
1 Exercise 10: Markov property and backward Kolmogorov equation

1.1 Background: flow of an ODE

Suppose the ODE

ẋt = b(xt, t) (1.1)

with b the vector field

b : Rd × R → Rd

admits global and unique solution for any initial condition (xo , to) in Rd × R:

xt = φ(t; to,xo)

Then we define the flow φ of (1.1) as the diffeomorphism

φ : R× R× Rd → Rd

satisfying the conditions

φ(to; to,xo) = xo ∀xo (1.2)

and

φ(t; s,φ(s; to,xo)) = φ(t; to,xo) (1.3)

1.2 Flow of a SDE and Markov property

In analogy to the ODE case we assume that the Ito SDE

dξ
(i)
t = b(i)(ξt, t) dt + σ(i,j)(ξt, t) dw

(j)
t

can be solved for all t ≥ to in terms of a flow satisfying (1.2), and (1.3) only forward in time (i.e. under the further
condition to ≤ s ≤ t):

ξt = φ (t; to,xo, {ws | s ≤ t})

We can write the probability density of the stochastic process ξt as

pξt
(x, t|to,xo) =≺ δ(d)(x− φ (t; to,xo, {ws | s ≤ t})) �

Verify that

1. (1.2) entails

lim
t↓to

pξt
(x, t|to,xo) = δ(d)(x− xo)

2. (1.3) implies the Markov property

pξt
(x, t|to,xo) =

∫
Rd

ddy pξt
(x, t|y, s) pξs

(y, s|xo, to)
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1.3 Backward Kolmogorov equation

Suppose

f : Rd → Rd

is pξt
-integrable i.e. the conditional average

≺ f(ξt) �(y,s)=
∫

Rd

ddx f(x) pξt
(x, t|y, s)

is well defined. Prove that

F (y, s) =≺ f(ξt) �(y,s)

satisfies the backward Kolmogorov equation:{
∂s + b(i)(y, s)∂y(i) +

σ(i,k)(y, s)σ(i,k)(y, s)
2

∂y(i)∂y(j)

}
F (y, s) = 0 (1.4)

(Einstein convention implied for repeated indices). Hints :

1. Use the Markov property for infinitesimal time increments.

2. Use the Fokker-Planck equation.

3. Does it make sense to write F as a function of (y, s) alone? (Obs: a complete answer to this question leads to
an alternative derivation of (1.4))

2 Exercise 11

Consider

dξt =
ξt

τ
dt + σ(t)dwt t ≥ 0 (2.1)

where σ(t) is a deterministic function whilst τ is a real number.

1. Integrate (2.1) interpreted as an Ito SDE for the initial condition ξto = xo.

2. Integrate (2.1) interpreted as a Stratonovich SDE for the initial condition ξto = xo.

3. Both for the Ito and the Stratonovich cases, derive the Hopf equation satisfied by the correlation function

C(t, s) =≺ ξtξs �

and evaluate C(t, s).

4. Both for the Ito and the Stratonovich cases write the Fokker-Planck equation.

5. Integrate the Fokker-Planck equation.

6. Does the Fokker-Planck equation admit a steady state solution?

7. Inquire the limits τ ↑ ∞, τ ↓ 0 and τ ↑ 0.

8. Specialize the above points for the case

σ(t) = σ (1− e−µ t) µ > 0
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3 Exercise 12

Consider the Ito SDE

dξt = ξt

(
1− ξt

x̄

) (
µ− σ2 ξt

x̄

)
dt + σ ξt

(
1− ξt

x̄

)
dwt

ξto = xo

where µ , σ , x̄ ∈ R and x̄ , µ > 0

1. Identify the fixed point of the equation.

2. What is the expected qualitative behaviour of the solutions for xo a real number?

3. Integrate the equation.
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