
Advanced Dynamics - Galactic dynamics – Problem set 4. Spring 2017

The answers should be returned to the usual metal box on Physicum’s second floor before
4pm on Tuesday 25.4. The answers to the problem set will be discussed on Thursday

(27.4) after the lecture at 14.00-16.00

1. Prove, that at any point in an axisymmetric system at which the local density is
negligible, the epicycle, vertical and circular frequencies κ, ν, and Ω (equation 3.79
in the lecture notes) are related by κ2 + ν2 = 2Ω2.

2. Show that in a frame that rotates with constant angular velocity Ω with the effective
potential Φeff = Φ− 1

2
|Ω× r|2, the collisionless Boltzmann equation can be written

as:
∂f

∂t
+ v · ∇f − [2(Ω× v) +∇Φeff ] ·

∂f

∂v
= 0

3. A stationary stellar system of negligible mass and finite extent is confined by the
potential Φ(r) = v2c ln r + constant. Prove now that the mean-square velocity is
〈v2〉 = v2c , independent of the shape, radial profile, or other properties of the stellar
system. Hint: Follow the derivation of the virial theorem and consider the behaviour
of d2I/dt2, where in this case I = r2.

4. Consider a system in which the interparticle potential energy has the form Φαβ =
−C|xα − xβ|−p, where p and C are positive constants.

(a) Show that the scalar virial theorem has the form

2K + pW = 0,

where K is the kinetic energy and W is the potential energy.

(b) For what values of p does the system have negative heat capacity, in the sense
of Eq 7.51 in the lecture notes.

5. We may study the vertical structure of a thin axisymmetric disk by neglecting
all radial derivatives and assuming that all quantities vary only in the coordinate
z normal to the disk. Thus we adopt the form f = f(Ez) for the distribution
function (DF), where Ez = 1

2
v2z + Φ(z). Show that for an isothermal disk in which

f = ρ0(2πσ
2

z)
−1/2 exp (−Ez/σ

2

z), the approximate form (eq 2.74 in Lecture 2) of
Poisson’s equation may be written as:

2
d2φ

dζ2
= e−φ, where φ =

Φ

σ2
z

, ζ =
z

z0
, and z0 =

σz√
8πGρ0

By solving this equation subject to the boundary conditions φ(0) = φ′(0) = 0, show
that the density in the disk is given by (Spitzer 1942)

ρ(z) = ρ0sech
2

(

z

2z0

)

.

Finally, show that the surface density of the disk is:

Σ =
σ2

z

2πGz0
= 4ρ0z0.


