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Outline of the talk  

• Conformal invariance 
• Stochastic Loewner Equation 

• 2D Turbulence 
• 2D Turbulence & conformal invariance 

• Active scalar turbulence 
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Conformal transformation (CT)  
is a local scale transformation: 

which preserve angles: 

Mercator projection is a 
conformal transformation in 
which loxodromes (e.g. 
constant compass angles) 
are straight lines. 

Conformal transformations are useful in cartography because preserves directions.   
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For d > 2 conformal transformations are simply translations, rotations, 
dilatations and special conformal transf. (translation+inversion) 

For d = 2 conformal transformations are given by analytic functions z’=f(z) 
in the complex plane z=x1 + i x2  
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In statistical mechanics, 2D critical systems which 
are invariant under conformal transformations can 
be classified in universality classes.  

Statistical properties of lattice models are 
determined by the properties of random non-
intersecting path whose continuum limit is 
described by SLE. 

Example: in Ising model  the partition 
function is determined by the length of no-
intersecting closed loops  
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Consider a curve γt ∈ H starting from the origin (t parameterizes the curve)  

The complement of the hull K (the set of 
points which cannot be reached from infinity 
together with γ) is simply connected, thus ∃ 
analytic function  
  g :  H\K → H 

g(z) maps the hull K on the real axis 
(and the growing tip τ on a point ζ ∈ R) 

This map is unique if we fix normalization, e.g. g(z)~z+O(1/z)  as z→∞ 

Example: a vertical segment of length 
a starting from the origin: 0 ≤ z ≤ i a 
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LE establishes an equivalence between a curve γ ∈ H and its driving function ξ ∈ R 

The growth of the curve γt can be mapped on the evolution of the 
conformal map gt(z). Using composition of maps  

and expanding at first order in δt 

ξt	


τt+δt	

τt	


0 gt(z) 

gδt(gt(z)) 
Loewner equation (1923) 
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In statistical mechanics we are interested in random curves γt 
Loewner equation with a random driving ξt .  

Diffusion coefficient κ parameterizes different universality classes:  

κ = 2 loop-erased random walk 
κ = 8/3 self avoiding random walk 
κ = 3 cluster boundaries in Ising 
κ = 4 isolines in O(2) model 
κ = 6 cluster boundaries in percolation 
κ = 8  uniform spanning trees 

Problems in 2d critical systems reduced to problems in 1d Brownian motion 

 ξt
= κB

t
The measure has 
conformal invariance ⇔	


The driving is a 
brownian motion 

O. Schramm, Israel J.Math. 118 (2000) 221 
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The trace generated by driving ξt depends 
on the value of κ.  
Increasing κ the trace turns more frequently 

Critical values of κ (Rohde & Schramm, 2001) 
0 < κ < 4  simple curve 
4 < κ < 8  non-simple curve (∞ intersections) 
κ > 8  space filling 

Fractal dimension of SLE traces (Beffara, 2002) 

Cardy, SLE for theoretical physicists, 
Ann.Phys. 318, 81 (2005) 
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The turbulent flow of a viscous incompressible fluid  
is described by Navier-Stokes equation (1823)  

Reynolds number  
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L.F. Richardson, 1920  

“Big whorls have little whorls	

  That feed on their velocity,	

And little whorls have lesser whorls	

  And so on to viscosity.” 
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A. N. Kolmogorov, 1941 

E(k) 

k 

Constant energy flux through the cascade 
Scale invariance of the velocity field in the inertial range 

Energy spectrum  

numerical simulations experiments 
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3D  

2D  

The direction of the turbulent cascade depends on the dimension of the space 

3D: Kinetic energy is transferred  
       from large to small eddies 

       Forward energy cascade 
       Kolmogorov 41 theory 

2D: Kinetic energy is transferred  
       from small to large eddies 

       Inverse energy cascade 
       Kraichnan-Batchelor-Leith ‘70 theory 

Flux inversion occurs at fractal dimension (Frisch 77)  
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kF 1/L kd 

In 2D vorticity is transported by the flow  

B. Kraichnan, 1967 

Inverse cascade: 
constant flux of energy 

Direct cascade:  
constant flux of enstrophy 

Enstrophy  

Energy  

2D Navier-Stokes equation has two inviscid invariants: 
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Many geophysical flows (e.g. oceans, atmosphere) 
have quasi-2d aspect ratios  

Complex systems:  

Turbulence 
Waves  
Stratification 
Convection 
Rotation (Coriolis)  
Boundaries 
Cloud physics  
Coupling with biosphere 

A4 paper (80gr/m2) 
L1= 210 mm 
L2 = 297 mm 
h   = 0.1 mm 

Pacific Ocean 
N-S = 15000 km 
E-W = 19800 km 
average depth = 4.27 km 



Experiments in electromagnetically driven 
fluid layers 

J. Sommeria, J. Fluid Mech. 170, 139 (1986) 
J. Paret, P. Tabeling, Phys. Rev. Lett. 79, 4162 (1997) 
G. Boffetta, A. Cenedese. S. Espa, S. Musacchio 
Europhys. Lett 71, 590 (2005)  
H. Xia,D. Byrne. G. Falkovich, M. Shats, Nat. Phys. 7, 321 
(2011)  
M.Shats, D. Byrne, H, Xia, Phys. Rev. Lett. 105, 264501 
(2010) 

Soap film experiments  

M. Rivera, P. Vorobieff, R. Ecke, Phys. Rev. Lett. 81, 1417  
(1998)  
H. Kellay and W. Goldburg, Rep. Prog. Phys. 65, 845 
(2002)	
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DEISA Extreme Computing Initiative “TURBO2D” (2009)  

Numerical simulations of 2D NS at resolution 32768 x 32768  

High Performance Computing Center Stuttgart (HLRS) 
Platform: NEC SX-9.  
CPUs: 16  
Ram: 165 Gb 
Mflops: 160   
Time: 8800 cpuh (55 sub-runs of 10 h x 16 cpu)  
Database: 100 Gb (25 velocity configurations)  

Pseudospectral code  
Periodic b.c. 
Dealiasing by truncation (2/3)  
RK2 with integrating factor for viscous and friction terms 

G. Boffetta, R.E. Ecke, Annu. Rev. Fluid Mech. 44, 427 (2012) 
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G. Boffetta, J. Fluid Mech. 589, 253 (2007) 
G. Boffetta, SM, Phys. Rev. E 82, 016307 (2010)  
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Inverse cascade: 
constant flux of energy 

Direct cascade:   
constant flux of enstrophy 

Prediction for fluxes ratio 

V. Borue, PRL 71, 3967 (1993)  
G. L. Eyink, PRL 74, 3800  (1995)  
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Large scale:  
Inverse energy cascade: 

Small scale:  
Direct enstrophy cascade 

Simultaneous observation of the double cascade scenario 

G. Boffetta, SM, Phys. Rev. E 82, 016307 (2010) 
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Direct enstrophy cascade 

Inverse energy cascade 
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Polyakov (1993) Hp. correlators of vorticity are described by CFT 

Under broad conditions, in 2d statistical physics: 
 homogeneity + isotropy + scale invariance (and locality) =  
 invariance under conformal transformations 
(local combination of translation, rotation and dilatation, preserve angles) 

There are counterexamples (e.g. elasticity in 2d, Riva and Cardy 2005) 

Two-dimensional turbulence in the inverse cascade is homogeneous, 
isotropic and scale invariant. 

Look for geometrical properties of a scalar field in two-dimensional 
inverse cascade: vorticity field 
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We identify the positive/
negative regions of the 
scalar field ω.  

Then we find the 
connected regions of 
equal sign (clusters).  
Their boundaries are  
zero-ω isolines.  

Zero-ω isolines are 
conformally invariant 
curves in the range of 
scales of the inverse 
cascade? 
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Zero-vorticity isolines in the range of scales of the inverse cascade of 2d 
turbulence described by Navier-Stokes equations are SLE curves in the 
same universality class of percolation κ = 6  

Bernard, Boffetta, Celani, Falkovich, Nature Physics 2, 124 (2006) 

From the zero isolines of ω 
we get the statistics of the 
driving function ξ 
by reverting the SLE.  

The driving ξ(t) is a brownian 
motion.  
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Is the inverse cascade just a complicate way to generate a 
percolation field?  

Independent percolation requires short correlation length. 

Correlated percolation: 

For H > 3/4 same universality class of percolation 

For vorticity in the inverse cascade  
i.e. H=2/3 < 3/4    

In principle different class from percolation (but maybe close) .  

Comparison with a Gaussian field with same Fourier spectrum 
(phase randomization): check of the importance of dynamics 
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Comparison with a field with same Fourier spectrum, 
obtained by phase randomization: check of the importance of dynamics 

original field  phase randomized  
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Zero isolines of the field obtained by phase randomization are no more 
conformally invariant   

Dynamical correlations 
generated by the turbulent 
flow are crucial for 
conformal invariance.   
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Zero-temperature isolines are SLE curves with κ=4 

Temperature advected at the surface of a volume of 
constant potential vorticity in rotating stably stratified fluid 

Bernard, Boffetta, Celani, Falkovich, PRL 98 , 024501 (2007) 
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R.T. Pierrehumbert, I.M. Held, K.L. Swanson, 
Chaos Solitons Fractals 4 (1994) 111	


Equation for the scalar field θ (e.g. temperature, concentration of pollutants)  
transported by the incompressible velocity field u.  

Passive scalars:  the field θ does not influence the velocity field u 

Active scalars: the field θ influences the velocity field u 

We consider the case in which the stream function ψ is linearly related to θ .  

vorticity = active scalar  
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α  = 2   Navier Stokes equation  
            for vorticity field 

α  = 1   Surface Quasi Geostrophic equation   
            for temperature 

α  = -2  Charney Hasegawa Mima equation  
            for the geostrophic stream function 

This model includes several cases of geophysical interest. 

R.T. Pierrehumbert, I.M. Held, K.L. Swanson, 
Chaos Solitons Fractals 4 (1994) 111	
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The system has two conserved quantities <θψ> and  <θθ> for F=µ=0. 
When the system is forced at intermediate scale it develops a double 
turbulent cascade.  

For α > 0 there is an 
inverse cascade of <θψ> which is 
transferred toward large scales, and a 
direct cascade of <θθ> which is 
transferred toward small scales.  

For α < 0 the cascades are reversed. k	


Pθ(k)	


In the range of scales of the 
inverse cascade the fields θ 
and ψ are scale invariant.  

Their scaling exponents h 
can be predicted under the 
hypothesis of constant flux.  

scaling exponent 
for θ in the inverse 
cascade for α > 0  
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α  = 2 Navier Stokes  θ  vorticity isolines are SLE κ = 6  
        Bernard et al. Nature Physics 2, 124 (2006)  

α  = 1 Surface Quasi Geostrophic    θ  temperature isolines are SLE κ = 4 
                     Bernard et al. PRL 98 , 024501 (2007)  

0 < α < 1  positive scaling exponent   
     
Isolines of Gaussian random field  
with 0 < h < 1 have fractal dimension 
Kondev Kenley PRL 74, 4580 (1995) 

SLE curves have fractal dimension 

conjecture 
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Inverse cascade  
with constant flux of 
and power-law spectrum  

Self-similar non-Gaussian field 
with scaling exponent h = 1/3  
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Expanding at first order in α  

and rescaling time 

one gets:   

The limit α → 0 is singular.  

For α = 0 the advection term vanishes 
and there is no turbulent cascade. 

For α → 0 the amplitude of the field 
diverges and the cascade develops a 
power law spectrum:   
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Self-similar non-Gaussian field 
with scaling exponent h = 2/3  

Inverse cascade  
with constant flux of 
and power-law spectrum  
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Prediction for Gaussian random field 
with h = 1/3 gives D = 4/3 

Numerical simulations give D = 3/2  

Prediction for Gaussian random field 
with h = 2/3 gives D = 7/6  

Numerical simulations give D = 3/2  

Scaling of the isoline perimeter P as a function of distance L 
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Winding angle: angle between the line 
joining two points separated by a length l 
along the curve and the local tangent in 
the reference point  φ = arg(z-w)   

For conformally invariant curves the 
winding angle has a Gaussian distribution, 
and its variance grows asymptotically as 
the log of the length of the curve 

Duplantier Saleur (1988) 
Duplantier Binder (2002) 
Wieland Wilson (2003) 
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Prediction for Gaussian random field 
with h = 1/3 gives κ = 8/3  

Numerical simulations give κ = 4 

Prediction for Gaussian random field 
with h = 2/3 gives κ = 4/3  

Numerical simulations give κ = 4  

φ	
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Prediction for Gaussian random field 
with h = 1/3 gives κ = 8/3  

Numerical simulations give κ = 4 

Prediction for Gaussian random field 
with h = 2/3 gives κ = 4/3  

Numerical simulations give κ = 4  

By reverting the SLE we get the statistics 
of the driving function ξ  
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original field  phase randomized  
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The zero-isolines of the randomized field have 
fractal dimension close to the prediction for 
Gaussian random field, but they are no more 
conformally invariant.     



The diameter L of a cluster grows as two-point separation:    

For α > 1 the velocity field has a positive scaling exponent h = (α - 1)/3 > 0   
Lagrangian trajectories separate according to Richardson law:  

For 0 < α < 1  the velocity field has a negative scaling exponent h = (α - 1)/3 < 0  
Lagrangian trajectories separate ballistically 
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Guess: the ratio between the outer boundary P* of a cluster and its diameter L 
grows as	


Combining the scalings one gets: 

Assuming conformal invariance one gets:   
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Winding angle statistics of zero-θ  
isolines is compatible with κ=24/5 

Fractal dimension of zero-θ isolines is 
in agreement with the prediction D=8/5 
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Symmetry in the scaling exponent of the advected field and the stream function 

Zero-ψ isolines in the inverse cascade are conformally invariant curves for α < 0 ? 

α  = -2 Charney Hasegawa Mima:  zero-ψ isolines are SLE κ=6 curves ?  

ψ isolines  θ isolines  
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Charney-Hasegawa-Mima Turbulence 

ψ stream function in platenary atmosphere in geostrophic equilibrium  
J.C. Charney, J. Atmos. Sci. 28 (1971) 1087 	
	
 λ-1 Rossby radius 

ψ electrostatic potential in plasma with external uniform magnetic field  
A. Hasegawa, K. Mima, Phys. Fluids 21 (1978) 87 	
  λ-1 ion Larmor radius 

Two inviscid Invariants  

k	


E(k)	

E	


Z	
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Dynamics slows 
down 

leading to a 
“turbulent glass” 
of vortices 

Strong rotation limit  

Inverse cascade  

Direct cascade  

E(k)	


k	

N. Kukharkin, S.A.Orszag, V. Yakhot, PRL 75 (1995) 2486 

transport of stream function 
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Zero-ψ isolines are  
conformally invariant curves? 
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Fractal dimension of zero isolines is D=7/4 

Statistics of winding angle  
and SLE driving are consistent with κ=6	
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Inverse turbulent cascades of active 
scalar field display conformal invariance 

Zero-θ isolines are SLE curves. 

The universality class is determined by 
the dynamical correlation of the turbulent 
flow 

Lagrangian dynamics can produce  
non-trivial relations between scaling 
exponent of the advected field and the 
fractal dimension of its isolines.  

Other systems: Kardar Parisi Zhang 
(Saberi et al. 2008)   

ψ isolines  θ isolines  
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THE 
END 


