Via this

identification the diagonal state ϕ∆ extends to the pure normal
state given by ϕ∆(z) = 〈z.ξ, ξ〉HS for every z ∈ B

(
HS(H)

)
. In

particular, for x, y ∈ B(H) we compute

ϕ∆(x⊗ JyJ) = 〈xJy.ξ, ξ〉HS = 〈xJ(y
√
ρ),
√
ρ〉HS

= Tr(
√
ρx
√
ρy∗) .
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2) Denote by H̄ the complex conjugated Hilbert space of H. As a set
H and H̄ coincide; also the norm and the addition of H̄ is inherited
from H; but the scalar multiplication is given by (λ, ξ) 7→ λ̄ ξ for
every λ ∈ C, ξ ∈ H̄. To notationally distinguishH and H̄ we write
ξ̄ if we consider ξ ∈ H as a vector of H̄. Note that although H
and H̄ share the same norm, their scalar products slightly differs,
because for ξ, η ∈ H we have 〈ξ̄, η̄〉 = 〈η, ξ〉. The Hilbert-Schmidt
operators HS(H) are naturally isometrically isomorphic to the
tensor product H⊗ H̄ by the unitary map

u : H⊗ H̄ → HS(H), u(ξ ⊗ η̄).ζ := 〈ζ, η〉 ξ

for all ξ, η, ζ ∈ H. Via this unitary we may identify B(H)⊗B(H)′

with B(H⊗ H̄), where an elementary tensor product acts via

(x⊗ JyJ).(ξ ⊗ η̄) = (x.ξ)⊗ (y.η)

for every ξ, η ∈ H and x, y ∈ B(H).

Moreover, if we fix an orthonormal basis (ek)Nk=1 (N ∈ N ∪ {∞})
of H, we may extend the map ek 7→ ēk (k = 1, 2, . . . ) to a linear
isometry from H to H̄. With this identification the W∗-algebra
B(H) ⊗ B(H)′ is isomorphic to B(H ⊗ H), where an elementary
tensor product x⊗ JyJ with x, y ∈ B(H) acts on H⊗H via

(x⊗ JyJ).(ξ ⊗ η) = (x.ξ)⊗ (ȳ.η)

for every ξ, η ∈ H. Here ȳ ∈ B(H) denotes the complex conju-
gated of y which is uniquely determined by 〈ȳ.ei, ej〉 := 〈y.ei, ej〉.
Be aware that this identifications depends on the choice of the
basis (ek)Nk=1.

Now again consider a normal state ϕ on B(H) and choose a spec-
tral decomposition

ϕ(x) =

N∑
k=0

λk 〈x.ek, ek〉
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with λk ≥ 0 and some orthonormal basis (ei)
N
i=1 of H. Us-

ing this particular basis we may identify H with H̄ and hence
B(H)⊗ B(H)′ with B(H⊗H) as above. Then a simple computa-
tions shows that up to this identification the diagonal state ϕ∆ is
given by the vector state (cf. Example 3.13)

ϕ∆(z) = 〈z.ξϕ, ξϕ〉 with ξϕ :=

N∑
k=1

√
λk ek ⊗ ek .

The following two propositions assure that the map ϕ 7→ ϕ∆ natu-
rally respects the decomposition of the algebra into direct sums and
tensor products. The precise formulation though might look rather
technical.

Proposition 3.25. Let ϕ and ψ be normal states on W∗-algebras M
and N , respectively.

1) Let 0 ≤ λ ≤ 1 and consider the normal state λϕ ⊕ (1 − λ)ψ on
the direct sumM⊕N . Then(

λϕ⊕ (1− λ)ψ
)

∆
=
(
λϕ∆ ⊕ (1− λ)ψ∆

)
◦ P ,

where P : (M⊕N )�(M′⊕N ′)→ (M�M′)⊕(N �N ′) denotes
the canonical projection given by linear extension of P

(
(x⊕ y)⊗

(x′⊕y′)
)

:= (x⊗x′)⊕ (y⊗y′) for every x ∈M, x′ ∈M′, y ∈ N ,
y′ ∈ N ′.

2) Consider the tensor product state ϕ⊗ψ on the W∗-tensor product
M⊗N . Then

(ϕ⊗ ψ)∆ = (ϕ∆ ⊗ ψ∆) ◦ σ ,

where σ : (M�N )�(M′�N ′)→ (M�M′)�(N �N ′) denotes
the tensor flip of the inner pair of tensor factors.

Proof. Denote by H and K the GNS-spaces of (M, ϕ) and (N , ψ) with
GNS-vectors ξϕ and ξψ, respectively. Note that for both assertions it
suffices to verify equality on elementary tensor products.
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1) For λ = 0, 1 the assertion is trivial. Let 0 < λ < 1 and set
ρ := λϕ⊕ (1− λ)ψ. The GNS-representation of (M ⊕ N , ρ) is
given by the direct sum representation on the Hilbert space H⊕K
with the GNS-vector ξρ :=

√
λξϕ ⊕

√
1− λξψ. We identify H and

K with the subspaces H ⊕ 0 and 0 ⊕ K, respectively. For every
z = x ⊕ y ∈ M ⊕ N the subspaces H and K are invariant for
x⊕ y. The same applies to elements z′ = x′ ⊕ y′ ∈ M′ ⊕N ′. In
particular, the inner products 〈zz′.ξϕ, ξψ〉 and 〈zz′.ξψ, ξϕ〉 both
vanish. We hence compute

ρ∆(z ⊗ z′) = 〈zz′.ξρ, ξρ〉 = λ〈zz′.ξϕ, ξϕ〉+ (1− λ)〈zz′.ξψ, ξψ〉
= λ〈(xx′ ⊕ yy′).ξϕ, ξϕ〉+ (1− λ)〈(xx′ ⊕ yy′).ξψ, ξψ〉
= λ〈xx′.ξϕ, ξϕ〉+ (1− λ)〈yy′.ξψ, ξψ〉
= λϕ∆(x⊗ x′) + (1− λ)ψ∆(y ⊗ y′) .

2) The GNS-representation of (M⊗N , ϕ⊗ψ) is the tensor product
representation on the Hilbert space H ⊗ K with the GNS-vector
ξ := ξϕ⊗ ξψ. For elementary tensor products z = x⊗y ∈M⊗N
and z′ = x′ ⊗ y′ ∈M′ ⊗N ′ we hence compute

(ϕ⊗ ψ)∆(z ⊗ z′) = 〈zz′.ξ, ξ〉 = 〈(xx′ ⊗ yy′).ξϕ ⊗ ξψ, ξϕ ⊗ ξψ〉
= 〈xx′.ξϕ, ξϕ〉 · 〈yy′.ξψ, ξψ〉
= ϕ∆(x⊗ x′) · ψ∆(y ⊗ y′) .

Recall that for a Markov operator T :M→N we write T ′ :M′ → N ′
for its opposite Markov operator on the corresponding commutants in
the standard representations. It is given by

T ′(JM xJM) := JN T (x) JN

for each x ∈ M, where JM and JN denote the modular conjugations
ofM and N , respectively (cf. Section 1.11).
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Proposition 3.26. Let (M, ϕ) and (N , ψ) be two faithful quantum pro-
bability spaces and let α : (M, ϕ)→ (N , ψ) be an injective unital nor-
mal ∗-homomorphism that commutes with the modular automorphism
groups, i. e. σψt ◦ α = α ◦ σϕt for every t ∈ R. Then

ψ∆ ◦ (α⊗ α′) = ϕ∆ .

Proof. Let H and K denote the GNS-spaces of (M, ϕ) and (N , ψ), re-
spectively, and by ξϕ ∈ H and ξψ ∈ K the corresponding GNS-vectors.
Write v : H → K for the isometry arising from α by v.(x.ξϕ) = α(x).ξψ
for every x ∈ M. Since α commutes with the modular automor-
phism group, the opposite operators α′ yields the same isometry on
the GNS-spaces, i. e.

v.(y′.ξϕ) = α′(y′).ξψ

for every y′ ∈ M′ (see Corollary 1.15 on page 23). Then for every
x ∈M and y′ ∈M′ we compute

ψ∆

(
(α⊗ α′)(x⊗ y′)

)
= 〈α′(y′).ξψ, α(x∗).ξψ〉 = 〈vy′.ξϕ, vx∗.ξϕ〉
= 〈y′.ξϕ, x∗.ξϕ〉 = ϕ∆(x⊗ y)

and hence ψ∆ ◦ (α⊗ α′) = ϕ∆ by linear extension.

3.7. A Quantum Coupling Inequality

This section provides a Quantum Coupling Inequality, i. e. a quantum
version of the classical Coupling Inequality 3.3 on page 68. The clas-
sical inequality gives an upper bound for the variation distance of two
probability measures via the measure of the diagonal in the product
space. However, we have already seen that there are several no-go
facts that rule out some trivial generalisation of the diagonal (cf. Sec-
tion 3.6). A further obstruction is the following: Consider the com-
mutative W∗-algebra M = `∞(S) for a finite set S. The elements
∆(f) := f ⊗ 1 − 1 ⊗ f with f ∈ `∞(S) generate a certain non-unital
∗-subalgebra of `∞(S)⊗ `∞(S) = `∞(S × S). The unit of this algebra
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is the characteristic function of the off-diagonal in S×S. This unit is the
least upper bound of all functions ∆(f) with 0 ≤ f ≤ 1. The presented
proof of the Coupling Inequality seriously relies on this upper bound.
On the other hand, consider the matrix algebra M = MN for N ≥ 2.
It can be shown that the elements ∆(x) := x⊗ 1− 1⊗ x with x ∈MN

algebraically generate the whole algebra MN ⊗MN . Moreover, there
is no non-trivial least upper bound for the set of all elements ∆(x)
with 0 ≤ x ≤ 1, i. e., the least upper bound is given by the unit of
MN ⊗MN . Thus, the proof of a quantum version of the Coupling In-
equality has to take a different approach than the elementary classical
proof.

Let (M, ω) be a quantum measure space and suppose thatM is given
in its standard representation. Denote by J the modular conjugation
ofM and byM′ = JMJ the commutant ofM in its standard repre-
sentation.

Definition 3.27. A projection p∆ ∈ M ⊗ M′ is called a diagonal
projection if for every x ∈M

p∆(x⊗ 1)p∆ = p∆(1⊗ Jx∗J)p∆ .

Observe that a projection q ∈M⊗M′ which is dominated by a diagonal
projection p∆ ≥ q is again diagonal. Consequently, for the classification
of all diagonal projections it suffices to determine all maximal diagonal
projections.

Example 3.28.

1) Consider the algebra M := `∞(S) for some discrete space S.
Denote by ps the orthogonal projection corresponding to a point
s ∈ S. Then a simple computation verifies that the only maximal
diagonal projection for `∞(S) is given by

p∆ :=
∑
s∈S

ps ⊗ JpsJ .
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2) Consider M := B(H) for a separable Hilbert space H of dimen-
sion N ∈ N ∪ {∞} and fix an orthonormal basis (ek)Nk=1 of H.
For each k = 1, 2, . . . denote by pk ∈ B(H) the orthonormal pro-
jection onto the linear subspace Cek ⊆ H. Define a projection in
B(H)⊗ B(H)′ by setting

p∆ :=

N∑
k=1

pk ⊗ JpkJ ,

where for N = ∞ the series converges monotonely with respect
to the σ-weak topology. A simple computation then verifies that
p∆ is indeed a diagonal projection.

If we naturally identify B(H) ⊗ B(H)′ with the W∗-algebra
B
(
HS(H)

)
then p∆ is the diagonal projection onto the lin-

ear subspace of Hilbert-Schmidt operators that is generated
by all projections pk. Furthermore, if we canonically identify
B(H)⊗ B(H)′ with B(H ⊗ H) via the basis (ek)k∈N (cf. Ex-
ample 3.24) then p∆ is the orthogonal projection onto the linear
subspace

⊕N
k=1 C(ek ⊗ ek) ⊆ H⊗H.

3) Once again considerM := B(H) for some separable Hilbert space
H and let ϕ be a normal state on B(H) with density ρ. Identify the
W∗-tensor product B(H)⊗ B(H)′ with B

(
HS(H)

)
. The diagonal

state of ϕ then admits a unique normal extension to B
(
HS(H)

)
given by the vector state

ϕ∆(z) := 〈z.√ρ,√ρ〉HS(H)

for all z ∈ B
(
HS(H)

)
. Denote by p∆ ∈ B(H) the support projec-

tion of ϕ∆, i. e., p∆ is the orthogonal projection onto the linear
subspace C√ρ ⊆ HS(H). Since p∆zp∆ = ϕ∆(z) · p∆ for every
z ∈ B

(
HS(H)

)
, we obtain for x ∈ B(H)

p∆(x⊗ 1)p∆ = ϕ∆(x⊗ 1) · p∆ = ϕ(x) · p∆ = ϕ′(Jx∗J)

= ϕ∆(1⊗ Jx∗J) · p∆ = p∆(1⊗ Jx∗J)p∆ ,
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where ϕ′ denotes the opposite state of ϕ. Hence we have shown
that p∆ is a diagonal projection.

Note that this already follows from the preceding example
of a diagonal projection. Choose a spectral decomposition
ρ =

∑N
k=1 λkpk with scalars λk ≥ 0 and one-dimensional mutu-

ally orthogonal projections pk ∈ B(H). Then √ρ =
∑N
k=1

√
λkpk

is a unit vector in the linear subspace generated by the pk. Hence
the projection onto Cρ is diagonal because it is dominated by∑N
k=1 pk ⊗ JpkJ .

Theorem 3.29 (Quantum Coupling Inequality). Let ϕ,ψ be normal
states on a W∗-algebra M. Denote by ψ′ the opposite state of ψ. Fur-
thermore, let ϕ̂ be a coupling of ϕ and ψ′ and let p∆ ∈ M⊗M′ be a
diagonal projection. Then

‖ϕ− ψ‖ ≤ 4− 4 ϕ̂(p∆) .

Proof. Note that by the Inequality of Cauchy and Schwarz for each
z ∈M⊗M′ and each projection p ∈M⊗M′ we have

|ϕ̂(z p)| = |ϕ̂(p z)| ≤ ϕ̂(p)
1/2 · ϕ̂(pz∗zp)

1/2

≤ ϕ̂(p)
1/2 · ϕ̂(p)

1/2 · ‖z∗z‖1/2 = ϕ̂(p) · ‖z‖ .
(3.7)

Now let x ∈M with ‖x‖ ≤ 1 and set x∆ := x⊗1−1⊗Jx∗J ∈M⊗M′
for sake of brevity. Using the triangle inequality we compute

|ϕ(x)− ψ(x)| = |ϕ(x)− ψ′(Jx∗J)| = |ϕ̂(x∆)|

≤ |ϕ̂(p∆ x∆ p∆)|+ |ϕ̂(p∆ x∆ p
⊥
∆)|+ |ϕ̂(p⊥∆ x∆)| .

On the right hand side the first term of the sum vanishes since p∆ is
a diagonal projection. For the second and third term apply (3.7) with
p := p⊥∆ to obtain

|ϕ(x)− ψ(x)| ≤ ϕ(p⊥∆) · ‖p∆x∆‖+ ϕ(p⊥∆) · ‖x∆‖ ≤ 2 · ϕ̂(p⊥∆) · ‖x∆‖ .

Since ‖x∆‖ ≤ 2, the assertion follows by taking the supremum over all
x ∈M with ‖x‖ ≤ 1.
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Corollary 3.30 (Markovian Quantum Coupling Inequality). Let ϕ, ψ,
ϕ̂, and p∆ be as in Quantum Coupling Inequality 3.29. Let T :M→M
be a Markov operator and denote by T ′ : M′ → M′ its opposite oper-
ator. Furthermore, let T̂ :M⊗M′ →M⊗M′ be a coupling of T and
T ′. Then for every n ∈ N

‖ϕ ◦ Tn − ψ ◦ Tn‖ ≤ 4− 4(ϕ̂ ◦ T̂n)(p∆) .

In particular, if p∆ is absorbing—i. e., if the sequence T̂n(p∆), n ∈ N,
monotonely increases to 1—then T is uniformly mixing.

3.8. Diagonal Projections of B(H)

This section is dedicated to the computation of all maximal diagonal
projections for the W∗-algebra B(H) with some separable Hilbert space
H of dimension N ∈ N ∪ {∞}. Note that we have already seen in Ex-
ample 3.28 on page 92 that for an orthonormal basis (ek)Nk=1 of H with
corresponding orthogonal projection pk ∈ B(H) onto Cek, respectively,
we obtain a diagonal projection

p∆ :=

N∑
k=1

pk ⊗ JpkJ .

We claim that every maximal diagonal projection is of this form for
some orthonormal basis (Theorem 3.33 on page 97).

We suppose that B(H) ⊗ B(H)′ acts on the Hilbert space HS(H)
of Hilbert-Schmidt operators. Note that the minimal projections in
B(H) ⊗ B(H)′ = B

(
HS(H)

)
are exactly the projections onto one-di-

mensional subspaces C ρ for some ρ ∈ HS(H). Such a projection is
diagonal if and only if the vector ρ satisfies

〈(x⊗ 1).ρ, ρ〉 = 〈(1⊗ Jx∗J).ρ, ρ〉 (3.8)

for every x ∈ B(H). Throughout this section we call a vector ρ ∈ HS(H)
diagonal if it satisfies Equation (3.8) for every x ∈ B(H). Note that
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3.8. Diagonal Projections of B(H)

for every diagonal projection p∆ ∈ B(H) ⊗ B(H)′ the corresponding
subspace p∆.HS(H) only contains diagonal vectors.

Lemma 3.31. A vector ρ ∈ HS(H) is diagonal if and only if ρ is a
normal operator, i. e. ρ∗ρ = ρρ∗.

Proof. Computing the left and right hand side of Equation (3.8) we
obtain

〈(x⊗ 1).ρ, ρ〉 = Tr(ρ∗xρ) = Tr(xρρ∗) ,

〈(1⊗ Jx∗J).ρ, ρ〉 = Tr(ρ∗ρx) = Tr(xρ∗ρ)

for every x ∈ B(H). Now, if ρ∗ρ = ρρ∗ then, obviously, ρ is a diagonal
vector. Conversely, since the set of all functionals Tr(x · ) with finite
rank operators x ∈ B(H) is separating for B(H), a diagonal vector ρ
satisfies ρρ∗ = ρ∗ρ.

Lemma 3.32. Let p∆ ∈ B(H) ⊗ B(H)′ be a diagonal projection. De-
note by K∆ := p∆.HS(H) the corresponding linear subspace. Then all
Hilbert-Schmidt operators in K∆ mutually commute.

Proof. Let ρ1, ρ2 ∈ K∆. Note that every vector ρ ∈ K∆ is diagonal, in
particular for every α ∈ C we obtain

〈(x⊗ 1).(αρ1 + ρ2), (αρ1 + ρ2)〉 = 〈(1⊗ Jx∗J).(αρ1 + ρ2), (αρ1 + ρ2)〉

for every x ∈ B(H). Since ρ1 and ρ2 are both diagonal, the difference
of the right and left hand side simplifies to

0 = 2<
(
α〈(x⊗ 1).ρ1, ρ2〉 − α〈(1⊗ Jx∗J).ρ1, ρ2〉

)
= 2<

(
α · Tr(xρ1ρ

∗
2 − xρ∗2ρ1)

)
,

where <(z) denotes the real part of a complex number z. Then for
every x ∈ B(H) it follows Tr(xρ1ρ

∗
2) = Tr(xρ∗2ρ1) by chosing a suitable

α ∈ C. Hence ρ1ρ
∗
2 = ρ∗2ρ1 and, since by Lemma 3.31 ρ1 and ρ2 are

both normal operators, we may conclude ρ1ρ2 = ρ2ρ1 (cf. [Con90],
Exercise IV.2.18).
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Theorem 3.33. Let p∆ ∈ B(H) ⊗ B(H)′ be a maximal diagonal pro-
jection. Then there is an orthonormal basis (ek)Nk=1 of H such that

p∆ =

N∑
k=1

pk ⊗ JpkJ ,

where pk ∈ B(H) (k = 1, 2, . . . ) denotes the orthogonal projection
onto Cek.

Proof. Denote by K∆ := p∆.HS(H) the subspace onto which p∆ pro-
jects. By Lemma 3.31 and Lemma 3.32 all Hilbert-Schmidt operators
ρ ∈ K∆ are compact normal operators that mutually commute. Con-
sequently, all ρ ∈ K∆ are simultaneously diagonalisable, i. e., there is
an orthonormal system (ek)Nk=1 in H such that for each ρ ∈ K∆ all ek
are eigenvectors of ρ. For each k = 1, 2, . . . denote by pk ∈ B(H) the
projection onto C ek and put

q∆ :=

N∑
k=1

pk ⊗ JpkJ .

Then q∆ is a diagonal projection (see Example 3.28) and the cor-
responding subspace q∆.HS(H) contains each ρ ∈ K∆, i. e., we have
q∆ ≥ p∆. By maximality of p∆ we conclude q∆ = p∆.

3.9. Application

As an application of the diagonal coupling transition consider the
W∗-algebra M := B(H) for the Hilbert space H := `2(N) equipped
with the canonical orthonormal basis (ek)∞k=0. For each k ∈ N de-
note by pk ∈ B(H) the orthogonal projection onto the linear subspace
Cek. Furthermore, write s ∈ B(H) for the isometric shift given by
s.ek := ek+1 for every k ∈ N. Fix some 0 ≤ λ ≤ 1 and consider the
Markov operator

T : B(H)→ B(H), T := λT1 + (1− λ)T2
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with

T1(x) := s∗xs , T2(x) := sxs∗ + p0xp0

for every x ∈ B(H). We pose ourselves the question for which choice of
λ this Markov operator is uniformly mixing.

Denote by `∞(N) ⊆ B(H) the commutative W∗-subalgebra of multi-
plication operators on H = `2(N) and observe that T1 and T2, and
hence T , leave this subalgebra invariant, i. e. T

(
`∞(N)

)
⊆ `∞(N). If

we restrict T to this W∗-subalgebra we obtain the transition operator
of the classical rankom walk on the integers with reflecting boundary,
whose transition graph is shown in Figure 3.8 on the current page. The
Markov operator T may thus be regarded as non-commutative general-
isation, a quantum random walk on the integers with reflection. Recall
that we have already studied this kernel in Example 2.3 and Section 3.3.
There we computed its invariant measures and proved that for λ ≤ 1/2
this kernel is uniformly mixing.

0 1 2 3 · · ·1− λ
λ

1− λ

λ

1− λ

λ

1− λ

λ

1− λ

Figure 3.8.: Restricted Classical Transition

Theorem 3.34. The Markov operator T is uniformly mixing if and
only if λ ≤ 1/2.

Proof.

1) First consider λ > 1
2
. We claim that in this case the operator

T = λT1 + (1− λ)T2 has non-trivial fixed points and hence is not
uniformly mixing (cf. Proposition 2.18 on page 57). To prove
this we define a sequence (αk)k∈N of positive real numbers by
αk := 1− ( 1−λ

λ
)k for every k ∈ N. This sequence is bounded and

thus we obtain an element f ∈ `∞(N) putting f :=
∑∞
k=0 αkpk.
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Moreover, it is easily checked that the sequence satisfies α0 = λα1

and αk = λαk+1 + (1− λ)αk−1 for every k ≥ 1, i. e.

f = λs∗fs+ (1− λ)sfs∗ .

A straightforward computation then verifies that fs∗ is indeed a
fixed point of T :

T (fs∗) = λs∗fs∗s+ (1− λ)sf(s∗)2

=
(
λs∗fs+ (1− λ)sfs∗

)
s∗ = fs∗ .

This non-trivial fixed point proves that T is indeed not uniformly
mixing for λ > 1/2.
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Figure 3.9.: Coupled Transition Graph

2) For λ ≤ 1/2 we want to prove that the Markov operator T is
uniformly mixing by applying the Quantum Coupling Inequality.
To simplify the notation we identify B(H)′ with B(H) via the or-
thonormal basis (ek)Nk=1. Observe that for the Kraus operators
s, s∗, and p0 of T1 and T2 have real coefficients with respect to
the basis, i. e., the inner products with basis vectors are real num-
bers. It follows that the opposite operator T ′ : B(H)′ → B(H)′ is
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identified with T itself. As shown in Example 3.13 the convex
decomposition of T by T1 and T2 gives rise to a coupling of T
with itself by

T̂ : B(H)⊗ B(H)→ B(H)⊗ B(H),

T̂ := λ (T1 ⊗ T1) + (1− λ) (T2 ⊗ T2) .

Since T1 and T2 both leave `∞(N) invariant, this coupling also
respects the commutative subalgebra `∞(N)⊗`∞(N) = `∞(N×N)
of B(H) ⊗ B(H). The restriction of T̂ to this algebra yields the
transition operator of the classical Markov kernel whose transition
graph is shown in Figure 3.9.

Now, recall the guiding example studied in Section 3.3.2. There
we have actually shown that the diagonal ∆ := {(k, k) | k ∈ N}
is absorbing for the Markov kernel shown in Figure 3.9. This is
equivalent to the fact that the corresponding characteristic func-
tion p∆ :=

∑N
k=1 pk ⊗ pk is absorbing for T̂ , i. e.

lim
n→∞

ϕ̂
(
T̂n(p∆)

)
= 1

for every normal state ϕ̂ on B(H)⊗B(H). Then by the Quantum
Coupling Inequality (Quantum Coupling Inequality 3.29) we may
conclude that the Markov operator T is indeed uniformly mixing
with the estimation

‖ϕ ◦ Tn − ψ ◦ Tn‖ ≤ 4− 4(ϕ⊗ ψ)
(
T̂n(p∆)

)
for all normal states ϕ,ψ on B(H).

0 1 2 3 · · ·1
1− λ

λ

1− λ

λ

1− λ

λ

1− λ

Figure 3.10.: Infinite Ruin Problem
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Remark 3.35.

1) Recall our investigation of Section 3.3.2. There we considered the
Markov kernel given by Figure 3.9 and showed how the proba-
bility of reaching the diagonal can be identified with the proba-
bility of reaching 0 in the Markov kernel shown in Figure 3.10
(ruin probability). In addition to the assertion of Theorem 3.34,
the given proof provides a bound on the speed of convergence
of different initial states on B(H) in the following way: Denote
by p the Markov kernel on N shown in Figure 3.10 (infinite ruin
problem). Furthermore, for each k ∈ N write pk ∈ B(H) for the
one-dimensional projection onto the linear subspace C ek ⊆ H.
For two given states ϕ and ψ on B(H) define a probability mea-
sure µ on N by setting

µ(0) :=

∞∑
k=0

ϕ(pk) · ψ(pk) ,

µ(s):=ϕ(ps) · ψ(p1 + · · ·+ ps−1) + ϕ(p1 + · · ·+ ps−1) · ψ(ps) .

for every s ≥ 1. Then the proof of the theorem together with the
arguments of Section 3.3.2 show that

‖ϕ ◦ Tn − ψ ◦ Tn‖ ≤ 4− 4µpn(0) .

2) Again reconsider the proof of Theorem 3.34. Since the diagonal
projection p∆ is absorbing, we may compress the coupling T̂ to
the corresponding subspace H∆ := p∆.(H⊗H) and consider the
Markov operator

T̂∆ : B(H∆)→ B(H∆), T̂∆(x) := p∆T̂ (x)p∆ .

Via the orthogonal basis (ek)∞k=0 the subspace H∆ is again nat-
urally isomorphic to H via the unitary map u : H → H∆,
u.ek := ek ⊗ ek. Some straightforward computations verify that
up to this identification the compressed map agrees with the ori-
ginal Markov operator T , i. e.

uT (x)u∗ = T̂∆(uxu∗) .
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In this sense the original Markov operator T can indeed be re-
covered by restricting the coupling T̂ to the diagonal. (This is,
however a very special property of this particular coupling and
its essentially commutative nature.)
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4. Couplings Generated by Tensor
Dilations

A lot of examples of quantum Markov processes in physics are mathe-
matically given in a tensor dilation of first order. The system of interest
locally interacts with some noisy environment, which is often called the
”heat bath“. The repeated dynamics of the noise and its interaction
with the system then gives rise to the quantum Markov process (cf. Sec-
tion 2.4). A similar situation arises in symbolic coding and automata
theory. Here a sequence of input symbols (code) iteratively interacts
with some processing unit. Again the repeated processing of the inputs
as a random environment gives rise to a Markov process in a certain
tensor dilation. This connection has already led to interesting results.
For instance, the notion of synchronising word from coding theory is
closely related to the notion of asymptotic completeness from physical
scattering theory [GKL00].

This chapter shows how a tensor dilations of a quantum Markov process
naturally gives rise to a coupling of its transition operator. Sections 4.1
to 4.3 present the concept from the perspective of classical automata
theory. In Section 4.4 we generalise this construction to a tensor dila-
tion of a quantum Markov process. The coupling arising in this way is
in duality to the well-known extended dual transition operator occuring
in scattering theory. After providing some fundamentals of scattering
theory in Section 4.5 the precise relation to couplings is stated in Sec-
tion 4.6. Finally, Section 4.7 presents an application of the theory to
the quantum random walk with reflection at zero already studied in
Section 3.9.
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4.1. From Automata to Markov Processes

As a motivation for quantum coding theory we start with a few simple
notions from classical coding theory. Let S and C be countable discrete
sets and let

γ : S × C −→ S

be a map. From the perspective of graph theory γ may be interpreted
as a coloured directed graph. The vertices of the graph are given by
the elements of S. For each pair of vertices s, t ∈ S there is an edge
from s to t of colour c ∈ C if and only if γ(s, c) = t. Note that we
allow multiple edges from s to t (with different colours). The coloured
graphs arising in this way are exactly those satisfying the following
property: For each vertex s ∈ S and each colour c ∈ C there is exactly
one edge of colour c starting at s. Graphs sharing this property are
called road coloured graphs. This interpretation of γ allows us to give
nice visualisations of the map.

s1 s2 s3r

b

r

b

r

b

Figure 4.1.: Road Coloured Graph

Example 4.1. Set S := {s1, s2, s3} and C := {r, b} interpreted as the
colours red and blue. Consider the map γ : S × C → S given by the
following table

γ s1 s2 s3

r s1 s1 s2

b s2 s3 s3

The associated road coloured graph is shown in Example 4.1. This
example will accompany us in the following.

From the perspective of coding theory the map γ may be interpreted as
a simple automaton (see Figure 4.2) working according to the following
algorithm: The automaton is in a certain internal state s ∈ S. In each
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γ

•

••
c1 c2 · · ·

Figure 4.2.: Simple Automaton

step the automaton receives an input symbol c ∈ C. Depending on
the current state s and the input c the automaton changes its state to
γ(s, c). By iterating this algorithm the automaton may process a finite
sequence of symbols c̄ = (c1, . . . , cn) ∈ Cn, also called a word , or an
infinite sequence c̄ = (ck)k∈N, ck ∈ C. After k iterations (k ≤ n) the
state of the automaton is given by

γ(k)(s, c̄) := γ
(
γ
(
. . . γ

(
γ(s, c1), c2

)
. . . , ck−1

)
, ck
)
.

Note that γ(k) is using only the first k symbols c1, . . . , ck. We may thus
freely regard γ(k) as a map on the domain S×Ck, or X×Cn, or S×CN.
In each case the domain will be clear by the context.

For the moment fix an initial state s0 ∈ S and choose a symbol c ∈ C
randomly according to some fixed probability measure ν on C. The
state after processing the input symbol c depends randomly on the
choice of c. Now consider a sequence c̄ = (cn)n∈N of symbols cn ∈ C
each independently chosen according to ν. The resulting sequence of
states γ(k)(s, c̄), k ∈ N, yields a homogeneous Markov process with
values in S. In each iteration the next state is determined only by the
current state and the current input. The transition probabilities of this
Markov process are given by the kernel

pν(s, t) :=
∑
{ν(c) | c ∈ C, γ(s, c) = t} (s, t ∈ S) .

Example 4.2. Reconsider the map γ of Example 4.1 (also cf. Fig-
ure 4.2). For the probability measure ν on {r, b} with ν(r) := 1/3
and ν(b) := 2/3 we obtain the Markov kernel whose transition graph is
shown in Figure 4.3.
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s1 s2 s31/3

2/3

1/3

2/3

1/3

2/3

Figure 4.3.: Transition Graph

4.2. Construction of the Couplings

Let γ : S×C → X be a map. Now consider two automata both follow-
ing the algorithm given by γ. Let the first automaton start in some ini-
tial state s0 ∈ S and the second one in s′0 ∈ X. Now let both automata
process the same input sequence c̄ = (cn)n, cn ∈ C. Together these
two automata build up a new joined automaton (see Figure 4.4) whose
algorithm mathematically is described by the map

γ̂ : (S × S)× C −→ S × S, γ̂
(
(s, s′), c

)
:=
(
γ(s, c), γ(s′, c)

)
.

As in the preceding section for a probability measure ν on C this map
determines a Markov process on S × S whose transition probabilities
are given by the kernel

p̂ν
(
(s, s′), (t, t′)

)
=
∑
{ν(c) | c ∈ C, γ(s, c) = t, γ(s′, c) = t′}

for every s, t, s′, t′ ∈ X. We call p̂ν the Markov kernel of the diagonal
coupling associated with γ and ν.

γ

γ

c1 c2 · · ·

Figure 4.4.: Coupling of Automata
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Remark 4.3. If we interpret γ : S × C → S as a road coloured graph
then the coloured graph given by γ̂ is called the graph product of γ with
itself.

s1, s1

s1, s2

s1, s3

s2, s1

s2, s2

s2, s3

s3, s1

s3, s2

s3, s3

b

b

b

b

b

b

b

b b

r

r

r

r

r

r

r

r
r

Figure 4.5.: Graph Product of Example 4.1

Example 4.4. Reconsider the map γ from Example 4.1 on page 104. Its
graph product γ̂ is shown in Figure 4.5. Observe that the original graph
can be recovered from the diagonal ∆ := {(s1, s1), (s2, s2), (s3, s3)} as
the subgraph.

Note that if we restrict our considerations to one of the two auto-
mata and ignore the other one then, clearly, it behaves accord-
ing to the initial algorithm γ. Mathematically this is reflected by
the following proposition, which is easily verified by straightforward
computations.

Proposition 4.5. The Markov kernel p̂ν is a coupling of pν with itself.

4.3. Synchronising Words

Definition 4.6. Let S be finite. A synchronising word for
γ : S × C → S is a finite sequence c̄ = (c1, . . . , cn) ∈ Cn such that
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the map s 7→ γ(n)(s, c̄) is constant, i. e., we have γ(n)(s, c̄) = γ(n)(s′, c̄)
for all s, s′ ∈ X.

The existence of a synchronising word has some relevant implications
for the associated automaton. For example, suppose the internal state
of the automaton is unknown. Then a synchronising word can be used
to reset the automaton by applying the sequence and establish a fixed
internal state independently of the previous unknown state. After pro-
cessing a synchronising word the automaton has no information about
its initial state. In this sense the automaton loses its knowledge of the
past. If the input sequence comes randomly and independently as de-
scribed previously then by the Zero-One Law almost every sequence
contains a synchronising word. In this sense the automaton forgets its
initial state. The probability of the occurrence of a synchronising word
determines its speed of losing memory.

Theorem 4.7 (Fundamental Observation, [GKL00], Theorem 5.1). Let
S be finite and let ν be a faithful probability measure on C. Let γ, γ̂,
and p̂ν be as in the previous sections. Denote by ∆ := {(s, s) | s ∈ S}
the diagonal in S × S. Then the following statements are equivalent:

(a) There is a synchronising word for γ.

(b) In the road coloured graph associated with γ̂ for each vertex
(s, s′) ∈ S × S there exists a path from (s, s′) to the diagonal ∆.

(c) The diagonal ∆ is an absorbing subset for the Markov kernel p̂ν .

Sketch of the proof. If there is a synchronising word for γ, this word al-
most surely occurs in an infinite sequence of independently chosen input
symbols c̄ ∈ CN. When applied to the coupled transition γ̂, the diagonal
is reached after the first occurrence of the synchronising word. Hence
almost every path of the coupled Markov process eventually reaches the
diagonal. This proves the implication (a) ⇒ (c).

If for some vertex (s, s′) ∈ S × S there is no path to the diagonal then
the Markov process associated with p̂ν starting at (s, s′) never reaches
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the diagonal. The diagonal hence cannot be absorbing for this process.
This proves the implication (c) ⇒ (b).

For the implication (b) ⇒ (a) we need the finiteness of S. We prove by
induction that for every subset A ⊆ S of cardinality k there is a syn-
chronising word, i. e., there is sequence c̄ = (c1, . . . , cn) ∈ Cn for some
n ∈ N such that the map s 7→ γ(n)(s, c̄) is constant on A. This claim
is trivial for singleton sets; for a subset with two elements A = {s, s′}
the assertion is exactly condition (b). Assume that we have shown the
assertion for all subsets of cardinality k and let A ⊆ S be of cardinal-
ity k + 1. Choose an element a ∈ A. Then by assumption there is
a synchronising word c̄ =: (c1, . . . , cn) ∈ Cn for the set A \ {a}. Put
s := γ(n)(t, c̄) for some arbitrary t ∈ A\{a} and set s′ := γ(n)(a, c̄). By
hypothesis (b) there is a path from (s, s′) to the diagonal. Denote by
d̄ := (d1, . . . , dm) ∈ Cm the corresponding sequence of colours. Then
the concatenated sequence (c1, . . . , cn, d1, . . . , dm) synchronises the set
A = (A \ {a}) ∪ {a} (see Figure 4.6 on this page).

A \ {a} c̄−→ s

a
c̄−→ s′

}
d̄−→ γ(m)(s, d̄) = γ(m)(s′, d̄)

Figure 4.6.: Iterative Synchronisation

Remark 4.8. The preceding proof also casts some light on an infinite
set S. Suppose in addition that the Markov kernel p̂ν (or, equivalently,
the kernel pν) is tight (see [Haa06]). Then the same arguments prove
equivalence if we replace condition (a) by the statement

For every finite set A ⊆ S there exists a word that syn-
chronises A.

For the precise arguments, including non-commutative generalisations,
we refer to the dissertation of F. Haag [Haa06].
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4.4. The Diagonal Coupling Transition

Recall our motivation for the coupling in Section 4.2. There we con-
sidered two automata following the same algorithm and driven by the
same inputs. We now want to follow this construction of a coupling for
quantum systems. As an example recall the Micromaser experiment
introduced in Section 1.15 where an atom (input) is flying through a
cavity with an electromagnetic field inside (automaton). While being
inside of the cavity, the atom interacts with the field and the field
changes its state depending on the particular state of the atom. Now
suppose there are two such cavities with an electromagnetic field in-
side. But how to let both cavities interact with the same atom simulta-
neously? In the classical theory we had no need to go into any details.
We might for instance copy each input symbol right before the inter-
action and let each automaton work on its copy. However, due to the
No-Cloning Theorem (Section 3.5 on page 80) this is not possible for
non-classical inputs. We have to find a workaround.

γ

γ c1 c2

c′1 c′2

· · ·

· · ·

Figure 4.7.: Coupling of Quantum Automata

For the classical situation there is an alternative approach. Instead
of copying each input symbol we suppose there are two sequences of
input symbols, one for each automaton (see Figure 4.7 on this page).
Moreover, we assume that the joined distribution ν̂ on C×C of the two
symbols which simultaneously processed by the automata only allows
symbols of the form ĉ = (c, c) with c ∈ C, i. e. the joined distribution
is a diagonal measure. In this reformulation, the non-commutative
notion of a diagonal state (see Section 3.6) allows a generalisation to
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quantum theory. Presenting this generalisation is the subject of the
current section.

LetM be a W∗-algebra, let (C, ψ) be a quantum probability space, and
let Γ :M→M⊗C be an injective unital normal ∗-homomorphism.
We define a Markov operator T by

T :M→M, T := (Id⊗ψ) ◦ Γ

and call it the transition operator associated with Γ and ψ. Suppose
that M and C are given in their standard representations and denote
by M′ and C′ the commutants in those representations, respectively.
With a slight abuse of notation we write J for the modular conjugation
ofM, of C, and ofM⊗C. In each use the domain will be clear by the
context. Furthermore, denote by Γ′ and T ′ the opposite operators of Γ
and T , which are given by

Γ′(JxJ) := J Γ(x) J , T ′(JxJ) := J T (x) J

for every x ∈ M, respectively. Note that T ′ is the transition oper-
ator associated with Γ′ and the opposite state ψ′ on C′. We define an
injective unital normal ∗-homomorphism by

Γ̂ :M⊗M′ −→ (M⊗M′)⊗ (C ⊗ C′), Γ̂ := σ ◦ (Γ⊗ Γ′) ,

where σ :M⊗C⊗M′⊗C′ →M⊗M′⊗C ⊗C′ denotes the tensor flip
of the inner pair of tensor factors C andM′.

As suggested in the beginning of this section, from the perspective
of automata theory the homomorphism Γ may be interpreted as a
quantum mechanical automat. Its observables are described by the
algebra M. In each step it receives another quantum mechanical sys-
tem with observables C as an input and interacts with this input. In
this sense Γ mathematically describes the interaction or the program of
the automat. Up to commutants the homomorphism Γ̂ then describes
the interaction of two such automata with the same program, i. e. in-
teracting in the same way with the inputs. The inputs for this two
automata now are two inputs of the previous kind, where each single
automaton gets its individual input (see Figure 4.7 on the preceding
page).
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Proposition 4.9. Let ψ̂ be a normal state on C ⊗C′ that is a coupling
of ψ and ψ′. Then the Markov operator

T̂ := (IdM⊗M′ ⊗ψ̂) ◦ Γ̂

is a coupling of T and T ′.

Proof. We have to show T̂ (x⊗1) = T (x)⊗1 and T̂ (1⊗x′) = 1⊗T ′(x′)
for all x ∈ M and x′ ∈ M′. Since ψ̂ is a coupling of ψ and ψ′, we
compute(

(IdM⊗M′ ⊗ψ̂) ◦ σ
)
(x⊗ c⊗ 1M′⊗C′) = ψ̂(c⊗ 1C′) · x⊗ 1M′

= ψ(c)x⊗ 1M′ = (Id⊗ψ)(x⊗ c)⊗ 1M′

for every x ∈M and c ∈ C. By normal linear extension we hence obtain

T̂ (x⊗ 1M′) =
(
(IdM⊗M′ ⊗ψ̂) ◦ σ

)(
Γ(x)⊗ 1M′⊗C′

)
= (Id⊗ψ)

(
Γ(x)

)
⊗ 1M′ = T (x)⊗ 1M′

for every x ∈M. An analogue computation on the commutants yields
T̂ (1M ⊗ x′) = 1M ⊗ T ′(x′) for every x′ ∈M′.

Our motivation in Section 4.2 suggests that an interesting coupling
arises when in Proposition 4.9 we choose the diagonal state ψ̂ := ψ∆

associated with ψ; and indeed, in Section 4.6 we will see that this
coupling is of special importance. There is, however, a minor technical
problem concerning the purely algebraic domain of the diagonal state.
Recall that the diagonal state ψ∆ : C � C′ → C associated with ψ is
given by the linear extension of

ψ∆(c⊗ d′) := 〈c · d′.ξψ, ξψ〉

for every c ∈ C and d′ ∈ C′, where ξψ denotes the GNS-vector of ψ.
In the following we additionally assume that ψ∆ extends to a normal
state on the W∗-tensor product C ⊗ C′. We also write ψ∆ for this
normal extension. Note that this condition is guaranteed if C is finite-
dimensional or C = B(H) for some Hilbert space H.
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Remark 4.10. At this point a canonical classification problems concern-
ing the domain of diagonal state arises: What are the W∗-algebras such
that for every state ψ on C the associated diagonal state ψ∆ does admit
a normal extension to the W∗-tensor product. Since in the examples
studied in this thesis an extension always does exist, we do not study
this question and leave it to further research.

Definition 4.11. The Markov operator

T̂∆ :M⊗M′ →M⊗M′, T̂∆ := (Id⊗ψ∆) ◦ Γ̂ .

is called the diagonal coupling transition operator associated with Γ
and ψ.

Proposition 4.12. Let ϕ be a faithful normal state on M with
(ϕ⊗ ψ) ◦ Γ = ϕ such that Γ commutes with the modular automorphism
groups, i. e. Γ ◦ σϕt = σϕ⊗ψt ◦ Γ for every t ∈ R. Moreover, suppose
that the diagonal state ϕ∆ extends to a normal state onM⊗M′ again
denoted by ϕ∆. Then

ϕ∆ ◦ T̂∆ = ϕ∆ .

Proof. The assertion follows directly from Proposition 3.26 on page 91
together with Proposition 3.25 on page 89.

4.5. Scattering Theory of Tensor Dilations

The connection of coding and automata theory and tensor dilation was
already studied by R. Gohm, B. Kümmerer, and T. Lang [GKL00].
They showed that the existence of synchronising words presented in
Section 4.3 can also be characterised in the language of scattering the-
ory. Originally scattering theory investigates the relation between two
different evolutions. One of them is regarded as undistorted, called
the free evolution; the other one is regarded as perturbation of the
first one. For unitary dilations on Hilbert spaces the theory is very
well-studied. An introduction can for instance be found in the book
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of P. Lax and R. Phillips [LP89]. For reversible quantum Markov
dilations B. Kümmerer and H. Maassen [KM00] developed a scat-
tering theory, which especially for tensor dilations has found some
fruitful applications in physics (e. g. [MK06]) and coding theory (e. g.
[GKL00]).

In this section we will restrict to tensor dilations of quantum Markov
processes and briefly introduce one fundamental notion of scattering
theory called asymptotic completeness. To allow later discussions
we initially stick to the broader context of quantum measure spaces
(M, ω); but very soon we will restrict ourselves to quantum probability
spaces (M, ϕ).

Following the preceding section let (M, ω) be a faithful quantum
measure space, let (C, ψ) be a faithful quantum probability space,
and let

Γ : (M, ω)→ (M⊗C, ω ⊗ ψ)

be an injective unital normal ∗-homomorphism. LetH andK denote the
GNS-space of (M, ω) and (C, ψ) with the corresponding linear embed-
dings ηω : nω → H and ηψ : C → K, respectively. Write ξψ ∈ K for the
GNS-vector of (C, ψ). Recall that the GNS-space of the tensor product
(M⊗ C, ω ⊗ ψ) is given by H ⊗ K and write ηω⊗ψ : nω⊗ψ → H ⊗ K
for the corresponding linear embedding. Then the homomorphism Γ
gives rise to a linear isometry v : H → H ⊗ K on the GNS-spaces via
continuous extension of

v.ηω(a) := ηω⊗ψ
(
Γ(a)

)
(a ∈ nω) .

Definition 4.13. The extended dual transition operator associated
with Γ is the Markov operator Z′ : B(H)→ B(H) given by

Z′(x) := v∗(x⊗ 1B(K))v .

Remark 4.14. Note that the extended dual transition operator depends
on the choice of the weight ω and the state ψ.

The scattering theory of quantum Markov processes is well-studied if
the transition operator admits a stationary state, i. e. if ω(1) = 1. In the
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following we restrict ourselves to this case and set ϕ := ω to clearly
distinguish the notation from infinite weights, i. e., in the following we
suppose that (M, ω) =: (M, ϕ) is a faithful quantum probability space.
Denote by ξϕ the GNS-vector of ϕ. Then a simple computation verifies
that the vector state of ξϕ on B(H) is an invariant state for the extended
dual transition operator, i. e. for every x ∈ B(H)

〈Z′(x).ξϕ, ξϕ〉 = 〈x.ξϕ, ξϕ〉 .

Recall that Γ gives rise to a tensor dilation given by the quantum mea-
sure space (M+, ϕ+) := (M, ϕ) ⊗ (C+, ψ+) with the infinite tensor
product (C+, ψ+) :=

⊗∞
n=1(C, ψ) and the injective unital normal ∗-ho-

momorphism

α : (M+, ϕ+)→ (M+, ϕ+), α(x⊗ c̄) := Γ(x)⊗ c̄

for every x ∈ M, c̄ ∈ C+. For each element z ∈ M+ we de-
note by ‖z‖ϕ+ := ϕ+(z∗z)

1/2 its norm obtained by pullback from the
GNS-space.

Theorem 4.15 ([KM00], Theorem 3.3, and [GKL00], Theorem 2.1
and 4.3). The following statements are equivalent:

(a) The σ-weak closure of
⋃
n∈N α

−n(C+) containsM.

(b) For every x ∈M

lim
n→∞

∥∥αn(x)− (ϕ⊗ IdC+)
(
αn(x)

)∥∥
ϕ+ = 0 .

(c) The vector state of ξϕ is absorbing for Z′, i. e., for every state ρ
on B(H) and every x ∈ B(H)

lim
n→∞

(
ρ ◦ (Z′)n

)
(x) = 〈x.ξϕ, ξϕ〉 .

Definition 4.16. If one of the equivalent conditions in Theorem 4.15
is met, the map Γ and the associated tensor dilation are called asymp-
totically complete.
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For convenience of the reader we give a proof of Theorem 4.15. The
arguments for the equivalence of the conditions (b) and (c) are copied
from the reference [GKL00]. The equivalence of the conditions (a)
and (b) is proven in [KM00] only if α is a ∗-automorphism. We adapted
the arguments to fit our more general framework.

Proof of Theorem 4.15.

1) First we want to show the the equivalence of (a) and (b).
Note that the set

⋃
n∈N α

−n(C+) in condition (a) is clearly
an algebra. Hence by the virtue of the Kaplansky Density
Theorem condition (a) is equivalent to the fact that the unit
ball M1 := {x ∈M : ‖x‖ ≤ 1} is contained in the σ-weak clo-
sure of the set

⋃
n∈N α

−n(C+
1 ), where C1 denote the unit ball

C+
1 := {c ∈ C+ : ‖c‖ ≤ 1}. Observe that the involved sets are con-

vex and hence the σ-weak and the σ-strong closure coincide. Fur-
thermore, recall that on norm bounded sets the σ-strong topology
agrees with the topology given by the norm ‖x‖ϕ+ := ϕ+(x∗x)

1/2

(see Proposition 1.1 on page 5). A standard computation veri-
fies that the endomorphism α is an isometry with respect to this
norm.

Now suppose first that condition (a) holds and let x ∈M. By re-
scaling we may assume ‖x‖ ≤ 1. Furthermore, let ε > 0. Then by
hypothesis there is an element y ∈ α−n(C+

1 ) with ‖x− y‖ϕ+ < ε.
Since the map ϕ⊗ IdC+ fixes the element αn(y) ∈ C+, we obtain

‖αn(x)− (ϕ⊗ Id)
(
αn(x)

)
‖ϕ+

≤ ‖αn(x)− αn(y)‖ϕ+ + ‖αn(y)− (ϕ⊗ Id)
(
αn(x)

)
‖ϕ+

≤ ‖x− y‖ϕ+ + ‖
(
(ϕ⊗ Id) ◦ αn

)
(x− y)‖ϕ+

≤ 2‖x− y‖ϕ+ < 2ε .

Because ε is arbitrary, this indeed proves condition (b).

Conversely, suppose that condition (b) holds and let x ∈M1. We
have to show that x is in the closure of the set B :=

⋃
n∈N α

−n(C+
1 )
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with respect to the norm ‖·‖ϕ+ . Denote by δ the distance from
x to the set B :=

⋃
n∈N α

−n(C+
1 ) measured with respect to the

norm ‖·‖ϕ+ , i. e.

δ := inf{‖x− y‖ϕ+ : y ∈ B} .

If δ = 0 there is nothing to prove. Now assume δ > 0 to deduce
a contradiction. Observe that the set B is strongly invariant for
α, i. e. α(B) = B. Since α is an isometry with respect to the
norm ‖·‖ϕ+ , it follows that the distance does not change with an
application of α, i. e.

δ = inf{‖αn(x)− y‖ : y ∈ B}

for every n ∈ N. But by hypothesis (b) for a sufficiently
large choice of n ∈ N the distance of αn(x) to the element
y := (ϕ⊗ IdC+)

(
αn(x)

)
∈ C+

1 ⊆ B is strictly smaller than δ. But
this contradicts our assumption δ > 0.

2) In this part of the proof we want show the equivalence of con-
dition (b) and (c) by passing to the GNS-spaces. Denote by H,
H+, and K+ the GNS-spaces and by ξϕ, ξϕ+ , and ξψ+ the GNS-
vectors associated with the quantum measure spaces (M, ϕ),
(M+, ϕ+), and (C+, ψ+), respectively. Note that H+ = H⊗K+

and ξϕ+ = ξϕ ⊗ ξψ+ . Moreover, we identify H with the subspace
H ⊗ ξψ+ ⊆ H+. The endomorphism α gives rise to an isometry
v : H+ → H+ by continuously extending v.(x.ξϕ+) := α(x).ξϕ+

for all x ∈M+. Moreover, the conditional expectationM→M,
x 7→ ϕ(x)1 on the GNS-space turns into to the orthogonal pro-
jection q ∈ B(H) onto the one-dimensional subspace Cξϕ.

With this vocabulary condition (b) can be equivalently stated as

lim
n→∞

‖vnx.ξϕ − (q ⊗ 1K+)vnx.ξϕ+‖ = 0

for every x ∈ M. Since the vectors x.ξϕ+ with x ∈ M are dense
in H, this is equivalent to the fact that

lim
n→∞

‖(q⊥ ⊗ 1K+)vn.ξ‖ = 0
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for every ξ ∈ H. On the other hand, condition (c) is satisfied
if and only if Zn(q) converges to 1 σ-weakly as n → ∞ (see
Lemma B.3 on page 158). Now, by an easy induction argument
we may show that

Zn(x) = (v∗)n(x⊗ 1K+)vn

holds on the subspace H for every n ∈ N and x ∈ B(H). Then for
every vector ξ ∈ H we compute

〈Zn(q⊥).ξ, ξ〉 = 〈(q⊥ ⊗ 1)vn.ξ, vn.ξ〉 = ‖(q⊥ ⊗ 1)vn.ξ‖2

It follows that condition (b) is satisfied if and only if ρ ◦ Zn(q⊥)
converges to zero for all vector states ρ on B(H) which indeed
guarantees that Zn(p) converges to 1 σ-weakly and vice versa.

Though we will mainly work with condition (c), the first two conditions
characterise an important property of the dynamical system. Both are
asymptotic versions of the fact that for each x ∈M the element αn(x)
lies in the algebra C+ for sufficiently large n ∈ N. For an interpretation
in physics think of M as the observables of a quantum mechanical
system inside an environment described by (C+, ψ+). Then for x ∈ M
the condition αn(x) ∈ C+ asserts that the value of a measurement
of the observable corresponding to x is uniquely determined by the
environment and does not depend on the initial state on M. In this
sense the process loses the knowledge of its initial state. Different initial
states thus asymptotically become indistinguishable.

4.6. Asymptotic Completeness and the Diagonal
Coupling

In the preceding section we have seen that asymptotically completeness
describes an asymptotic loss of the knowledge of the past. Recall that
in classical coding theory this loss of memory is described by synchro-
nising word (see Section 4.3). And indeed it can be shown that for finite
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classical systems asymptotic completeness is equivalent to the existence
of a synchronising word ([GKL00], Proposition 2.3). Moreover, recall
that we have seen in Section 4.3 that in the classical theory the exis-
tence of synchronising words can also be characterised by the associated
diagonal coupling (also cf. [GKL00]). This section shows how this rela-
tion generalises to quantum theory. More precisely, we prove that the
diagonal coupling transition operator constructed in Section 4.4 is in
duality to the extended, dual transition operator.

To describe the duality of the diagonal coupling transition operator and
the extended dual transition operator we first need some technical pre-
paration. For the moment let (M, ϕ) be an arbitrary faithful quantum
probability space. Denote by H its GNS-space and by ξϕ ∈ H its
GNS-vector. The algebraic tensor product H � H can canonically be
identified with the set of finite rank functionals on B(H), where ξ ⊗ η
(ξ, η ∈ H) is identified with the functional t 7→ 〈t.ξ, η〉. Consequently,
the algebraic tensor productM�M′—regarded as a subset of H�H—
can be identified with a set of normal functionals on B(H) of finite rank.
More concretely, for each elementary tensor x⊗y′ ∈M�M′ we define
a normal linear functional θϕ(x⊗ y′) by

θϕ(x⊗ y′)(t) := 〈y′tx.ξϕ, ξϕ〉 = 〈tx.ξϕ, (y′)∗.ξϕ〉 (4.1)

for every t ∈ B(H). Then the extension of Equation (4.1) defines an
injective linear map θϕ :M�M′ → B(H)∗ from the algebraic tensor
product to the predual of B(H). Note that since the sets {x.ξϕ | x ∈M}
and {y′.ξϕ | y′ ∈ M′} are both dense in H, the closure of the range of
θρ contains all finite rank functionals; and hence θϕ(M⊗M′) is dense
in the predual B(H)∗.

Now, let us continue with the previous section. Let (M, ϕ)
and (C, ψ) be two faithful quantum probability spaces and let
Γ : (M, ϕ)→ (M, ϕ)⊗ (C, ψ) be an injective unital normal ∗-homo-
morphism. Throughout this section we additionally assume that C is
finite-dimensional and that Γ commutes with the modular automor-
phism groups, i. e. σϕ⊗ψt ◦ Γ = Γ ◦ σϕt for every t ∈ R. Denote by T̂∆
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the diagonal coupling transition operator associated with Γ and ψ in-
troduced in Section 4.4 and write Z′ : B(H)→ B(H) for the associated
extended dual transition operator.

M�M′ M�M′

B(H)∗ B(H)∗

T̂∆

Z′∗

θϕ θϕ

Figure 4.8.: Diagonal Transition versus Dual Transition

Theorem 4.17. For every z ∈M�M′ (cf. Figure 4.8)

θϕ
(
T̂∆(z)

)
= θϕ(z) ◦ Z′ .

Remark 4.18.

1) Since the algebra C is finite-dimensional the W∗-tensor product
M⊗C agrees with the algebraic tensor productM�C. It follows
that the algebraic tensor product M�M′ is invariant for the
diagonal coupling transition T̂∆. Hence for z ∈ M � M′ the
element θϕ

(
T̂∆(z)

)
is well-defined.

2) Note that the map θϕ and the extended dual transition oper-
ator Z′ depends on the choice of the state ϕ onM, the diagonal
coupling transition operator T̂∆ on the other hand does not.

Proof. Denote by θψ : C�C′ → B(K)∗ and θϕ⊗ψ : (M�C)�(M′�C′)→
B(H ⊗ K)∗ the linear injections given by Equation (4.1). For every
x ∈M, y′ ∈M′, c ∈ C, d′ ∈ C′ we compute

θϕ⊗ψ(x⊗ c⊗ y′ ⊗ d′)(t⊗ 1)

= 〈(y′ ⊗ d′)(t⊗ 1)(x⊗ c).(ξϕ ⊗ ξψ), ξϕ ⊗ ξψ〉
= 〈y′tx.ξϕ, ξϕ〉 · 〈d′c.ξψ, ξψ〉 = ψ∆(c⊗ d′) · θϕ(x⊗ y′)(t)
= θϕ

(
(Id⊗ψ∆)(x⊗ y ⊗ c⊗ d′)

)
(t)
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for every t ∈ B(H). Linear extension then yields

θϕ⊗ψ(z)(t⊗ 1) = θϕ
(
((Id⊗ψ∆) ◦ σ)(z)

)
(t) (4.2)

for every z ∈M�C �M′�C′ and every t ∈ B(H), where σ :M�C�
M′�C′ →M�M′�C�C′ denotes the tensor flip of the inner factors
C andM′. Denote by v, v′ : H → H⊗K the isometries associated with
the homomorphisms Γ and Γ′, respectively, which are given by

v.(x.ξϕ) := Γ(x).(ξϕ ⊗ ξψ) , v′.(y′.ξϕ) := Γ′(y′).(ξϕ ⊗ ξψ) .

for every x ∈ M, y′ ∈ M′. Since Γ commutes with the modular au-
tomorphism groups, the isometry v and v′ agree by Corollary 1.15 on
page 23. Using (4.2) we hence compute

(θϕ(x⊗ y′) ◦ Z′)(t) = 〈y′v∗(t⊗ 1)vx.ξϕ, ξϕ〉
= 〈(t⊗ 1)vx.ξϕ), v′(y′)∗.ξϕ)〉
= 〈(t⊗ 1)Γ(x).(ξϕ ⊗ ξψ), Γ′(y′)∗.(ξϕ ⊗ ξψ)〉
= θϕ⊗ψ

(
(Γ⊗ Γ′)(x⊗ y′)

)
(t⊗ 1)

= θϕ
((

(Id⊗ψ∆) ◦ σ ◦ (Γ⊗ Γ′)
)
(x⊗ y′)

)
(t) = θϕ

(
T̂∆(x⊗ y′)

)
(t)

for every x ⊗ y′ ∈ M �M′ and every t ∈ B(H). Then the assertion
follows by linear extension.

Recall that asymptotic completeness can be formulated in terms of the
extended dual transition operator Z′ (Theorem 4.15). As a corollary of
Theorem 4.17 we are now able to characterise asymptotic completeness
by the diagonal coupling transition.

Theorem 4.19. The homomorphism Γ is asymptotically complete if
and only if for every z ∈M�M′

lim
n→∞

(ϕ⊗ ϕ′)
(
T̂n∆(z)

)
= ϕ∆(z) .

Before we proceed to the proof of this theorem, we need a technical pre-
paration provided by the following lemma. For convenience we included
its proof in Appendix B.
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Lemma 4.20 ([Goh04], Proposition A.5.2)). Let H be a Hilbert space
and let ϕ0 be a pure normal state on B(H) with support projection
p0 ∈ B(H). Moreover, let T : B(H)→ B(H) be a Markov operator sat-
isfying ϕ0 ◦ T = ϕ0. Then the following statements are equivalent:

(a) The fixed point space of T equals C1.

(b) limn→∞ ϕ
(
Tn(p0)

)
= 1 for for every normal state ϕ on B(H).

(c) limn→∞‖ϕ ◦ Tn − ϕ0‖ = 0 for every normal state ϕ on B(H).

Proof of Theorem 4.19. Denote by p ∈ B(H) the orthogonal projection
onto the one-dimensional subspace Cξϕ. By Theorem 4.15 the homo-
morphism Γ is asymptotically complete if and only if the vector state
t 7→ 〈t.ξϕ, ξϕ〉 on B(H) is absorbing for the extended dual transition
operator Z. Since Z acts on B(H), this condition is equivalent to

lim
n→∞

ρ
(
(Z′)n(p)

)
= ρ(1)

for every normal functional ρ on B(H) (see Lemma 4.20). The rest of the
proof is based on reformulations of this condition using Theorem 4.17.
Note that the functionals θϕ(z) with z ∈ M�M′ are norm dense in
the predual B(H)∗. Hence Γ is asymptotically complete if and only if
for every z ∈M�M′

lim
n→∞

θϕ(z)
(
(Z′)n(p)

)
= θϕ(z)(1) . (4.3)

For the right hand side we compute

θϕ(x⊗ y′)(1) = 〈y′ x.ξϕ, ξϕ〉 = ϕ∆(x⊗ y′)

for every x ∈ M, y′ ∈ M′. Then by linear extension we obtain
θϕ(z)(1) = ϕ∆(z) for every z ∈ M �M′. For the left hand side of
we compute

θϕ(x⊗ y′)(p) = 〈y′px.ξϕ, ξϕ〉 = 〈x.ξϕ, ξϕ〉 · 〈y′ξϕ, ξϕ〉 = ϕ(x) · ϕ′(y′)

for every x ∈ M and y′ ∈ M′, and hence θϕ(z)(p) = (ϕ ⊗ ϕ′)(z) for
every z ∈M�M′ by linear extension. Now, by applying Theorem 4.17
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to Equation (4.3) we may conclude, that Γ is asymptotically complete
if and only if for every z ∈M�M′

lim
n→∞

(ϕ⊗ ϕ′)
(
T̂n∆(z)

)
= ϕ∆(z) .

For the important case where M is the W∗-algebra of all bounded
operators on some Hilbert space K we obtain a even more concrete
characterisation of asymptotic completeness:

Theorem 4.21. Let M = B(K) for some Hilbert space K. Denote by
ϕ∆ the normal extension of the diagonal state of ϕ to the W∗-tensor
product M ⊗M′. Moreover, denote by p∆ ∈ M ⊗ M′ the support
projection of ϕ∆. Then the following are equivalent:

(a) Γ is asymptotically complete.

(b) limn→∞(ϕ⊗ ϕ′)
(
T̂n∆(p∆)

)
= 1.

(c) ϕ∆ is uniformly absorbing for T̂∆, i. e., for every normal state ϕ̂
onM⊗M′

lim
n→∞

‖ϕ̂ ◦ T̂n∆ − ϕ∆‖ = 0 .

(d) The fixed point space of T̂∆ is trivial.

Proof. We naturally identify the W∗-tensor product B(K)⊗B(K)′ with
B(H) where H denotes the GNS-space of

(
B(K), ϕ

)
. Then the diagonal

state ϕ∆ extends normally to the vector state ϕ∆(z) = 〈z.ξϕ, ξϕ〉 of
the GNS-vector ξϕ of ϕ. Since Γ is supposed to commute with the
modular automorphism groups, the diagonal state ϕ∆ is invariant for
T̂∆ (see Proposition 4.12 on page 113). Hence the implication from (c)
to (a) directly follows from Theorem 4.19. Moreover, the equivalence of
condition (c) and (d) is established by Lemma 4.20 on the facing page.

To show the implication from (a) to (b) observe that, since T̂∆ is
contractive, the equivalence of Theorem 4.19 also holds true if the al-
gebraic tensor product is replaced by the minimal C∗-tensor product
M⊗minM′. Therefore, the implication follows from the fact that the
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4.6. Asymptotic Completeness and the Diagonal Coupling

minimal C∗-tensor product B(K)⊗min B(K)′ ⊆ B(H) contains all com-
pact operators on H, in particular the rank-one projection p∆.

It remains to prove the implication from (b) to (c). Note that
by Lemma 4.20 on page 122 to establish condition (c) it suffices
to show that T̂n∆(p∆) converges to 1 σ-weakly or, equivalently, that
T̂n∆(p⊥∆) converges to zero σ-weakly. Now suppose that the sequence
(ϕ⊗ ϕ′)

(
T̂n∆(p∆)

)
, n ∈ N, converges to 1. Then by the inequality of

Kadison and Schwarz we obtain

(ϕ⊗ ϕ′)
(
T̂n∆(p⊥∆)∗ · T̂n∆(p⊥∆)

)
≤ (ϕ⊗ ϕ′)

(
T̂n∆(p⊥∆)

)
= 1− (ϕ⊗ ϕ′)

(
T̂n∆(p∆)

)
.

The right hand side and consequently also the left hand side converges
to zero as n goes to infinity. Since on the unit ball of the W∗-al-
gebra B(K) ⊗ B(K)′ the σ-strong topology coincides with the norm
‖z‖ϕ⊗ϕ′ := (ϕ⊗ ϕ′)(z∗z)1/2 (see Proposition 1.1 on page 5), if follows
that the sequence T̂n∆(p⊥∆) converges to zero σ-strongly and hence also
σ-weakly.

With some care on the involved domains the duality of the diagonal
coupling transition and the extended dual transition operator in The-
orem 4.17 extends to the case where the state ϕ on M is replaced by
a weight. Indeed, let Γ : (M, ω) → (M ⊗ C, ω ⊗ ψ) be a injective
unital normal ∗-homomorphism with a faithful quantum measure space
(M, ω) and a faithful quantum probability space (C, ψ) with a finite-
dimensional algebra C. As above denote by T̂∆ the associated diagonal
coupling transition operator and by Z′ the extended dual transition op-
erator. Moreover, denote by η : n → H the injective linear map of the
left ideal n := {x ∈M | ω(x∗x) <∞} into the GNS-space of (M, ω).
Then we may define an injective linear map θω : n� Jn∗J → B(H)∗ by
linear extension of

θω(x⊗ Jy∗J)(t) := 〈t.η(x), J η(y)〉

for all x, y ∈ n and t ∈ B(H). Then, if in the proof of Theorem 4.17
we literally replace θϕ by θω,M by n, andM′ by Jn∗J , we obtain the
following theorem:
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4.7. Application

Theorem 4.22. For every z ∈ n� Jn∗J

θω
(
T̂∆(z)

)
= θω(z) ◦ Z′ .

4.7. Application

As a first application we briefly recall the Markov operator studied in
Section 3.9. Consider the W∗-algebra M := B(H) of bounded oper-
ators on the Hilbert space H := `2(N) equipped with the canonical
orthonormal basis (ek)k∈N. For each k ∈ N write pk for the orthogonal
projection onto the linear subspace C ek and denote by s ∈ B(H) the ca-
nonical isometric shift with s.ek := ek+1 for every k ∈ N. In Section 3.9
we have shown that the Markov operator

T : B(H)→ B(H), T (x) := λs∗xs+ (1− λ)sxs∗ + (1− λ)p0xp0

is uniformly mixing if and only if λ ≤ 1/2. We obtained this result
by analysing the coupling T̂ : B(H)⊗2 → B(H)⊗2 of T with itself
given by

T̂ := λ(T1 ⊗ T1) + (1− λ)(T2 ⊗ T2) ,

which arises from the convex decomposition T = λT1 + (1− λ)T2 with
the Markov operators T1(x) = s∗xs and T2(x) := sxs∗ + p0xp0 for
x ∈ B(H).

In the facing section we want to study another coupling arising from
a tensor dilation of T . Fix 0 < λ < 1 and recall that the faithful
semifinite normal weight

ω(x) :=

∞∑
k=0

(
λ

1−λ

)k〈x.ek, ek〉
is invariant for T , i. e., it satisfies ω◦T = ω (see Section 3.9). Note that
this weight is finite if and only if λ < 1/2. Now consider the injective
unital normal ∗-homomorphism

Γ :
(
B(H), ω

)
→
(
B(H)⊗M2, ω ⊗ ψ

)
, Γ(x) := u∗(x⊗ 1)u
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4.7. Application

with the unitary u ∈ B(H)⊗M2 = M2

(
B(H)

)
and the state ψ on M2

which are given by

u :=

(
0 is∗

is p0

)
, ψ

(
x1,1 x1,2

x2,1 x2,2

)
:= λx1,1 + (1− λ)x2,2 .

It is easily checked that

T = (Id⊗ψ) ◦ Γ ,

i. e. Γ and ψ give rise to a tensor dilation of T .

Let T̂∆ denote the diagonal coupling transition associated with Γ and ψ.
To simplify the notation we identify the commutant B(H)′ with B(H)
via the orthonormal basis (ek)k∈N. Then some straightforward compu-
tations show that T̂∆ : B(H)⊗2 → B(H)⊗2 is given by

T̂∆(z) = a∗1za1 + a∗2za2 + a∗3za3 + a∗4za4

with the Kraus operators

a1 :=
√
λ s⊗ s+

√
1− λ p0 ⊗ p0 , a2 :=

√
1− λ s∗ ⊗ s∗ ,

a3 :=
√

1− λ p0 ⊗ s∗ , a4 :=
√

1− λ s∗ ⊗ p0 .

Note that this coupling T̂∆ looks different from the previously
studied coupling T̂ = λ(T1 ⊗ T1) + (1− λ)(T2 ⊗ T2). And indeed,
for 0 < λ < 1/2 it is easily checked that for the renormalisation
ϕ := ω/ω(1) of the invariant weight its the corresponding diagonal
state

ϕ∆(z) = 〈z.ξϕ, ξϕ〉 with ξϕ :=

∞∑
k=0

(
λ

1−λ

)k/2
ek ⊗ ek

is invariant for T̂∆, but not for T̂ . Furthermore, for 0 < λ < 1 the coup-
ling T̂∆ cannot be written as a convex combination of tensor products of
Markov operators as the following proposition shows:

Proposition 4.23. The Markov operator T̂∆ is extremal in the set of
all Markov operators on B(H)⊗ B(H).
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4.7. Application

Proof. For λ = 1 the map T̂∆ is of the form T̂∆(z) = a∗1za1 and hence
it is obviously extremal. In the following we suppose 0 ≤ λ < 1. We
have to show that for the Kraus operators a1, a2, a3, a4 given above,
the set {a∗i aj | 1 ≤ i, j ≤ 4} is linearly independent. Let λi,j ∈ C,
1 ≤ i, j ≤ 4, be coefficients satisfying

∑4
i,j=1 λi,ja

∗
i aj = 0. Then by

taking inner products, for all vectors ξ, η ∈ H⊗H it follows that

0 =

4∑
i,j=1

λi,j〈aj .ξ, ai.η〉 . (4.4)

Now, in particular consider the four vectors

e0 ⊗ e0 , e0 ⊗ e1 , e1 ⊗ e0 , e1 ⊗ e1

and observe the following facts:

1) The inner product 〈a1.e0 ⊗ e0, e0 ⊗ e0〉 does not vanish.

2) The operator a2 vanishes on all these four vectors but e1 ⊗ e1

which is mapped to a non-zero multiple of e0 ⊗ e0.

3) The operator a3 vanishes on all vectors but e0 ⊗ e1 which is
mapped to a non-zero multiple of e0 ⊗ e0.

4) The operator a4 vanishes on all vectors but e1 ⊗ e0 which is
mapped to a non-zero multiple of e0 ⊗ e0.

If in Equation (4.4) we choose ξ = e0 ⊗ e0 and for η one of the four
vectors mentioned above then these facts imply that each coefficients
λ1,i with 1 ≤ i ≤ 4 must vanish. Likewise, with ξ and η exchanged
we obtain λi,1 = 0 for every 1 ≤ i ≤ 4 vanish. Thus Equation (4.4)
simplifies to

0 =

4∑
i,j=2

λi,j〈aj .ξ, ai.η〉 .

By varying the vectors ξ and η through the vectors e0⊗e1, e1⊗e0, and
e1 ⊗ e1 we may pick each single coefficient λi,j on the right hand side;
and hence we may conclude λi,j = 0 for all 2 ≤ i, j ≤ 4. Summarising,
we have shown that all coefficients λi,j , 1 ≤ i, j ≤ 4 must vanish, i. e.,
the set {a∗i aj | 1 ≤ i, j ≤ 4} is linear independent.
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4.7. Application

Although the coupling T̂∆ differs from the coupling T̂ , some straight-
forward computations verify that again the twofold tensor product
`∞(N) ⊗ `∞(N) of the subalgebra `∞(N) ⊆ B(H) of all multiplication
operators with respect to the basis (ek)k∈N is invariant for T̂∆. The
restriction of T̂∆ to this algebra agrees with the restriction of T̂ . In
particular, as shown in Section 3.9 the maximal diagonal projection
p∆ :=

∑∞
k=0 pk ⊗ pk is absorbing for T̂∆ and we obtain exactly the

same estimation

‖ϕ1T
n − ϕ2T

n‖ ≤ 4− 4(ϕ1 ⊗ ϕ2)
(
T̂n∆(p∆)

)
for all normal states ϕ1 and ϕ2 on B(H).

Lemma 4.24. Let T :M→M be a Markov operator on a W∗-algebra
M. Let p ∈M be an orthogonal projection with T (p) ≥ p such that the
sequence Tn(p) converges to 1 σ-weakly. Put

Tp : pMp→ pMp, Tp(x) := p T (x) p .

Then T has only trivial fixed points if and only if Tp has only trivial
fixed points.

Proof. Firstly, suppose that T has trivial fixed point space C1 and let
x ∈ pMp be a fixed point of Tp. Then the σ-weakly closed convex
hull of the set {Tn(x) | n ∈ N} contains a fixed point y = λ1 of
T . For instance we may take an arbitrary accumulation point of the
Cesàro means 1

n

∑n−1
m=i T

m(x), n ∈ N. Choose a net
(
Tni(x)

)
i∈I that

converges to λ1 σ-weakly. Since we have pTn(x)p = Tnp (x) = x for
every n ∈ N, we conclude x = limi pT

ni(x)p = λp, i. e. x is a trivial
fixed point.

Conversely, suppose Tp has trivial fixed point space Cp and let x ∈ M
be a fixed point of T . Without loss of generality we may assume x = x∗.
Moreover, by adding a suitable multiple of 1 and rescaling we may
assume that 0 ≤ x ≤ 1. Clearly, the element pxp is a fixed pointof Tp
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4.7. Application

and hence pxp = λp for some λ ≥ 0. Now, for each n ∈ N consider the
decomposition

x = Tn(x) = Tn(pxp) + Tn(pxp⊥) + Tn(p⊥x)

= λTn(p) + Tn(pxp⊥) + Tn(p⊥x) .

By the inequality of Cauchy and Schwarz for every normal state ϕ on
M we obtain

|ϕ(pxp⊥)| ≤ ϕ(px∗xp)
1/2 · ϕ(p⊥)

1/2 ≤ ϕ(p⊥)
1/2 ,

|ϕ(p⊥x)| ≤ ϕ(p⊥)
1/2 · ϕ(x∗x) ≤ ϕ(p⊥)

1/2 .

Hence for every normal state ϕ onM it follows

|ϕ(x− λ1)| ≤ λ
∣∣ϕ(Tn(p)− 1)

)∣∣+|(ϕ ◦ Tn)(pxp⊥)|+|(ϕ ◦ Tn)(p⊥x)|

≤ λ
∣∣ϕ(Tn(p)− 1

)∣∣+ ϕ
(
Tn(⊥)

)1/2
+ ϕ

(
Tn(p⊥)

)1/2
.

Since Tn(p) converges to 1 σ-weakly the right hand side vanishes as n
goes to infinity. Thus, we may conclude x = λ1.

Theorem 4.25. For 0 < λ ≤ 1/2 the diagonal coupling transition op-
erator T̂∆ is ergodic.
In particular, for 0 < λ < 1/2 the tensor dilation of Γ and ϕ is asymp-
totically complete.

Proof. We want to prove that the diagonal coupling T̂∆ has fixed point
space C1. Then the assertion follows from Theorem 4.21. Since the
diagonal projection p∆ is absorbing for T̂∆, it suffices to show that the
compressed Markov operator

B(p∆H⊗2)→ B(p∆H⊗2), x 7→ p∆ · T̂∆(x) · p∆

only has trivial fixed points (see Lemma 4.24). Note that the subspace
p∆H⊗2 has the canonical orthonormal basis (ek ⊗ ek)∞k=0. We may
therefore identify it with H by linearly extending v : ek 7→ ek⊗ek to an
isometry v : H → p∆H⊗2 ⊆ H⊗2 and prove that the Markov operator

T∆ : B(H)→ B(H), T∆(x) := v∗ · T̂∆(v · x · v∗) · v
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has trivial fixed point space. By straightforward computation it can be
verified that a Kraus decomposition of T∆ is given by

T∆(x) = t∗1xt1 + t∗2xt2

with
t1 :=

√
λ s+

√
1− λ p0 , t2 :=

√
1− λ s∗ .

Let x ∈ B(H) be a fixed point of T∆. We may assume without loss of
generality that x is self-adjoint. For i, j ∈ N put xi,j := 〈x.ej , ei〉. Then
for every i, j ≥ 1 we have

xi,j = λ · xi+1,j+1 + (1− λ) · xi−1,j−1 , (4.5)

x0,j = λx1,j+1 +
√
λ(1− λ)x0,j+1 (4.6)

By induction it is easily deduced from (4.5) that the coefficients are of
the form

xi,i+j = x0,j + (x1,1+j − x0,j)

i−1∑
k=0

(
1−λ
λ

)k (4.7)

for all i, j ∈ N. Since the absolute values of the coefficients xi,j (i, j ∈ N)
are bounded by ‖x‖ and λ ≤ 1/2, it follows that the values in Equa-
tion (4.7) are constant with respect to i, i. e.

xi,i+j = x0,j .

for all i, j ∈ N. Now, Equation (4.6) implies x0,j =
(

1−λ
λ

)1/2
x0,j+1 for

all j ≥ 1. Again, boundedness of the coefficients implies x0,j = 0 for
every j ≥ 1. Summarising, we have shown that for 0 ≤ i < j (and
hence for all i 6= j) we have xi,j = x0,j−i = 0 and xi,i = x0,0, i. e.
x = x0,0 · 1 as asserted.

4.8. Numerical Results for the Micromaser

As a second application recall the micromaser experiment introduced
in Section 1.15. We denote by H := `2(N) the Hilbert space of square
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summable complex valued sequences with the canonical orthonormal
basis (ek)k∈N. Write s ∈ B(H) for the isometric right shift with respect
to this basis, i. e. s.ek = ek+1 for every k ∈ N. Fix a real number
g ∈ R describing the experimental parameters and define operators
a, b ∈ B(H) by

a.ek := cos(g
√
k) ek , b.ek := − sin(g

√
k) ek .

Then the experiment is mathematically described by the injective ∗-ho-
momorphism

Γ : B(H)→ B(H)⊗M2, Γ(x) = u∗(x⊗ 1)u ,

where u ∈ B(H) ⊗ M2 = M2

(
B(H)

)
denotes the unitary operator

given by

u :=

(
s∗as is∗b
ibs a

)
.

In the following we only consider the tracial state τ2 onM2 and consider
the corresponding Markov operator

T : B(H)→ B(H), T := (Id⊗τ2) ◦ Γ .

To obtain numerical results, we moreover restrict to the case where g
is chosen such that sin(g

√
N) = 0 for some N ∈ N. This condition

is also called the trapped state condition. Fix the numbers N satis-
fying sin(g

√
N) = 0. Then the projection p[0,N−1] ∈ B(H) onto the

finite dimensional linear subspace H[0,N−1] generated by e0, . . . , eN−1

is invariant for the dilation, i. e.

Γ(p[0,N−1]) = p[0,N−1] ⊗ 1 .

We may hence restrict the homomorphism Γ and the associated tran-
sition operator T to the finite dimensional subalgebra B(H[0,N−1]). In
his dissertation F. Haag [Haa06] showed—among other results—that
this tensor dilation is asymptotic complete. If follows by Theorem 4.21
that for the diagonal coupling transition operator

T̂ : B(H[0,N−1] ⊗H[0,N−1]) −→ B(H[0,N−1] ⊗H[0,N−1])
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4.8. Numerical Results for the Micromaser

the diagonal projection p∆ onto the one-dimensional subspace Cξ gen-
erated by the vector ξ := 1/

√
N
∑N−1
k=0 ek ⊗ ek is absorbing. For ar-

bitrary initial states ϕ1 and ϕ2 on B(H[0,N−1]) the Quantum Coupling
Inequality 3.29 hence yields

‖ϕ1 ◦ Tn − ϕ2 ◦ Tn‖ ≤ 4− 4 · (ϕ1 ⊗ ϕ2)
(
T̂n(p∆)

)
and the right hand side of this inequality indeed converges to zero as n
goes to infinity.
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Figure 4.9.: Convergence of the Coupling Inequality

To present some numerical results on the speed of convergence
we fix the data N := 10 and g := π/

√
N . As initial states

we put ϕ1(x) := 〈x.e0, e0〉 and ϕ2(x) := 〈x.eN−1, eN−1〉 for ever
x ∈ B(H[0,N−1]). For this data Figure 4.9 shows the decrease in n of
both sides of the inequality on a logarithmic scale. Observe that the es-
timate is far from being exact, but still converges to zero exponentially
fast. Our numerical experiments show that this is a typical behaviour
that occurs for different initial conditions.
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5. Outlook: Semiclassical Quantum
Couplings

In Chapter 3 and Chapter 4 we studied a generalisation of the coup-
ling method to quantum theory based on a non-commutative notion of
couplings of states. There are, however, two interesting examples of
classical stochastic processes related to a Markov transition operators:
convolution processes and quantum trajectories. They both give rise
to classical Markov processes on the set of all states of a W∗-algebra
and thus are classical Markov processes on a non-commutative space.
This point of view becomes especially interesting on the tensor product
M ⊗M′ of a W∗-algebra M or its state space, respectively. Then
convolution processes and quantum trajectories share some properties
with classical and with quantum coupling. Sketching this relation is
the subject of this chapter. As an outlook we do not present any so-
phisticated results, but rather point towards a direction of prospective
research.

In Section 5.1 we introduce barycentric representations of a Markov
operator and, as examples, provide a brief introduction to convolution
processes of Markov operators and quantum trajectories. The rela-
tion of these processes to a kind of coupling in between classical and
quantum is rendered more precisely in Section 5.2 where we define the
notion of a semiclassical coupling. Finally, Section 5.3 and Section 5.4
show that semiclassical couplings naturally arise from convolution pro-
cesses and quantum trajectories and how simple criteria for uniform
mixing can be derived from studying convolution processes or quantum
trajectories.
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5.1. Barycentric Representations

5.1. Barycentric Representations

Let M be a W∗-algebra and denote by S∗(M) the set of all normal
states on M. We equip S∗(M) with the Borel-σ-algebra of the weak
topology, which is generated by all seminorms ϕ 7→ |ϕ(x)| for some
x ∈ M. For each probability measure λ on S∗(M) we define a state
ϕλ onM by setting

ϕλ(x) :=

∫
ϕ(x) dλ(ϕ)

for every x ∈ M. This state is called the barycentre of λ and the
probability measure λ is called a barycentric representation of ϕλ. For
brevity we write

ϕλ =

∫
ϕ dλ(ϕ) .

Note that in general the barycentre is not a normal state. This has to
be forced by additional hypotheses.

Because this chapter should not be concerned with any technical details,
we will frequently regard S∗(M) as a discrete space and restrict to
probability measures on S∗(M) with finite support. Such a probability
measure λ on S∗(M) is a finite convex combination of point measures,
i. e., it can be written as

λ =

N∑
k=1

λk δϕk

for some coefficients 0 ≤ λk ≤ 1,
∑N
k=1 λk = 1, and some

states ϕk ∈ S∗(M), where δϕk denotes the corresponding point mea-
sures. For this measure λ the barycentre is the normal state
given by

ϕλ =

N∑
k=1

λk ϕk .

We now want to investigate classical Markov processes on S∗(M)
such that the barycentres of the conditional distributions are Markov
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chains of a (quantum) Markov operator T : M →M in the following
sense:

Definition 5.1. Let T : M → M be a Markov operator. A Markov
transition kernel p on S∗(M) is called a barycentric representation of
T if it satisfies

ϕ0 ◦ T =

∫
ϕ dp(ϕ0, ϕ)

for every normal state ϕ0 onM.

It follows by a simple induction that for every initial normal state ϕ0 on
M the barycentres of the Markov process Xn associated with p starting
at ϕ0 indeed satisfy ∫

Xn(ω) dω = ϕ0 ◦ Tn .

5.1.1. Convolution Processes

Let T : M → M be a Markov operator and let T =
∑N
k=1 λk Tk

be a convex decomposition with coefficients 0 < λk ≤ 1,
∑N
k=1 λk = 1,

and Markov operators Tk : M → M. Denote by MOp(M) the set of
all Markov operators on the W∗-algebraM. The decomposition gives
rise to a finitely supported probability measure λ on MOp(M) where
each Markov operator Tk, 1 ≤ k ≤ N , has probability λk. Note that
the set MOp(M) is convex and, consequently, we may reformulate the
convex decomposition of T by saying that T is the barycentre of the
measure λ.

Let (Ω, µ) denote the probability space Ω :=
∏∞
n=1{1, . . . , N} with the

infinite product measure µ :=
⊗∞

n=1(λ1, . . . , λN ). For each n ∈ N
denote by Xn : (Ω, µ)→ MOp(M) the map given by

Xn(ω1, ω2, . . . ) := Tω1 ◦ Tω2 ◦ · · · ◦ Tωn

for n = 0 and X0(ω) = IdM. Note that Xn only takes finitely many dif-
ferent values. The map is hence measurable with respect to the discrete
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structure on MOp(M) and we are not concerned with any measurabil-
ity problems. The stochastic process (Xn)n∈N is called the convolution
process associated with the measure λ. It is clearly a Markov process.
The transition probability from S1 to S1 ◦ Tk is given by λk if all maps
S1 ◦ Tk, 1 ≤ k ≤ N are different. Otherwise the transition probability
from S1 to S2 is given by the sum over all λk, 1 ≤ k ≤ N satisfying
S2 = S1 ◦ Tk.

Now let ϕ0 be an initial normal state onM and consider the stochastic
process ϕ0 ◦Xn : (Ω, µ)→ S∗(M), n ∈ N, given by

(ϕ0 ◦Xn)(ω1, ω2, . . . ) := ϕ0 ◦ Tω1 ◦ · · · ◦ Tωn .

It is easily checked that (ϕ0◦Xn)n∈N again is a Markov process. Its tran-
sition kernel does not depend on ϕ0 and is given by

p(ϕ1, ϕ2) :=
∑
{λi | 1 ≤ i ≤ N, ϕ1 ◦ Ti = ϕ2}

for all normal states ϕ1, ϕ2 ∈ S∗(M). Moreover, a simple computation
verifies that this kernel is indeed a barycentric representation of the
Markov operator T .

5.1.2. Quantum Trajectories

As a second example of a barycentric representation consider the W∗-al-
gebraM := B(H) of all bounded linear operators on a separable Hilbert
space H. It is a well-known theorem, which goes back to W.F. Stine-
spring [Sti55] and K. Kraus [Kra71], that a Markov operator on B(H)
can be decomposed as in the following way:

Proposition 5.2 (Kraus Decomposition). Let T : B(H)→ B(H) be a
Markov operator. Then there is a (finite or countably infinite) sequence
(ak)Nk=1, ak ∈ B(H) such that

T (x) =

N∑
k=1

a∗k x ak (5.1)

for every x ∈ B(H), where for N =∞ the series converges σ-weakly.
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The decomposition of T in Equation (5.1) is called a Kraus decomposi-
tion of T , the elements ak ∈ B(H) itsKraus operators.

Let T : B(H) → B(H) be a Markov operator and fix a Kraus decom-
position T (x) =

∑N
k=1 a

∗
kxak. For simplicity suppose that N is finite.

For each normal states ϕ on B(H) and each 1 ≤ k ≤ N we write ϕk for
the positive normal functional on B(H) given by

ϕk(x) := ϕ(a∗k x ak)

for every x ∈ B(H). We define a Markov kernel p on S∗(M) with the
following property: If all functionals ϕk, 1 ≤ k ≤ N , are distinct then
there is a transition from ϕ to the state ϕk/ϕk(1) with probability
ϕk(1) = ϕ(a∗kak). In the general case, when the ϕk are not necessarily
distinct, the transition probability from ϕ to a normal state ψ onM is
given by

p(ϕ,ψ) :=
∑
{ϕ(a∗kak) | 1 ≤ k ≤ N, ψ = ϕk/ϕ(a∗kak)} .

A straightforward computation verifies that the transition kernel p is
indeed a barycentric representation of the Markov operator T . For a
given initial state ϕ0 ∈ S∗

(
B(H)

)
the kernel p gives rise to a classical

homogeneous Markov process on S∗
(
B(H)

)
starting at ϕ0. This Markov

process is called the quantum trajectory starting at ϕ0 (with respect to
the given Kraus decomposition).

Observe that the set of all vector states is invariant for the kernel p. The
restriction of p to this set may be lifted to a Markov kernel on the set of
all unit vectors of H with the transition probabilities

p(ξ, η) :=
∑
{‖a.ξ‖2 : 1 ≤ k ≤ N, η = ξ/‖a.ξ‖2}

for all ξ, η ∈ H. In many applications this simplifies the computations
of quantum trajectories.
Remark 5.3. In physics quantum trajectories naturally arise in the mea-
surement process of a quantum mechanical system (see e. g. [MK06]).
There each Kraus operator ak corresponds to one possible outcome of
a measurement of the system; the different results are labeled by the
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index k. If the system is in state ϕ and a measurement is performed
then the probability of the k-th outcome is given by ϕ(a∗kak). Per-
forming the measurement also alters the state of the system; after the
outcome k was detected the system is in the state ϕk/ϕ(a∗kak). The
quantum trajectory thus stochastically describes the probability of the
different outcomes and the state transition of the system for a repeated
measurement of the Kraus operators.1

5.2. Semiclassical Couplings

Let M and N be two W∗-algebras. For a normal state ϕ̂ on M⊗N
denote by d1ϕ̂ and d2ϕ̂ its marginal states onM and N , respectively,
i. e.

(d1ϕ̂)(x) := ϕ̂(x⊗ 1) , (d2ϕ̂)(y) := ϕ̂(1⊗ y)

for every x ∈ M and y ∈ N . Then d1 and d2 give rise to affine
contractions d1 : S∗(M⊗N )→ S∗(M) and d2 : S∗(M⊗N )→ S∗(N ).
The state space S∗(M⊗N ) may topologically be regarded as a covering
space of the product space S∗(M) × S∗(N ) with a canonical section
given by the tensor product (see Figure 5.1).

S∗(M⊗N )

S∗(M) S∗(M)× S∗(N ) S(N )

d1 d2d1 × d2⊗

Figure 5.1.: Covering of State Spaces

1In this setting the Markov operator T (x) =
∑N
k=1 a

∗
i xai describes the state

transition of the system if we do not know (or forget) the result of the mea-
surement.
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5.2. Semiclassical Couplings

Definition 5.4. LetM and N be two W∗-algebras and let µ and ν be
two probability measures on S∗(M) and S∗(N ), respectively. A semi-
classical coupling of µ and ν is a probability measure µ̂ on S∗(M⊗N )
satisfying

µ̂({ϕ̂ ∈ S∗(M⊗N ) | d1ϕ̂ ∈ A}) = µ(A) ,

µ̂({ϕ̂ ∈ S∗(M⊗N ) | d2ϕ̂ ∈ B}) = ν(B)

for all measurable subset A ⊆ S∗(M) and B ⊆ S∗(N )

Remark 5.5. As for (classical) couplings of probability measures and
(quantum) couplings of states the notion of a semiclassical coupling
every probability measure µ̂ on S∗(M⊗ N ) is a semicoupling of the
push forward measures along the maps d1 and d2. Hence the notion only
becomes non-trivial when the marginals are not arbitrary, for instance
if the marginals have fixed barycentres.

Observe that the definition of a semiclassical coupling parallels the clas-
sical notion of a coupling of probability measures (cf. Definition 3.1
on page 67) if the product space is replaced by the state space of
the tensor product. More precisely a semiclassical coupling is a
lift of a classical coupling on S∗(M) × S∗(N ) to the covering space
S∗(M ⊗ N ). In contrast to coupling of quantum states introduced
in Chapter 3 semiclassical couplings are indeed classical probability
measure.

A simple computation shows that for a semiclassical coupling µ̂ of µ
and ν the barycentre ϕµ̂ is a coupling of the barycentres ϕµ and ϕν .
For this barycentres we may apply the results for couplings of states on
W∗-algebras developed in Chapter 3. Recall that for each normal state
ϕ onM we write ϕ′ for its opposite states onM′. The map ϕ 7→ ϕ′ is
a convex linear isometry of S∗(M) and S∗(M′). For each probability
measure µ on S∗(M) denote by µ′ the push forward probability measure
on S∗(M′), which is given by

µ′(A′) := µ({ϕ ∈ S∗(M) | ϕ′ ∈ A′})

for every measurable subset A′ ⊆ S∗(M′). We call µ′ the opposite
measure of µ.
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5.2. Semiclassical Couplings

Proposition 5.6. Let µ and ν be two probability measures on S∗(M)
with barycentre ϕµ and ϕν , respectively. Let µ̂ be a semiclassical coup-
ling of µ and the opposite measure ν′. Then

‖ϕµ − ϕν‖ ≤
∫
‖d1ϕ̂− (d2ϕ̂)′‖ dµ̂(ϕ̂) .

Proof. The norm ϕ 7→ ‖ϕ‖ is a convex function. By virtue of the Jensen
Inequality for convex functions we obtain

‖ϕµ − ϕν‖ =

∥∥∥∥∫ ϕ dµ(ϕ)−
∫
ϕ dν(ϕ)

∥∥∥∥
=

∥∥∥∥∫ d1ϕ̂ dµ̂(ϕ̂)−
∫

(d2ϕ̂)′dµ̂(ϕ̂)

∥∥∥∥
≤
∫ ∥∥d1ϕ̂− (d2ϕ̂)′

∥∥ dµ̂(ϕ̂) .

The above proposition here mainly serves as a reference. The norm
difference on the right hand side can be further estimated, for instance
by the Quantum Coupling Inequality 3.29 on page 94.
Remark 5.7.

1) The proof of Proposition 5.6 only relies on the fact that the norm
is a convex function. The same arguments may also be applied
to arbitrary jointly convex functions on S∗(M)× S∗(M). For
instance, if we denote by S(ϕ,ψ) the relative entropy (see e. g.
[OP93]) of two normal states ϕ and ψ then we obtain

S(ϕµ, ϕν) ≤
∫
S
(
d1ϕ̂, (d2ϕ̂)′

)
dµ(ϕ̂) .

2) Since the inequality of Proposition 5.6 holds for every semiclas-
sical coupling of two given states ϕ, ψ onM we may define

dist(ϕ,ψ) := inf
µ̂

∫
‖d1ϕ̂− (d2ϕ̂)′ dµ̂(ϕ̂)‖ ,
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where the infimum is taken over all semiclassical couplings µ̂
whose marginals have the barycentres ϕ and ψ′, respectively.
This distance shares some parallels to the Vasershtein metric (see
[Vas69]), which in the recent years has received some attention in
probability theory.

5.3. Application to Convolution Processes

Let M and N be two W∗-algebras. In the preceding section we ob-
served that the set of all states onM⊗N is a covering of the product
of the set of states on M and N . Now consider the convex semi-
group MOp(M⊗ N ) of Markov operators on M⊗N and its action
on S∗(M⊗N ). We write MOp(M)⊕MOp(N ) the direct sum of the
two semigroups MOp(M) and MOp(N ), i. e. the Cartesian product
MOp(M) ×MOp(N ) as a set equipped with componentwise multipli-
cation. By taking tensor products the direct sum can be embedded in
MOp(M⊗N ) (see Figure 5.2). The action of MOp(M⊗N ) on the
space S(M⊗N ) may thus be regarded as a lift of the action of MOp(M)
on S∗(M) and the action of MOp(N ) on S∗(N ).

Remark 5.8. For commutative, finite dimensional W∗-algebrasM and
N the semigroup MOp(M⊗N ) is the convex hull of the direct sum
MOp(M) ⊕MOp(N ). In this sense, MOp(M⊗N ) is still ”classically
generated“ by the direct sum. But, already for the non-commutative
algebra M := N := M2 the semigroup MOp(M2 ⊗ M2) is strictly
larger than the convex hull of MOp(M2) ⊕MOp(M2). This situation
is closely related to the distinction between entangled and separable
states. Thus, extending the notion of entanglement, the Markov oper-
ators contained in the convex hull of MOp(M2) ⊕MOp(M2) may be
regarded as separable operators and those operators outside the convex
hull as entangled operators.

Now let T̂ :M⊗M′ →M⊗M′ be a coupling of a Markov oper-
ator T : M → M and its opposite map T ′. Suppose T̂ admits
a convex decomposition T̂ =

∑N
k=1 λkT̂k with coefficients 0 < λ ≤ 1,
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5.3. Application to Convolution Processes

MOp(M) MOp(M)⊕MOp(N ) MOp(N)

MOp(M⊗N )

S∗(M⊗N )

S∗(M) S∗(M)× S∗(N ) S(N )

⊕ IdN

(d1ϕ̂)◦

IdM⊕

(d2ϕ̂)◦

⊗

ϕ̂◦

d1 × d2

d1 d2

Figure 5.2.: Markov Operators Acting on ϕ̂ ∈ S∗(M⊗N )

∑N
k=1 λk = 1, and Markov operators T̂k on M ⊗ M′. As presen-

ted in Section 5.1.1 this convex decomposition gives rise to a convo-
lution process X̂n : (Ω, µ)→ MOp(M⊗M′) on Ω :=

∏∞
n=1{1, . . . , N}

by setting
X̂n(ω1, ω2, . . . ) := T̂ω1 ◦ · · · ◦ T̂ωn ,

where Ω =
∏∞
n=1{1, . . . , N} is equipped with the product measure

µ :=
⊗∞

n=1(λ1, . . . , λN ). For each normal state ϕ̂0 on M ⊗M′ we
obtain a Markov process ϕ̂0 ◦ X̂n, n ∈ N with values in S∗(M⊗M′)
whose transition operator is given by

p̂(ϕ̂, ψ̂) :=
∑
{λk | 1 ≤ k ≤ N, ϕ̂ ◦ T̂k = ψk}

for all normal states ϕ̂ and ψ̂ onM⊗M′.
Remark 5.9. Note that the Markov operators T̂k need not be elements
of the direct sum semigroup MOp(M)⊕MOp(N ), i. e., they they need
not be tensor products. Moreover, we do not require that T̂k are coup-
lings, so they need not leave the subalgebrasM⊗1 and 1⊗N invariant.
The larger semigroup MOp(M⊗N ) thus admits more convolution sem-
igroups than the direct sum semigroup, even more than its convex hull
ifM is non-commutative. It might be an interesting subject of further
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5.3. Application to Convolution Processes

research to study these convolution semigroups and their relation to
convolution semigroups on MOp(M) and MOp(N ).

To obtain a simple result we now suppose that the Markov operator T
admits a (non-trivial) convex decomposition T =

∑N
k=1 λk Tk with coef-

ficients 0 < λk ≤ 1,
∑N
k=1 λk = 1, and Markov operators Tk :M→M.

Recall that this decomposition provides a coupling of T and its opposite
T ′ by

T̂ :M⊗M′ →M⊗M′, T̂ :=

N∑
k=1

λk (Tk ⊗ T ′k) .

The convolution process X̂n, n ∈ N, associated with this decomposition
of T̂ then simplifies to

X̂n(ω1, ω2, . . . ) := (Tω1 ⊗ T
′
ω1

) ◦ · · · ◦ (Tωn ⊗ T
′
ωn)

= (Tω1 ◦ · · · ◦ Tωn)⊗ (T ′ω1
◦ · · · ◦ T ′ωn) .

Observe that for every ω the Markov operator X̂n(ω) is a tensor
product. On the other hand the measure on the set MOp(M) given
by λ also induces a diagonal measure λ∆ on the direct sum semigroup
MOp(M) ⊕MOp(M′) up to opposites. The convolution process X̂n
on MOp(M⊗M′) is the canonical lift of the convolution process on
MOp(M) ⊕MOp(M′) associated with λ∆. Roughly speaking, T̂ and
its convolution process X̂n is essentially classical.

Theorem 5.10 (Joint discussion with N. Sissouno, cf. [Sis10]). Let
T :M→M be a Markov operator and let T =

∑N
k=1 λk Tk be a convex

decomposition of T into Markov operators Tk : M → M. Moreover,
suppose that there is a finite sequence 1 ≤ k1, . . . , k` ≤ N such that
there is a normal state ϕ0 onM with

(Tk1 ◦ · · · ◦ Tk`)(x) = ϕ0(x) · 1

for every x ∈M. Then the Markov operator T is uniformly mixing and
for every n ∈ N

‖ϕ ◦ Tn·` − ψ ◦ Tn·`‖ ≤ 2 · (1− λk1 · . . . · λk`)
n .
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Proof. Note that it suffices to prove the asserted inequality. Denote by
A ⊆ Ω the set of all ω ∈ Ω such that the first n · ` elements of ω contain
the substring (k1, . . . , k`). For such a sequence X̂n·`(ω) is of the form

X̂n·`(ω)(z) = (ϕω ⊗ ϕ′ω)(z) · 1

for all z ∈ M ⊗M′ and for some normal state ϕω on M depending
on ω. In particular, for every initial state ϕ̂0 onM⊗M′ the marginal
states d1

(
ϕ̂0 ◦X̂n`(ω)

)
and d2

(
ϕ̂0 ◦X̂n`(ω)

)
are opposites of each other.

Now set ϕ̂0 := ϕ⊗ ψ′ and apply Proposition 5.6 on page 140 to obtain

‖ϕ ◦ Tn` − ψ ◦ Tn`‖

≤
∫

Ω\A

∥∥d1

(
ϕ̂0 ◦ X̂n`(ω)

)
− d2

(
ϕ̂0 ◦ X̂n`(ω)

)′∥∥ dµ(ω) .

The reader may check that the set Ω \ A has at most probability
(1− λk1 . . . λk`)

n and consequently

‖ϕ ◦ Tn` − ψ ◦ Tn`‖ ≤ 2 · (1− λω1 . . . λω`)
n .

Remark 5.11.

1) The sequence Tω1 , . . . , Tω` of Theorem 5.10 may be regarded as a
synchronising word in the semigroup of all Markov operators on
M. In this sense the theorem parallels the fundamental observa-
tion in Theorem 4.7 on page 108.

2) The upper bound of the theorem can easily been improved with
further knowledge of all synchronising words. Another way to
improve the bound is by estimating the distance of the marginals
of the state (ϕ ⊗ ψ′) ◦ X̂n(ω) for non-synchronising words. At
this point the larger state space S(M⊗M′) may provide fur-
ther, more accessible estimates coming from quantum probability
theory than the classical product space S(M)× S(N ).
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5.4. Application to Quantum Trajectories

Consider the W∗-algebra B(H) for a fixed Hilbert space H and
let T : B(H) → B(H) be a Markov operator. We identify the
W∗-tensor product B(H) ⊗ B(H)′ with the algebra B

(
HS(H)

)
of all

bounded operators on the Hilbert-Schmidt operators on H. Let
T̂ : B

(
HS(H)

)
→ B

(
HS(H)

)
be a coupling of T and its opposite

map T ′ with a fixed finite Kraus decomposition T̂ (z) =:
∑N
k=1 a

∗
kzak,

ak ∈ B
(
HS(H)

)
.

We now want to study quantum trajectories of the Kraus decompo-
sition of T̂ starting in a pure state, i. e. a vector state on B

(
HS(H)

)
.

Recall that the quantum trajectory starting in a vector state only takes
values in the set of vector states. To simplify the arguments we thus
investigate the lift of the quantum trajectory to the set of unit vectors
in HS(H). On this set the transition kernel of the quantum trajectory
is given by

p(ρ, θ) :=
∑
{‖a.ρ‖2 : 1 ≤ k ≤ N, θ = ρ/‖a.ρ‖2}

for all unit vectors ρ, θ ∈ HS(H).

For each unit vector ρ we denote by ϕρ(z) := 〈z.ρ, ρ〉 the corresponding
vector state on B

(
HS(H)

)
. For an initial unit vector ρ0 ∈ HS(H) we

denote by X(ρ0)n the Markov process with transition kernel kernel p
starting at ρ0. Note that the stochastic process of the vector states
ϕX(ρ0)n , n ∈ N, is the quantum trajectory of the above Kraus decom-
position starting at the state ϕρ0 . Likewise, in the following we call the
stochastic process X(ρ0)n, n ∈ N, the quantum trajectory starting at
the vector ρ0.

Recall that the modular involution J on HS(H0 is given by Jρ = ρ∗

for every ρ ∈ HS(H). The anti-automorphism σ on B
(
HS(H)

)
given by

σ(z) := Jz∗J exchanges B(H) ⊗ 1 and 1 ⊗ B(H)′. A straightforward
computation shows that for every normal state ϕ̂ on B

(
HS(H)

)
we

have

ϕρ ◦ σ = ϕJρ , d1(ϕ̂ ◦ σ) = (d2ϕ̂)′
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for every unit vector ρ ∈ HS(H) and every normal state ϕ̂ on B
(
HS(H)

)
.

Moreover, a well-known estimation by the inequality of Cauchy and
Schwarz for vector states on B(H) yields

‖ϕρ − ϕθ‖ ≤ 2 · ‖ρ− θ‖ .

for all unit vectors ρ, θ ∈ HS(H). Hence for every probability measure
µ on the set of unit vectors of HS(H) we obtain∫

‖d1ϕρ − (d2ϕρ)
′‖ dµ(ρ) ≤ 2

∫
‖ρ− Jρ‖ dµ(ρ) .

Now consider the quantum trajectory X(ρ0)n, n ∈ N, starting at a
unit vector ρ0 ∈ HS(H). Intuitively, if a typical path of the quantum
trajectory is close to a vector ρ satisfying ρ = Jρ then the mar-
ginals of the corresponding states asymptotically agree up to oppo-
sites. The following proposition presents a precise version of this
argument:

Theorem 5.12. Let ξ, η ∈ H be unit vectors and define a unit vec-
tor ρ0 ∈ HS(H) by ρ0(ζ) := 〈ζ, η〉 ξ for every ζ ∈ H. Denote by
Xn : (Ω, µ)→ HS(H), n ∈ N, the quantum trajectory starting at ρ0.
Suppose for every ε > 0 we have

lim sup
n→∞

µ(‖Xn − J Xn‖ ≥ ε) = 0 .

Then

lim
n→∞

‖ϕξ ◦ Tn − ϕη ◦ Tn‖ = 0 .

Proof. Let ε > 0. Then there is an n0 ∈ N such that for every n ≥ n0

the set An := {ω ∈ Ω : ‖Xn(ω)− J Xn(ω)‖ ≥ ε} has probability less
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than ε. For every n ≥ n0 we hence obtain

‖ϕξ ◦ Tn − ϕη ◦ Tn‖ ≤
∫ ∥∥d1ϕXn(ω) − (d2ϕXn(ω))

′∥∥ dµ(ω)

≤ 2

∫
‖Xn(ω)− J Xn(ω)‖ dµ(ω)

≤ 2

∫
An

‖Xn(ω)− J Xn(ω)‖ dµ(ω)

+ 2

∫
Ω\An

‖Xn(ω)− J Xn(ω)‖ dµ(ω)

≤ 4µ(An) + 2ε < 6ε .

Then the assertion follows because ε is arbitrary.
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6. What remains open?

In this chapter we would like to sketch a few problems that came up
in this dissertation and that we would like to give to the reader as an
open question for prospective research.

1) In Chapter 2 of this thesis we studied the uniform mixing property
of Markov operators. We were able to prove that a uniformly mix-
ing Markov operator admits only uniformly mixing Markov dila-
tions (cf. Theorem 2.28 on page 62). There are, however, a bunch
of other mixing properties. They all pose the same question: Is
the particular mixing property shared between the Markov op-
erator and its Markov dilations? For Markov operators with an
invariant state (i. e. a finite weight) B. Kümmerer [Küm85] has
shown that this holds true for ergodicity, for weak mixing, and for
strong mixing. Unfortunately, a straightforward generalisation of
the arguments in [Küm85] fails if the weight is infinite. So we are
challenged to find a different approach or give counterexamples.

2) The investigations in Chapter 3 and Chapter 4 rely on the special
structure of tensor products. However, in quantum probability
theory there are other interesting notions of independence (see
[Mur03]). The question arises how the notions of couplings and
of diagonal measures adapt to these independences. Moreover, in
his dilation theory B. Kümmerer [Küm98] provided a framework
to study Markov processes that in general are no tensor dilations,
but are still driven by a Bernoulli process. For these Markov
dilations, it remains to provide the ingredients for the coupling
method, i. e. a coupling inequality and an analogue of the diagonal
coupling.
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3) We mentioned the connections between couplings and entangle-
ment without going into details. Of course, the geometric prob-
lems on one side touch those on the other side. Furthermore,
R. Gohm [Goh04] has shown that the extended dual transition
operator of a tensor dilation can be described in terms of entan-
glement. Together with the duality of the extended dual tran-
sition operator and the diagonal coupling transition operator in
Section 4.6 this description may provide a measure to quantify
the amount of entanglement generated by the diagonal coupling
process.

4) The geometry of the set of all couplings of two given states or
of two given Markov operators on non-commutative algebras is
not fully discovered yet—even on the matrix algebra MN . From
the perspective of the coupling method the question arises which
couplings of states or of Markov operators, and which diagonal
projections yield the best estimates in the Quantum Coupling In-
equality 3.29 on page 94. More concretely, for a Markov operator
T on a faithful quantum probability space of the form

(
B(H), ϕ

)
with an asymptotically complete dilation we have shown in Sec-
tion 4.6 that the one-dimensional support of the diagonal state
ϕ∆ is absorbing for the diagonal transition operator T̂∆. This
projection is, however, not a maximal diagonal projection (cf.
Section 3.8). Hence we have the freedom of choosing a larger di-
agonal projection to obtain stronger estimates from the Quantum
Coupling Inequality. But it is not clear, what larger projection
should be taken.

5) In Section 4.6 we have presented the duality between the diag-
onal coupling transition operator and the extended dual transition
operator for general quantum measure spaces. But the related
scattering theory is only explored for stationary states, i. e. for
quantum probability spaces. It thus remains to develop an ana-
logue scattering theory for quantum measure spaces. Some efforts
towards such a theory were made by F. Haag [Haa06], who stud-
ied the notion of preparability and its relation to asymptotic com-
pleteness (also cf. Remark 4.8). A systematic theory, however, is
still missing.
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Theorem A.1 (Inductive Limits). Let (Mn, ωn)n∈N be a sequence of
faithful quantum measure spaces and in : (Mn, ωn) → (Mn+1, ωn+1),
n ∈ N a sequence of unital normal ∗-homomorphisms that commute
with the corresponding modular automorphism groups. Then there is a
faithful quantum measure space (M, ω) and a sequence of unital normal
∗-homomorphisms jn : (Mn, ωn)→ (M, ω), n ∈ N, that commute with
the with modular automorphism groups such that:

1) jn = jn+1 ◦ in for each n ∈ N.

2) M =
∨
n∈N jn(Mn).

(M, ω)

· · · (Mn, ωn) (Mn+1, ωn+1) · · ·
in

jn

in+1

jn+1

Figure A.1.: Inductive Limit

Proof. Let us start fixing some notations: Note that since the weights
ωn are faithful, each homomorphisms in is injective. Moreover since
in commutes with the modular automorphism groups there exists a
conditional expectation Pn : (Mn+1, ωn+1)→

(
in(Mn), ωn+1

)
, which
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gives rise to a left inverse of in by P̃n := i−1
n ◦ Pn (cf. Theorem 1.10 on

page 20). For m ≥ n put

im,n : (Mn, ωn)→ (Mm, ωm), im,n := im−1 ◦ · · · ◦ in+1 ◦ in .

P̃n,m : (Mm, ωm)→ (Mn, ωn), P̃n,m := P̃n ◦ Pn+1 ◦ · · · ◦ P̃m−1

Then im,n is again an injective unital normal ∗-homomorphism and
P̃m,n is its left inverse. For each n ∈ N denote by Hn the GNS-space
of (Mn, ωn) and by ηn : nn → Hn the corresponding linear embedding
of the left ideal nn := {a ∈Mn | ωn(a∗a) <∞}. In the following we
assume thatMn ⊆ B(Hn) is in its GNS-representation. For m ≥ n the
homomorphism im,n gives rise to an isometry

vm,n : Hn → Hm, vm,n.ηn(a) := ηm
(
im,n(a)

)
for every a ∈ nn. Its is easily verified that its adjoint satisfies
v∗m,n.ηm(a) = ηn

(
P̃n,m(a)

)
for every a ∈ nm and P̃n,m(x) = v∗m,n x vm,n

for every x ∈Mm.

1) In the first step we construct the W∗-algebraM and the embed-
dings jn: The family of isometries vm,n : Hn → Hm, m ≥ n, is
inductively ordered, i. e. vm,n = vm,k ◦ vk,n for every n ≤ k ≤ m.
Denote by H the inductive limit Hilbert space along this isome-
tries and by en : Hn → H, n ∈ N, the associated isometric em-
beddings with en = em ◦ vm,n for every n ≤ m (see Figure A.2).
For fixed n ∈ N and x ∈Mn put

jn(x).em(ξ) := em
(
im,n(x).ξ

)
for every m ≥ n and ξ ∈ Hm. Some standard computations show
that jn(x) extends to a well-defined bounded operator on H and
that jn :Mn → B(H) is an injective unital normal ∗-representa-
tion ofMn. Moreover, jn = jm ◦ im,n (m ≥ n) obviously follows
the construction of jn (see Figure A.2). We put

M :=
∨
n∈N

jn(Mn) = σ-weak- cl
⋃
n∈N

jn(Mn) .
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H

Hn Hmvm,n

en em

M

Mn Mm
im,n

jn jm

Figure A.2.: Embedding Diagrams

2) As a second step we give the construction of the conditional ex-
pectations Qn onto jn(Mn): Fix n ∈ N and set

Q̃n :M→ B(Hn), Q̃n(x) := e∗n x en .

Then clearly Qn is a unital completely positive normal map.
Moreover, a simple computation yields

(Q̃n ◦ jm)(x) = P̃n,m(x)

for every m ≥ n and x ∈ Mm, in particular Q̃n is a left inverse
of jn. It follows that Qn maps each subalgebra jm(Mm) ⊆M
(m ≥ n) ontoMn. SinceM is the σ-weak closure of this algebras,
we obtain Q̃n(M) =Mn. Furthermore, we compute

(P̃n,m ◦ Q̃m)(x) = v∗m,ne
∗
m x emvm,n = e∗n x en = Q̃n(x)

for every m ≥ n and x ∈ M. It is easily checked that
Qn := jn ◦ Q̃n is indeed an indempotent completely positive nor-
mal contraction. Hence it remains to find a faithful weight that
is preserved to show that Qn is a weight preserving conditional
expectation onto the W∗-subalgebra jn(Mn). Then it follows by
Theorem 1.10 that jn commutes with the modular automorphism
group of this weight. This weight ω will be given in part 4 of the
proof.

3) Now we show that for each x ∈M the sequence
(
Qn(x)

)
n∈N con-

verges to x σ-weakly. Note that, since the sequence is bounded,
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it suffices to prove weak convergence on the dense subspace⋃
n∈N en(Hn) of H. This is a straightforward computation: Let

x ∈M and ξ, ξ′ ∈ Hn, then for m ≥ n

〈(Qm)(x).en(ξ), en(ξ′)〉 = 〈(jm
(
Q̃m(x)

)
.em(vm,nξ), em(vm,nξ

′)〉

= 〈em
(
Q̃m(x).vm,nξ

)
, em(vm,nξ)〉

= 〈Q̃m(x).vm,nξ, vm,nξ
′〉

= 〈x.em(vm,nξ), em(vm,nξ
′)〉 = 〈x.en(ξ), en(ξ′)〉 .

4) In the next step we construct the faithful weight ω on M: For
0 ≤ x ∈M put

ω(x) := sup
n∈N

ωn
(
Q̃n(x)

)
.

As a supremum of normal weights, ω again is normal. Moreover,
for all n ≤ m we compute

ωm
(
Q̃m(x)

)
= ωn

(
(P̃n,m ◦ Q̃m)(x)

)
= ωn

(
Q̃n(x)

)
for every 0 ≤ x ∈ M, and hence we actually have ω(x) =
ωn
(
Q̃(x)

)
for every n ∈ N. In particular the map Q̃n is weight

preserving. Then also the homomorphism jn is weight preserving,
since for every 0 ≤ x ∈Mn

ωn(x) = ωn
(
(Q̃n ◦ jn)(x)

)
= ω

(
jn(x)

)
.

It follows that ω is semifinite, because the left ideal
n := {a ∈M | ω(a∗a) <∞} contains jn(nn) for every n ∈ N and
hence the σ-weak closure of n contains each subalgebra jn(Mn),
n ∈ N. To prove faithfulness of ω let 0 ≤ x ∈ M and suppose
ω(x) = 0. Then for each n ∈ N, 0 = ω(x) = ωn

(
Q̃n(x)

)
and hence

Q̃n(x) = 0 by faithfulness of ωn. Since x is the σ-weak limit of
the the sequence Qn(x) = jn

(
Q̃n(x)

)
= 0, n ∈ N, we conclude

x = 0.

Theorem A.2. Under the hypothesis of Theorem A.1 the quantum
measure space (M, ω) is unique up to isomorphism.
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Proof. Suppose (M, ω) and (M̃, ω̃) are two faithful quantum measure
spaces with unital normal ∗-homomorphisms jn : (Mn, ωn) → (M, ω)
and j̃n : (Mn, ωn)→ (M̃, ω̃) satisfying

M =
∨
n∈N

jn(Mn) and jn = jn+1 ◦ in

for every n ∈ N, and likewise for j̃n. For each m ≥ n put

im,n : (Mn, ωn)→ (Mm, ωm), im,n := im−1 ◦ · · · ◦ in+1 ◦ in

and denote by Qn : (M, ω) → (Mn, ωn) and Q̃n : (M̃n, ω̃n) →
(Mn, ωn) the left inverse of jn and j̃n, respectively.

Then by the Martingale Convergence Theorem of Tsukada (The-
orem 1.11 on page 21) every element x ∈M is the σ-strong∗ limit of the
sequence (jn ◦Qn)(x), n ∈ N, and likewise for the elements of M̃. For
a moment, fix an element x ∈ M. Then by the virtue of the Theorem
of Banach and Alaoglu the norm bounded sequence j̃n

(
Qn(x)

)
, n ∈ N,

has a σ-weak accumulation point y ∈ M with ‖y‖ ≤ ‖x‖. Uniqueness
of the involved conditional expectations shows Q̃n ◦ j̃m = Qn ◦ jm for
every m ≥ n and we obtain

Q̃n
(
j̃m(Qm(x))

)
= Qn

(
jm(Qm(x))

)
= Qn(x) . (A.1)

It follows from the Martingale Convergence Theorem of Tsukada that
the sequence j̃n

(
Qn(x)

)
, n ∈ N, indeed converges σ-strongly∗. In par-

ticular, its accumulation point y is unique. We may hence define a
map

π :M→ M̃, π(x) := σ-strong∗- lim
n→∞

j̃n
(
Qn(x)

)
.

This map is obviously a linear contraction and satisfies π(x∗) = π(x)∗

for every x ∈ M. Moreover, using normality of the involved maps
and the Martingale Convergence Theorem of Tsukada some standard
computations show that π is actually a ∗-homomorphism. Furthermore,
using Equation (A.1) we compute

ω̃
(
π(x)

)
= ω0

(
Q̃0(π(x))

)
= ω0

(
Qn(x)

)
= ω(x) ,
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i. e., π is weight preserving; in particular it is injective and hence iso-
metric. Exchanging the role ofM and M̃ in the above arguments shows
that for each y ∈ M̃ the sequence xn := jn

(
Q̃n(y)

)
, n ∈ N, converges

to an element x ∈M which then satisfies

π(x) = σ-strong- lim
n→∞

j̃n
(
Qn(x)

)
= σ-strong- lim

n→∞
j̃n
(
Qn(xn)

)
= σ-strong- lim

n→∞
j̃n
(
Q̃n(y)

)
= y ,

i. e., the map π is surjective. Summarising, we have constructed an
isomorphism π : (M, ω)→ (M̃, ω̃) which finally proves the assertion.
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This chapter of the appendix collects some well-known results con-
cerning the special W∗-algebra B(H) of all bounded linear opera-
tors a Hilbert space H. For convenience of the interested reader
we have included the proofs, which are essentially copied from the
references.

Lemma B.1 ([Arv97], Proposition 1.6). Let ϕ be a normal state on
B(H) and let (ϕi)i∈I be a net of normal states on B(H) such that

lim
i∈I

ϕi(x) = ϕ(x)

for every compact operator x ∈ B(H). Then ϕi converges uniformly
to ϕ, i. e.

lim
i∈I
‖ϕi − ϕ‖ = 0 .

Remark B.2. A bit more abstractly this lemma asserts that on the
set of all normal states on B(H) the weak∗ topology induced by the
compact operators coincides with the uniform topology.

Proof. Let ε > 0. Since ϕ is a normal state, there is a finite-dimensional
projection p ∈ B(H) with ϕ(p) > 1−ε. For the compact operator p the
hypotheses guarantees that ϕi(p) converges to ϕ(p). In particular, there
is an i0 ∈ I such that ϕi(p) > 1− ε for every i ≥ i0. If we restrict all
involved states to the finite-dimensional subalgebra pB(H)p = B(pH)
the net converges uniformly on this algebra. By a suitable adjustment
of i0 we may hence assume that

sup
x∈B(H),‖x‖≤1

|ϕi(pxp)− ϕ(pxp)| < ε
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for every i ≥ i0. Now consider the following estimation by the triangle
inequality: For every x ∈ B(H) we have

|ϕi(x)− ϕ(x)| ≤ |ϕi(x)− ϕi(pxp)|+ |ϕi(pxp)− ϕ(pxp)|+
+ |ϕ(pxp)− ϕ(x)| .

(B.1)

Note that by the inequality of Cauchy and Schwarz we have

|ϕ(y∗p⊥)| = |ϕ(p⊥y)| ≤ ϕ(p⊥)
1/2 · ϕ(y∗y)

1/2 ≤ ϕ(p⊥)
1/2 · ‖y‖

for every y ∈ B(H). In particular, choosing y = x and y = x∗p,
respectively, for the element x− pxp = p⊥x+ pxp⊥ we obtain

|ϕ(x)− ϕ(pxp)| ≤ ϕ(p⊥)
1/2 · ‖x‖+ ϕ(p⊥)

1/2 · ‖px∗‖

≤ 2ϕ(p⊥)
1/2 · ‖x‖ .

The same arguments apply to each ϕi instead of ϕ. In Equation (B.1)
we then may continue our estimation by

|ϕi(x)− ϕ(x)| ≤ 2ϕi(p
⊥)

1/2 ‖x‖+ |ϕi(pxp)−ϕ(pxp)|+ 2ϕ(p⊥)
1/2 ‖x‖

< (2ε
1/2 + ε+ 2ε

1/2) · ‖x‖ .

for every i ≥ i0 and every x ∈ B(H). Since ε is arbitrary this proves
uniform converges of ϕi to ϕ as asserted.

Lemma B.3 ([Goh04], Proposition A.5.2)). Let ϕ0 be a pure nor-
mal state on B(H) with support projection p0 ∈ B(H). Moreover, let
T : B(H)→ B(H) be a Markov operators satisfying ϕ0 ◦ T = ϕ0. Then
the following statements are equivalent:

(a) T has fixed point space C1.

(b) limn→∞ ϕ
(
Tn(p0)

)
= 1 for for every normal state ϕ on B(H).

(c) limn→∞‖ϕ ◦ Tn − ϕ0‖ = 0 for every normal state ϕ on B(H).
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Proof. Since ϕ0 is invariant for T the support projection p0 satisfies
T (p0) ≥ p0. It follows that the sequence Tn(p0), n ∈ N, is increas-
ing and bounded by 1. It hence converges to its least upper bound
x := supn∈N T

n(p0) σ-weakly and this element x is a fixed point of
T . Now, if we suppose condition (a) then the limit 0 ≤ x ≤ 1 must
be 1. The sequence Tn(p0) hence converges to 1 σ-weakly, which is
exactly condition (b). Conversely, suppose that Tn(p0) converges to 1
σ-weakly. Then Lemma 4.24 on page 128 asserts that T only has trivial
fixed points, because the map x 7→ p0T (x)p0 on the one-dimensional al-
gebra p0B(H)p0 = Cp0 obviously has one-dimensional fixed point space.
This proves the equivalence of (a) and (b).

The implication from (c) to (b) is trivial. To prove the converse impli-
cation we want to apply Lemma B.1. Therefore, it suffices to show that
ϕ
(
Tn(x)

)
converges to ϕ0(x) for every compact operator x ∈ B(H).

Write x = p0xp0 + p0xp
⊥
0 + p0x and note that p0xp0 = ϕ0(x) · p0

because p0 is a one-dimensional projection. We hence obtain

(ϕ ◦ Tn)(x)
)

= ϕ0(x) · (ϕ ◦ Tn)(p0)+

+ (ϕ ◦ Tn)(pxxp
⊥
0 ) + +(ϕ ◦ Tn)(p0x0) .

(B.2)

By condition (b) the first term on the right hand side converges to
ϕ0(x). As in the proof of Lemma B.1 the inequality of Cauchy and
Schwarz yields

(ϕ ◦ Tn)(p⊥0 x) ≤ (ϕ ◦ Tn)(p⊥0 )
1/2 · ‖x‖ ,

(ϕ ◦ Tn)(p0xp
⊥
0 ) ≤ (ϕ ◦ Tn)(p⊥0 )

1/2 · ‖p0x‖ ≤ (ϕ ◦ Tn)(p⊥0 )
1/2 · ‖x‖ .

Consequently, the second and third term in Equation (B.2) vanish as
n→∞; and finally we may conclude (ϕ ◦ Tn)(x)→ ϕ0(x) as asserted.
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List of Notations

Global

N,Z,R,C natural numbers, integers, real numbers, complex numbers
lim limit of a sequence or a net
sup, inf least upper bound (supremum), greatest lower bound

(infimum)
λ coefficient in a convex decomposition
⊗ (topological) tensor product of objects or morphisms in

different categories
⊕ direct sum of Hilbert spaces or W∗-algebras

Classical Probability Theory

(Ω,Σ) measurable space with a set Ω and a σ-algebra Σ
S discrete measurable space
C auxiliary space, frequently interpreted as set of colours
µ, ν measures or probability measures
p, q Markov transition kernels
Xn, Yn stochastic processes

Hilbert Spaces

H,K Hilbert spaces
(ek)k orthonormal basis of a Hilbert space
MN ,B(H) algebra of N-by-N matrices, set of all bounded operators onH
τN ,Tr tracial state on MN , canonical trace on B(H)
H̄ complex conjugated Hilbert space of H
HS(H) Hilbert-Schmidt operators on H

Operator Algebras and Quantum Probability Theory

� (purely) algebraic tensor product of algebras
M,N W∗-algebras
x, y, z elements of a W∗-algebra
A,B C∗-algebras or abstract algebras
a, b elements of a C∗-algebras or abstract algebras
C auxiliary W∗-algebra
c, d elements the ∗-algebra C
1 multiplicative unit of an algebra
ϕ,ψ normal states on W∗-algebras
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List of Notation

ω, ρ normal weights on W∗-algebras; occasionally ρ refers to a
density of a states

T Markov operator, frequently T : (M, ω)→ (M, ω)
α ∗-endomorphism, frequently α : (M, ω)→ (M, ω)
Γ ∗-homomorphism Γ : (M, ω)→ (M⊗C, ω ⊗ ψ)
π ∗-representation of a W∗-algebra, frequently π :M→ B(H)∨
IMi W∗-subalgebra generated by subalgebrasMi ⊆M, i ∈ I
M[0,n],M[n,∞[ W∗-subalgebra generated by subalgebras Mm ⊆ M

with 1 ≤ m ≤ n or with m ≥ n, respectively; if a
∗-endomorphism α is involved thenMm := αm(M0)

PI conditional expectation PI : (M, ω) → (MI , ω) onto the
subalgebraMI ⊆M

Modular Theory

M′ commutant of a W∗-algebraM in standard representation
n = nω left ideal associated with a semifinite normal weight ω
m = mω subalgebra of all elements of finite weight associated with a

semifinite normal weight ω
J = JM modular conjugation of a W∗-algebraM
σωt modular automorphism group of a faithful semifinite normal

weight ω
η = ηω embedding of W∗-algebraM into GNS-space of a weight ω
∆ω modular operator associated with faithful semifinite normal

weight ω
ϕ′, T ′, α′ opposite of a state ϕ, of a Markov operator T , of an

endomorphism α

Couplings

µ̂, p̂, Zn coupling of probability measures, of Markov kernels, of
stochastic processes

ψ̂, T̂ couplings of states, of Markov operators
∆ diagonal subset of the product space Ω×Ω. Please not confuse

with modular operator ∆ω .
µ∆, ψ∆, T̂∆ diagonal measure, diagonal state, diagonal coupling transition

operator
Z′ extended dual transition operators
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Index

absorbing. . . . . . . . . . . . . . . . . . . .38, 56
asymptotically complete . . 115, 121,

123

barycentre . . . . . . . . . . . . . . . . . . . 134 f.
barycentric representation. . . . . .135

conditional expectation . . . . 20 f., 37
conditional probability . . . . . . . . . . 36
convolution . . . . . . . . . 41, 136, 141 ff.
coupling . . . . . . . . . . . . . . . . . . 66 ff., 78

diagonal c. . 106 ff., 120 f., 123
Doeblin c. . . . . . . . . . . . . . . . . 70
inequality . . . . . . . . . 68 ff., 91 ff.
semiclassical c. . . . . . . . . . . 139

diagonal
measure . . . . . . . . . . . . . . . . . . . 68
projection . . . . . . . . . . . 92, 94 ff.
state . . . . . . . . . . . . . . . . . . . . 83 ff.

dilation . . . . . . . .see Markov dilation
dynamical system . . 28, 30, 46 f., 50

entangled . . . . . . . . . . . . . . . . . . 80, 141
extended dual transition . 114 f., 120

faithful . . . . . . . . . . . . . . . . . . . . . .3, 6, 8

graph product . . . . . . . . . . . . . . . . 107 f.

Hamiltonian. . . . . . . . . . . . . . . . . . . . .30
homogeneous . . . . . . . . . . . . . . . . 36, 44

inductive limit . . . . . . . . . 24 f., 151 ff.

joining . . . . . . . . . . . . . . . . see coupling

K-system. . . . . . . . . . . . . . . . . . . . . . . .62

Kadison-Schwarz Inequality . . . . . 11
Kraus decomposition . . . . . . . . . 136 f.

marginal . . . . . . . . . . . . . . . .67, 78, 138
Markov

chain . . . . . . . . . . . . . . . . . . 38, 44
dilation . . . . . . . . . . . . . 45 ff., 50
kernel . . . . . . . . . . . . . . . . . . . 36 f.
operator 21, 37 f., 44, 46 f., 56,

62, 157 ff.
process . 36, 42 ff., 47, see also

Markov dilation
property. .see Markov process

martingale . . . . . . . . . . . . . . . . . . . . 20 f.
micromaser . . . . . . . . . . . . . . . . . . . . . 31
minimal . . . . . . . . . . . . . . 27, 29, 46, 50
mixed moment . . . . . . . . . . . . . . 27, 29
modular

automorphism group16, 18 ff.,
24

conjugation . . . . . . . . . 15 ff., 21
operator . . . . . . . . . . . . . 15, 18 f.

No-Cloning Theorem. . . . . . . . . .80 ff.
normal . . . . . . . . . . . . . . . . . . . . . . . 4, 6 f.

observable . . . . . . . . . . . . . . . . . . . . . 30 f.
opposite

algebra . . . . . . . . . . . . . . . . . . . . 16
measure . . . . . . . . . . . . . . . . . . 139
operator . . . . . . . . . . . . . . . 21, 23
weight . . . . . . . . . . . . . . . . . . . . . 16

quantum
dynamical system. . . . . . . . .see

dynamical system
Markov process. . .see Markov

process
measure space . . . . . . . . . 13, 24
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Index

probability space . . . . . . . . . . 13
trajectory . . . . . . . . . 137, 145 ff.

random variable . . . . . . . . . . . . . . . 25 f.
random walk. . . .40 f., 54, 72, 76, 98
road coloured graphs . . . . . . . . . . . 104
ruin problem . . . . . . . . . . . . . . . . . . . . 71

semifinite . . . . . . . . . . . . . . . . . . . . . 7, 20
separable . . . . . . . . . . . . . . . . . . . 80, 141
space-time process . . . . . . . 58, 60, 62
standard representation . . . . . . . . . 18
state . . . . . . . . . . . . . . . . . . . . . . 3 f., 29 f.
stationary . . . . . . . . . . . . . . 28 ff., 43 ff.
synchronising word . . . . . . . . . . . 107 f.

tail algebra . . . . . . . . . . . . . . . . . . . 58 ff.
tensor dilation . . . . . . . . . . . . . . . . . . 48
tensor product . . . . . . . . 8 ff., 16, 24 f.
trace . . . . . . . . . . . . . . . . . . . . 2, 5 ff., 19
transition graph . . . . . . . . . . . . . . . . . 39
transition kernel.see Markov kernel
trapped state condition . . . . . . . . 131

uniform mixing . . . . . . . . . . . . . . . 55 ff.

variation distance . . . . . . . . . . . . . . . . 2
Vasershtein metric . . . . . . . . . . . . . 141

weight . . . . . . . . . . . . . . . . . . . . . . . . . . 6 f.
word . . . 105, see also synchronising

word
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